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Assessing young children’s understanding of multiptation

Patrick Barmby, David Bolden, Stephanie Raine ayishLThompson
Durham University

This study is part of a Nuffield Foundation-fundedoject aimed at
developing primary children’s understanding of neatiatics via the use
of visual representations. As part of this projeat,test of primary
children’s understanding of multiplication was deyed. Although there
has been research on developing tests of undensgand other
mathematical topics (e.g. fractions) and in patécdor older (e.g. late
primary or secondary) children, there has bede lieported work on tests
for multiplication for younger primary children. bhis study therefore, a
test of multiplication was constructed based onrdrege of contexts and
representations associated with multiplication. TiH&item test was
administered to a sample of mainly Year 3 pupits2(#2) with a small
sample of Year 4 pupils (n=18) in 10 primary sckodlhe age of the
pupils meant that test questions were read outhbytéacher, and most
were multiple choice items. The data obtained ftbentest were analysed
using Rasch analysis in order to examine the rétiatof the overall
measure, and the validity of individual items. Tit@ms were shown to
have poor fit statistics and were excluded fromahalysis. Overall, the
resulting measure was shown to have a good retialidicated by a
Cronbach value of 0.79. The analysis of the data was alseduo
examine the progression in difficulty of the difet items, and related to
the progression in children’s thinking in multi@icon. Recommendations
for further improvements in the test are put forvar

Keywords: multiplication, assessment, primary, undestanding, Rasch

Introduction

For primary school children, authors (for exampleghileri 2000; Davydov 1991;
Greer 1992) have suggested that multiplicationgsiicantly more difficult than the
addition and subtraction operations. Anghileri @pDChighlights the fact that
multiplication, unlike addition and subtraction, & ‘binary’ operation with two
distinct inputs for the multiplicand and the muligp. Nunes and Bryant (1996)
suggest that “multiplication and division represargignificant qualitative change in
children’s thinking” (p.144).

Another reason for the difficulty of multiplicatids the range of situations in
which the concept of multiplication can arise. Grée992) highlights a range of
different ‘classes of situations’ for multiplicatip including equal groups, equal
measures, rate, multiplicative comparison, multggive change and Cartesian
product situations. Greer (1992) also highlighte ttange of different external
representations for these situations. Equal grampsCartesian product situations can
be represented by diagrams of equal groups of thgaa arrays respectively. Skemp
(1986) highlights the usefulness of the array regméation in showing the
commutative and distributive laws for multiplicaticAnghileri (2000) also highlights
the repeated groups or sets representation, witdreh viewing multiplication as
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repeated addition in their early understanding oftiplication, and then again the
array which is useful for illustrating the commutatlaw. The number line can be
used to represent multiplication (Greer 1992), ipaldrly in relation to repeated
addition. We can also represent multiplication irsyanbolic way. For example,
Lampert (1986) highlights the importance of ‘congiignal knowledge’,
manipulating numerical symbols often accordingrmcpdural rules,

In terms of assessing understanding in multighcat we can view
understanding of a mathematical operation as thmexions made between the
different situations and representations of theratpen (Hiebert and Carpenter 1992;
Barmby et al. 2009). For example in the area oftivas, extensive work has been
carried out developing assessments of understarmiagd on the different contexts
and representations associated with fractions @@adguro 2004; Charalambous and
Pitta-Pantazi 2007; Pantziara and Philippou 201d)the case of multiplication,
questions examining pupils’ recognition of multgaltion in different contexts (e.g.
Hart 1981) or different representations (Wright, ridand and Stafford 2008) have
been used. However, unlike fractions, there has big#e work carried out on
developing assessments specifically for pupils’ erathnding of multiplication.
Therefore, this study describes the developmesuoh a test, focussing particularly
on the testing of younger children (Year 3 in Englar aged 7-8).

Constructing the test

Based on our view of understanding, a 19 itent wfanultiplication was constructed,
drawing particularly on the research by Greer (39B@hlighting the different
situations and representations for multiplicatibable 1 below relates the items to the
different classes of situations.

Table 1: Relating items to different classes oftiplitation situations

Class Items
Equal groups Q2, Q7
Equal measures Q4
Rate Q9, Q11
Multiplicative comparison Q13
Multiplicative change Q14
Cartesian product Q16

In addition to these situations for multiplicatioquestions designed to probe
children’s computational knowledge were also inelddQ5, Q6, Q8, Q10, Q12 and
Q15). These included two questions (Q10 and Q123twprobed children’s ability to
use known multiplication facts to derive new facts.

Q10. 25 x 18 is more that 24 x 18. How much more?
Q12. If you know that 18 x 4 = 72, how would yourlwvout 18 x 37

Five items designed to test children’s familiamstigh different representations of
multiplication were also included. This includedequal groups diagram (Q17), an

! The multiplication test is available to downloadrf
http://www.dur.ac.uk/education/research/currenteaesh/maths/visual_rep/
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array (Q18), and a number line (Q19) representafso included were two items
(one for equal groups, one for an array) wheradpeesentations were screened — i.e.
the array diagram could only be partially seertherequal groups items were ‘hidden
under cups’. These items were designed to exteifdreh beyond simple counting of
objects in the representations, and were basettons iused by Wright, Martland and
Stafford (2008). Finally, two items (Q1, Q3) weneluded as distractor items,
involving subtraction and division. These items @veot included in the analysis of
data. The test was also referred to as a ‘mathigatiser than a ‘multiplication test'.

The majority (12 out of 19) of the items were nplki choice questions with
four responses to choose from. Two of the compartatiknowledge questions were
left open however, and the five representation stexsked children to fill in three
boxes ( x = ) to denote the calculation being shown in theyp&t All of the
text in the test was read out loud to childrenndeo to take into account any possible
reading difficulties that they faced. Despite thisjs acknowledged that trying to
answer questions that were read out to them mag ptaced some strain on the
working memory of pupils, particularly for more cphlax questions, and we will
examine this issue further in the discussion.

Sample tested

The project within which this work was carried @itned to develop Year 3 (ages 7-
8) children’s understanding of multiplication. CGhién in England are introduced to
multiplication concepts in Year 2 of their schoglitherefore Year 3 is an appropriate
time to test their early understanding of this reathatical concept. Children from 10
primary schools in the North East of England (sam&uding mixed age classes
including Year 4 pupils) were tested at the statheir school year of 2011/12. The
schools involved had volunteered to take part éngioject.

Analysis of results

The responses from the tests completed by the saafipgthildren were marked and
entered into a spreadsheet ready for further aisaly$e five representation items
were given marks in the range 0 to 3, accordingadew many boxes were correctly
filed in for these items. The other items were gynmarked 0 or 1 for
incorrect/correct responses.

This data was then analysed using Rasch analyaschRanalysis is a one-
parameter item response theory (IRT) model, in twhlee probability of a person
being successful on a given item is modelled imgof a mathematical function
involving the difficulty of the item and the abylibf the person (Bond and Fox 2007).
This function is given by the following equation:

(Equation 1)

Pi is the probability of a candidate answering iteoorrectly, is the ability of the
candidate, andb; is the difficulty of the item. Estimation methodse used to find
values for person abilities and item difficulti@sd these are given on the same scale.
The Rasch model can be used for dichotomous respdesy. right and wrong), or
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extended to cover more than two responses (Wrigdht\Mok 2004) including missing

responses. An underlying assumption of Rasch asaillyghat the construct that is
being measured is unidimensional in nature (Bordl FBox 2007). Items that do not
fit the Rasch model, and may therefore be problienfat measuring the particular
ability under investigation, may be identified thgh ‘fit’ statistics obtained from the

Rasch analysis. In this study, WINSTEPS software used to carry out this Rasch
analysis.

Results

The Rasch analysis revealed two items T ror e raren
with  fit  statistics outside the

recommended range of 0.7-1.3 (Bond °

and Fox 2007). These were Q13 .
(involving multiplicative comparison) ooo0 | as
and Q16 (involving Cartesian product), oo |
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and these items were subsequently
removed from the analysis. The
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have a reliability of Cronbach = 0.79.
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Based on the average Year 3 pupil in the samplengaan ability of -0.46
logits, Table 2 gives the likelihood of correct aess for each item. Items involving
multiplication with two digit numbers (Q15 — Calaté 14 x 6) using known
multiplication facts to derive new facts (Q10 and2p were most difficult for
children. Q5 (What is 5 times 2) was the easieshifor pupils. It is interesting to
note that only 31% of the children were likely toasaver Q2 correctly (Six children
are holding two books each. How do you work out hmany books they have
altogether?). Also, less than half of the Y3 claldicould interpret representations of
multiplication including equal groups, the arrayglahe number line.

In addition to calculating the likelihood percergag the item difficulty
measures were used to examine the clustering wisite terms of difficulty. The
clustering method used by Pantziara and Philipfll]) was used to identify 8
clusters of items, based on the separation betwerts, and accounting for 82% of
the variance of item difficulty differences. Thedasters are represented in Table 2
by the dotted lines between items, and clearlyeotflhe clustering of items shown in
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Figure 1. Other than the separation of the itemthatextremes of difficulty in the
measure, two clusters of items emerge: items (@&1® (total), and Q2 to Q9.

Table 2: Item difficulties and probability of coataresponse from sample of Year 3 pupils

Item Item difficulty (logits) Probability of correc t response (%)

Q15 2.56 4.7
Qw0 186 90
Q12 121 189
Q9 063 253

Q14 0.63 25.3

Q21tot 0.42 29.4

Q2 0.34 31.1

Qiotot 019 434
Q18tot -0.28 45.6
Q17tot 0.3 46.1
Q20tot -0.43 49.4

Q4 -0.54 52.1

Q8 -0.54 52.1

Q6 -0.71 56.3
o1 112 6.0
Q7  ass8 755
Qs 195 817

Discussion

The Rasch analysis used to analyse the data obt&iom the test showed that a
reliable, unidimensional measure of young childsaimderstanding of multiplication
was developed. The analysis also shows possibles abé development for the
measure. Two items where the fit statistics in@dathat they did not fit with the
unidimensional measure were Q13 (involving multalive comparison) and Q16
(involving Cartesian product). One possible reamorthe lack of fit for these items
may have been the complexity of the question, imseof pupils taking in the
necessary information being read out to them, dred possible strain placed on
pupils’ working memory. Therefore, in developingsttassessment further in the
future, it will be necessary to assess older pupita the measure to further validate
the measure. In doing so, a greater mix of itemyg bwrequired with more non-
multiplication items so that pupils do not quicktientify each question being about
multiplication. Also from Table 2, it is likely thanly a minority of items would have
been answered correctly by this Year 3 cohort. dloee, easier items need to be
included in the test for it to be more approprimtethe range of Year 3 pupils as in
this cohort. Finally, looking at the clusteringitdms, there seems to be a progression
in children’s understanding, and a distinction kedw items, involving simpler
number calculations (Q6, Q8), relatively straightward contextualised questions
(Q4) and interpreting representations (Q17-20),nmore involved contextualised
questions (Q2, Q9, Q14). The latter may be moreptexndue to the language
involved (e.g. ‘altogether’, ‘week’). The most ddfilt items were found to be those
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involving understanding of manipulation of symbatialculations (Q10, Q12, Q15).
These issues will be explored during further refieat of the test.

Acknowledgements
This study was part of a project funded by the MldfFoundation.
References

Anghileri, J. 2000Teaching number sendeondon: Continuum.

Barmby, P., T. Harries, S. Higgins, and J. Sugg#189. The array representation and
primary children’s understanding and reasoning uitiplication. Educational
Studies in Mathematic&(3): 217-41.

Baturo, A. R. 2004. Empowering Andrea to help y®atudents construct fraction
understanding. IProceedings 28th Annual Conference of the Inteomai
Group for the Psychology of Mathematics Educatemh M. J. Hoines and A.
B. Fugelstad, Vol. 2, 95-102. Bergen, Norway: PME.

Bond, T. G., and C. M. Fox. 200&pplying the Rasch model (2nd Editio)ahwabh,
N.J.: Lawrence Erlbaum Associates.

Charalambous, C. Y., and D. Pitta-Pantazi. 200@wdrg on a theoretical model to
study students understandings of fractidducational Studies in
Mathematic64(3): 293—-316.

Davydov, V. V. 1991. A psychological analysis ofltrplication. In Psychological
abilities of primary school children in learning the@matics. Soviet Studies in
Mathematics Education Series, Volumeé. L. P. Steffe, 1-85. Reston, VA:
NCTM.

Greer, B. 1992. Multiplication and division as misdef situations. I'Handbook of
research on mathematics teaching and learnedy D. A. Grouws, 276-295.
New York: Macmillan.

Hart, K. M. 1981 Children's understanding of mathematics: 11-déndon: John
Murray.

Hiebert, J., and T. P. Carpenter. 1992. Learnirthtaaching with understanding. In
Handbook of research on mathematics teaching aschieg, ed. D. A.
Grouws, 65-97. New York: Macmillan.

Lampert, M. 1986. Knowing, doing, and teaching mplittation. Cognition and
Instruction3(4) 305-342.

Nunes T., and P. Bryant. 199Bhildren doing Mathematic©xford: Blackwell
Publishers.

Pantziara, M., and G. Philippou. 2011. Levels afisehts’ “conception” of fractions.
Educational Studies in Mathematj@s press.

Skemp, R. R. 198@he psychology of learning mathematidarmondsworth,
England: Penguin Books.

Wright, B. D., and M. M. C. Mok. 2004. An overvieaf the family of Rasch
measurement models. Imtroduction to Rasch measurement: Theories,
models and applicationgd. E.V. Smith and R.M. Smith, 1-24. Maple Grove,
MN: JAM Press.

Wright, R. J., J. Martland, and A. K. Stafford. 30&arly Numeracy: Assessment for
teaching & intervention (2nd Edition).ondon: Sage.

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 6



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

Reflection on Practice, in Practice: The Disciplinef Noticing

Sinead Breen, Aisling McCluskey, Maria Meehan,el@Donovan and Ann O’Shea
St Patrick’s College, Drumcondra; National Univeysof Ireland, Galway; University
College Dublin; Cork Institute of Technology; Maial University of Ireland, Maynooth

This paper outlines the use of John Mason’s Diswpbf Noticing by a
group of university level mathematics lecturers. ¥éscribe the aims that
motivated the study, the challenges we faced ingusihe Discipline of
Noticing to reflect on our teaching, and the pregrthat we have made.

Keywords: noticing, accounts, professional developemt.

Introduction

In the academic year 2010/11, a group of matheraascin five third level
institutions in Ireland conducted a study in whezch reflected on her own teaching.
There are many definitions of the temeflection (Hatton and Smith 1995) but we
endeavored to employ the ideas of Mason (2002) escribed in the book
‘Researching your own Practice: The Discipline adtising’. Each lecturer wrote
accounts of critical incidents that occurred in kbtasses, taking care to keep the
accounts short and as free from opinion and valdgments as possible.

The National Council of Teachers of Mathematicsl(@Orecognises the value
of projects like this for professional developmehhey identify four core goals of
professional development programmes for mathemagashers: to build teachers
knowledge of mathematics and their ability to usenipractice; to build teachers’
capacity to notice, analyse and respond to studdémisking; to build teachers’
productive habits of mind (for example by analysimgtruction); and to build
collegial relationships and structures that supporitinued learning. Ramsden sees
“a reflective and enquiring approach as a necessarglition for improving teaching”
(1992, 5) and believes that understanding how #&the various skills involved in
teaching well requires constant practice and reflac Ticha and Hospesova also
speak of the ‘indispensability’ of competence ifia&ion, maintaining that

the development of teachers’ conscious self-raélacbn their own teaching and

systematic pursuance of joint reflection with otteachers and/or researchers can
promote the teacher’s professional growth. (20@8) 1

Their project aimed to improve the quality of imgee education, thereby
supporting the development of competence, of prgmachool teachers of
mathematics. They reported that the self- and jafiection engaged in during the
project led to shifts in the interest of the papiating teachers, in their assessment of
their own capabilities, and in their evaluationgh# process of reflection.

Speer, Smith and Horvathconsidered undergraduatieematics teaching and
noted that

very little research has focused directly on teaghpractice - what teachers do
and think daily, in class and out, as they perfineir teaching work. (2010, 99)

In particular, studies which involve mathematiciaefiecting on their own
teaching seem to be quite rare. McAlpine and We$2®90) describe a reflection
project involving six professors (three MathematEducation faculty and three
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mathematicians). The lecturers were interviewedrpio some of their classes, and
again while watching a recording of the lecturee Btudy found that the participants
monitored their actions (before, during, and afté&ass) in order to see if their
pedagogical goals were achieved. The lecturers uskmmation gained from
students’ responses to make decisions about tepcddtmategies. McAlpine and
Weston (2000) contend that this reflective proa#saonitoring and decision-making
builds pedagogical knowledge.

Jaworski and Matthews (2011) report on a seriesenfinars calledHow We
Teach given by mathematics educators and mathematigraasuniversity School of
Mathematics. Their intention was not to reveal hamathematics teaching is, but
rather how those teaching mathematiedk about their teaching within their
institutional setting. Its focus, in seeking a ta@ag discourse, was not on the practice
of teaching per se, but on how the mathematicalneonity expresses its thinking
about teaching and the design of its teaching. Hssert that, thus, the actual practice
of this research can draw teachers’ attention terradtives to common practice,
encourage critical approaches to thinking abouthieq, and foster teaching
development.

Currently, a team of researchers from the DepartroEMathematics at the
University of Auckland is approaching the end ofwa-year government-funded
research project on professional development forthemaatics lecturers
(http://www.math.auckland.ac.nz/CULMS/projegisiTheir research design draws on
the theoretical framework KOG (knowledge, oriematand goals) of Schoenfeld and
on research evidence that collaborative reflectiorteaching leads to improvement.
Based on reviewing video recordings of team membkrs’ in lectures, the
perspective of their work is in the spirit of ‘athers see us’ which both contrasts
with and complements the ‘in the moment’ perspectl self-reflection expressed in
this paper.

Accordingly, in this paper we consider our expereof trying to implement
the process of the Discipline of Noticing.

Aims

As we embarked on this project, we aimed to achéemamber of objectives working
both on an individual basis and collaboratively. @nindividual level, we hoped that
we would each become more aware of what was hapgémiour classes, and would
reflect more deeply on and analyse our own teacliirngas our hope that this process
of reflection would facilitate the improvement oftiroteaching by enabling us to
recognize more easily opportunities to act diffédgem our classes. We also hoped
that the group meetings in which we would discuss accounts with colleagues
would further inform good teaching practice, aslasl enabling the identification of
various phenomena in undergraduate teaching akhiaedaccounts and searched for
similarities and differences between them.

Methodology

Each of the authors lectures Mathematics in a mdiffethird-level institution in the
Republic of Ireland and teaches a variety of Mathigra modules in her institution.
Each endeavoured to write an account of an incigleatnumber of classes per week
over the 2010/2011 academic year. This varied f®eme individuals writing
accounts for a single module taught, to othersimgiaccounts of all their classes
each week, depending on the teaching load of tthgidual and local circumstances.
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The modules involved ranged from service Mathematwurses for first-year Civil
Engineers to an Analytic Topology course for Mastudents.

At the outset we agreed to sedkiéf-but-vivid accounts of our teaching
practice. Mason defines a brief-but-vivid account a

one which readers readily find relates to theirezignce. Brevity is obtained by
omitting details which divert attention away froletmain issue. The aim is to
locate a phenomenon, so the less particular therigéen, the easier this is,
without becoming so general as to be of no valueéhusTdescription is as factual
as possible. (2002, 57)

While Mason acknowledges that events or situatiaingch stay in our
memory are usually those to which we have conduderamotional or intellectual
commitment, he claims that we cannot analyse swelte unless we can first be
clear on what they consist of, as impartially assgige. Thus, we must be able to give
an account of an incident “without explanationifiation or emotive terms” (2002,
40). This leads Mason to distinguish between arcount-of which describes an
event as objectively as possible, minimising euabma and judgement, and an
‘account-for which offers interpretation, explanation, valuglgement or criticism.

The accounts written as part of the project disedidsere were shared by
circulating them to all members of the group apprately every three weeks. The
group met twice during each semester to discussatiteunts circulated. From a
professional development point of view, Mason (2085 reported finding that when
colleagues have made similar observations whick bave “shared, discussed and
challenged”, then their practices are unlikely spay still and stagnate” (90). Thus,
we tried to spend our meetings “seeking resonanegptiating similarities and
differences, locating issues, understandings arsgdiple behaviour to employ in the
future” (Mason 2002, 90).

At the end of the academic year, each of the prgacicipants reflected on
the process of reflecting on her practice throdghdiscipline of noticing and keeping
accounts. These final reflections provided the #atahis paper. The reflections were
coded and categorised by the first author and #tegories were discussed by the
whole group.

Challenges and difficulties encountered while appipg the Discipline of Noticing

Implementing the ‘discipline of noticing’ involvechallenges in a variety of guises.
Mason distinguishes between noticing, marking awbrding: to ‘notice’ is to make
a distinction, though this need not necessarilgidn@e consciously; to ‘mark’ is to be
able to initiate mention of what you have noticethjle ‘recording’ involves making
a note of what has been noticed in some way so & table to ‘re-mark’ on it at
some point in the future. Initially it was diffidulo stand back sufficiently from the
act of teaching in order to mark incidents in thess ‘in the moment’. There was an
uneasy tension experienced in engaging fully inpifeetice of teaching and allowing
the lesson to evolve and flow naturally, while sitaneously setting oneself to notice.
In the initial stages of this project, membersta group reported failing to reflect on
a particular lesson at all or ‘reflecting on’ thartions following a lesson rather than
‘reflecting in’ action. At times it appeared thabthing notable at all had occurred
during class; in fact it sometimes seemed that adane lesson provided more time
to devote to noticing.

A certain discipline was required to ensure thatoaats of what had been
noticed were written soon after lessons had takeoep Different members of the
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group experienced different challenges in writimggtbut-vivid accounts of lessons.
Some found the notion of a brief-but-vivid accodifficult to grasp, others found it
was difficult to be brief while more struggled withiting vividly. While the accounts
that were written enabled the author of the accdwanself to remember the event
described, she sometimes felt that the event mahane been captured sufficiently
well by the account to allow others to relate tdtitvas difficult to decide how much
detail should be included to ensure others coufteagpate or understand the context
while not including so much as to render it impbksio cause resonance with others.
Some members of the group felt that the task ofimgia brief account was less
daunting than that of writing an in-depth refleatiand that this made the project
more manageable. There was also a temptation soeeeto report on what one felt
the rest of the group might be interested in. Wisitene found thenotion of a
description of an event without defence, explamato justification appealing, all
found writing an ‘account-of’ rather than ‘accounting-for’ ancisent very
challenging. Some members of the group initialljuggled with keeping emotive
terms or conjecture out of their accounts. They tieht important features of the
critical incident described were lost if emotionsaraot considered in the account.

It was found that certain contextual factors impdobn the ease with which
the discipline of noticing was adopted. It appeat@de easier to mark incidents
occurring with smaller groups than those in lectuvgth very large groups. The
regularity with which the lecturer met a particuleohort was also a factor in
establishing a discipline of noticing and recordingidents.

Improvements over time

Despite the difficulties enumerated above in engggi a discipline of noticing, there
were some improvements over time. As the year pssgd, so did our ability to
notice ‘in the moment’. Our efforts to write brikét-vivid accounts of incidents led
to some success and an increased appreciationeoValue of such accounts in
reflecting on one’s own practice and that of othargl in developing professionally.
By the end of the year, some of the group repathetl the exercise of writing such
accounts helped them to look at their lessons faomew perspective and to consider
the situation from the point of view of a studerithe keeping of accounts moved
these lecturers away from “whining” (Mason 2002) 4hd allowed them to break
“out of a cycle of frustration with the Grs”’(Mas@002, 9) — grumbling, griping,
groping, grasping etc.

Advantages of collaboration

All members of the group reported that the suppodrtthe collaborative group
undertaking this project was invaluable. The dewdlifor sharing accounts provided
an incentive and motivation to persevere with thgjget and to establish a regular
discipline of keeping accounts. The knowledge tt@iteagues would read one’s
accounts ensured the effort required to write Hoigtfvivid accounts was sustained.
The group meetings provided encouragement and suppeegotiating our way into
a new discipline of reflection and clarified hovettiheory may be put into practice.
Moreover, added to the sense of collegial suppwked by undertaking the
task together, the fact that the collaboration imed reading others’ accounts proved
to be most interesting and informative. It was viegypful to have a (formal) forum
for discussing teaching experiences and this peavign opportunity to learn about
different teaching styles. From an early stagesddme clear that accounts written by
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one individual struck a chord with other membershef group: we could all relate to
a situation articulated by one. We felt that thisams of pooling experience had
tremendous potential for our professional develammAs The National Council of

Teachers of Mathematics explains

Collaboration with colleagues can spark the neadtdachers to explain their
practices and to articulate rationales for instamal designs, helping teachers
make tacit ideas visible and subject to sharedtisgrand develop deeper, more
widely shared understandings of student learniNG.TM, 2)

Progress towards achieving aims

The disciplined attempts to notice and record ietd in our classrooms certainly
helped us to step back from the process of teadbirspme extent and to analyse it.
Issues that may have raised vague concerns fos lecturers in the past were now
more clearly articulated in our accounts and it Wass felt that these issues had
become more tangible in some sense, resulting mbeing better able to deal

constructively with them. Furthermore, individualgthin the group were able to

identify threads or themes permeating accountsi@f bwn teaching: the account of
one lesson was often similar to ones written prgsiyp This allowed us at times to
identify more clearly aspects of our own teachityes (for example, methodologies
actually employed in the classroom) and gave uspgortunity to think about what

we could do differently. Some members of the groegorted putting more thought
into how they interacted with students and viewimgjdents involving students in a

more measured way. It was also reported that mone twas devoted to the

preparation of classes due to involvement in thislys The accounts written have
acted and will continue to act to inform our teachi

Conclusion

In this paper we have outlined our experiences arfdacting a reflection project
using Mason’s (2002) Discipline of Noticing. We cé&al challenges when
implementing certain parts of the discipline, faample when endeavouring to write
brief-but-vivid accounts-of critical incidents iruoteaching. However we recognised
that Mason'’s ideas concerning noticing and refltectvere very useful; the advice on
writing accounts and the labels that he uses adttadture to our reflection process.
This structure and the collaborative nature of ghgect ensured that we persevered
and that the reflective process was a positive repee for all of us. We are
continuing with the project and have begun the @ssoof identifying themes in our
own and in others’ accounts. Our objectives fos thiork are twofold: we would like
to analyse our own teaching and to improve it; edwould like to investigate the
practice of teaching mathematics at third level.
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Relationships between the influences on primary teters’ mathematics
knowledge

lan Campton and Julie-Ann Edwards
University of Southampton

This paper reports on one aspect of a small sesearch project that
aimed to identify areas for improvement in the k#ag of mathematics
through continuing professional development fomany school teachers
in two schools. The findings suggest an emergenteutual framework
of the influences on primary school teachers’ nyawdwgcal content
knowledge. The relationship between these influeneweals a multi-
layered belief system that is well-intended andlamébrmed at the top
level but underpinned by less firmly establishedelse of subject
knowledge and consequent pedagogical approaches.

Keywords: primary teachers’ mathematics knowledgeprimary teachers’
pedagogical mathematics knowledge, procedural andnoceptual learning.

Introduction

The relationship between the quality of mathemageshing and the subject-related
knowledge of the teacher is widely acknowledgedragmportant one. It remains the
subject of much discussion and various studiesimoatto illustrate how crucial the
dependency of good mathematics teaching is uponstiigect knowledge of the
teacher if pupils are to gain a comprehensive wtdeding in their mathematical
learning (Williams 2008; Office for Standards inUgdtion Children’s Services and
Skills 2009). Although such reports continuallyrngyiinto question the mathematical
subject knowledge of in-service primary school keas, little is known about the
knowledge individuals possess or how it is cons&dic This small scale research
aimed to investigate this knowledge whilst at tlane time to identify areas for
continuing professional development for the teaglerolved.

The study involved interviewing 11 primary schaelachers, from two
different schools, and focused on three areadlyfirthe content of these primary
school teachers’ subject and pedagogical knowlealgg how it is constructed,
secondly, the conceptual and procedural knowledgbeoteachers, particularly the
balance between the two and how this impacts upemm tontent knowledge; and,
finally, the teachers’ self-perceived continuingfessional development needs. This
paper reports on some of the findings of the fisgt areas of investigation.

Knowing and Teaching Primary Mathematics

The contexts that were used to explore the corkeatvledge of the participating
teachers were developed from those of Ma (199%eminvestigation of the content
knowledge of Chinese and American elementary sdeaahers. Designed to explore
knowledge of mathematics and ideas about teachidglearning mathematics, the
contexts identified how the teachers approachedtgbehing of a topic, how they
identified and addressed pupils’ misconceptionsy kitey created and used models,
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and how they responded to the unexpected. Whagperted here focuses on the
responses to the first context, identifying therapphes that teachers adopted in the
teaching of a topic. Interviewees were asked hay teach a written calculation for
subtraction which involves regrouping, such as 82%58.

A conceptual framework
The findings allowed a multi-levelled framework Ibe constructed, which displays

the influences on primary teachers’ mathematicswkedge and the relationship
between aspects of this, see figure 1.

Addressing Developing Pupils’ natural
1° pupils’ individual pupils’ affinity with
learning styles confidence mathematics
The unconnected use 0 Teaching as a
2 multiple methods to solution not for
solving problems understanding
Pseudo Conflicts with
3rd
conceptual procedural
knowledge knowledge

Figure 1: A conceptual framework of the influenocéprimary teachers’ subject knowledge.

The first level identifies the teachers’ three maigliefs influencing their
mathematics teaching and supporting their pedagbdieliefs about learning. The
teachers were fully aware of these aspects andvileey very much at the centre of
their practice. Underpinning these beliefs, attheond and third levels, are aspects
that describe the resultant ways in which thodbeafirst level are manifested within
teachers’ belief systems. Teachers are apparemdyare of these aspects.

The first level

On the first level are three aspects central to tdechers’ pedagogical beliefs.
Developing pupils’ confidence, addressing their ivicthal learning styles and
catering to any natural affinity with number, afé @nsidered by the teachers as
important aspects of supporting mathematics legrniAroviding learners with
opportunities to achieve success in mathematics avésature common to all the
teachers’ pedagogical beliefs which seems to stemm their own experiences of
learning mathematics. This feature was frequenigugssed and was often referred
back to when answering other questions.

Another aspect that is prominent in the data, amstewithin the first layer, is
the importance of teaching that addresses the itgprstyles of the pupils. The
teachers felt that some teaching models suit celtairning styles better than others;
for example, they argued that visual learners mafep the empty number line for the
purposes of addition and subtraction calculatiomhilst the grid method of
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multiplication may suit auditory learners as it drapises the partitioning of the
factors to be multiplied, 45 is forty and five.

The third and final aspect contained within thstflevel is the perception, by
these teachers, that some pupils have a naturaltyfivith numbers. The teachers
believe that this affinity enables pupils to und@nsl column methods easier than
their peers. Pupils may therefore choose to usemaoimethods in preference to other
methods such as the empty number line (ENL) whéculzding subtraction or the
grid method when calculating multiplication.

These three aspects, at the first level, demoedtinatteachers’ commitment to
their students. However, the teachers appear ttmbe/are of other aspects that exist
as a result of their efforts to maintain these éhiiest level aspects as part of their
practice. They also appear unaware of how thesecesmanifest themselves within
their own belief system and at the second and taurels of the framework.

The second level

It appears that there is one fundamental aspeitteske teachers’ pedagogical beliefs
that enables them to address all the aspects ofrfirtelevel. All the teachers
acknowledged that pupils need to be presented mahy methods of calculation so
that, in turn, pupils may express a preference tdsva particular method. The
teachers felt that the choice pupils make depepds their confidence, learning style
and their level of natural affinity with number.dviding the opportunity to make this
choice is central to pedagogical beliefs where @spef the first level are all
considered important in the learning of mathemati¢hat appears to be driving this
is the firm belief that pupils need a method tihatytare able to use efficiently. Thus,
by presenting various methods of calculation, mupilay select the one they can
understand and use, so if one method cannot besusedssfully another one will be
tried, illustrating a belief which favours prefecenover prescription.

In considering the example, 845 - 278, the teacheggested the use of the
ENL to avoid the learning of algorithmic procedurdéisat fail to develop
understanding. However, most teachers recognisgdptipils with a natural affinity
for number are generally able to readily understzsidmn methods and therefore do
not need to use the ENL. They argued that, witmemsed practice with the ENL,
pupils would automatically gain confidence and depetheir understanding of
number and number relationships in such a way #blenprogress to the column
methods, understanding the concepts that undehgim.t The belief appears to be
that, without the ENL experiences, the acquisitbdbrconcepts underpinning column
methods is too difficult. Criticism of this ideaathconcepts underpinning the ENL
develop directly into those of the column methosisvell documented by authors,
such as Thompson (2007), who argue that the saqueature of number associated
with the ENL is unconnected to the partitioninggtgies used in column methods.

The teachers demonstrate a lack of awarenesdspfditawing heavily upon
their teaching experiences to highlight their dslibat this development of strategies,
within the understanding of written calculation, d¢srrect. What appears to be
revealed here is a kind of pseudo-learning trajgctathin teachers’ mathematical
content knowledge. They argue for various lineagss of learning through which
their pupils will progress, although this may netassarily be the case.
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Multiple methods of calculation

The teachers all allowed their pupils to adopt aystem of jumps along the ENL, as
it was felt that, in selecting their own methodsipits were able to build their
confidence and explore their own affinity with nuenbThe various jump systems
described by teachers in the interviews were adsoahteachers modelling them,
which some pupils then adapted. These jump systenwes been combined in figure 2.

/ 2\ (-45)\
75 6

5 -100
567 570 5 605 45 745 845
(600)

Figure 2: Various jump systems that may be involwetthe calculation 845 - 278.

All these different jump systems are based uporsttaegy of partitioning of
the subtrahend according to the place value dfigiés. For example, starting at 845,
200 will first be subtracted, then 70 and then @oTobservations are made from the
analysis of these various jump systems. The fgsthe level of confusion some
teachers experienced when deciding how best tesctbe hundreds barrier when
subtracting 70 and model this to pupils. Most teashmodelled a jump of 40
followed by one of 30 as this would get close te 600 barrier at 605 without
causing too much confusion for pupils. Only onechea said that he would model
‘hitting the 100’ by partitioning the jump of 70t;mone of 45 and one of 25, although
he wasn’t sure if some of his less able pupils wdnd able to calculate the size of this
last jump as it involved subtracting 45 from 70,iehhwas the main reason for the
other teachers to opting for the jumps of 40 andh3Gad. Only then did he begin to
question the suitability of the model for 3-digitbéraction, particularly with pupils
who were not ready for it. This realisation thatswet apparent in the responses of
the other ten teachers.

For one teacher, ‘crossing the hundreds barrieoblem was solved by
making seven jumps of 10, whilst another decided the jumps were too numerous
and unnecessarily complicated the calculation, ssifigg she might model this
through finding the difference between 278 and By@5counting on’ or, in this case,
‘counting back’, see figure 3. The process is [emnplicated than those of figure 2,
although the teacher appreciated that, for pupith Wttle knowledge of number
bonds to 100, this may not be an ideal solution.

-22 -500 -45
278 300 800 845

Figure 3: Adaptation of the counting-on strateggafculating 845 - 278.

Progression in the use of jumps on the ENL washeamndtactor in teachers’
pedagogical misunderstandings. According to vanHeuavel-Panhuizen (2001), the
use of fewer and larger jumps on the ENL represshif$s in pupils’ mathematical
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understanding. The jump systems described by thehé&s fail to recognise this.
They suggest, for example, subtracting 70 in omepjwsing knowledge of number
bonds but subtracting 8 through making four jump®.dt appears that, in offering a
multitude of jump systems to pupils, these teaclagesunaware of the progression
within pupils’ mathematical understanding illuseaty the different uses of the ENL
model (Treffers 2008). Some teachers also commehtgdhe level of understanding
of lower attaining pupils may mean that they areatude to progress beyond the use
of the ENL, which they considered perfectly accbfggrovided the pupils calculated
correctly.

So, in addressing aspects of the first level, aspeicthe second are formed,
comprising the unconnected use of multiple metiwddish are, in turn, driven by the
need to solve the problem of ensuring pupils hareethod for calculating.

The third level

As already highlighted, these teachers held theefoitlat one essential area of prior
knowledge for pupils to successfully calculate ¥8 is a competent use of the
ENL. They claimed that this competent use leadsnfrovements in pupils’ number
sense which, in turn, allow the conceptual undadsteg of column methods to be
readily achieved. They believed the procedures luaeb in the algorithms are
remembered by pupils consequently. Two furthersaoégrior knowledge were also
identified by the teachers, namely, place valuepartitioning.

All the teachers discussed how they considered thepils’ appreciation of
the value of each digit to be of vital importanBerceiving a tens digit as complete in
itself was important, as this, they felt, would alvthe procedural trap of “borrowing
one from the next column.” However, despite thedngcious attempts to avoid
procedural learning, these teachers weren’t alwagsessful in doing so.

One teacher, whilst demonstrating her modelling @isdussing the problems
of subtracting 8 from 5 in the calculation 845 —82&ttempted to avoid the
“borrowing” procedure. Deliberate changes in heplamation to avoid “borrowing
one” resulted in “taking a ten from the next colutarieave 30 and moving this ten to
the next column, where it could be added to thelte 40 and the 5 were still treated
as two separate numbers instead of two componénte expanded number which
could be regrouped into 30 and 15. This made “lvarr@” an inevitable outcome,
significant in this case as this particular teaclias one of only two who outlined the
importance of pupils being able to regroup numioéferently.

For most teachers, much discussion focussed odahgers of teaching the
procedures without understanding. What they faitebalise was their modelling still
focused on “borrowing” rather than the “regroupintyey believed their teaching
supported. Language used to support this percestétl in focus, and avoid the
procedural connotations of “borrowing”, includedé€al”, “take off ten and adjust”,
“move a ten over” and “use a ten from the tenstamj it back”.

Prominent at the third level, then, is teachersitent knowledge which is a
pseudo-conceptual knowledge that leads them tceveelthat they are teaching
conceptually and avoiding procedural teachings levident from the interviews that
most of the teachers are aware of the dangerslyhgeon procedural teaching, to
such an extent that they view procedural teachs@ @ractice to avoid. Yet, there
appears to be conflict with this belief and thexperiences. For example, when
discussing the use of open-ended tasks in therolass most teachers believed that
pupils first needed to be taught skills, often aharally, in order to be able to apply
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these in the open-ended task. This is somethiny witich they appeared somewhat
uncomfortable, as they felt they should be teachomgreptually.

Concluding remarks

The mathematical content knowledge of in-servidgenary school teachers has been
described, here, within a multi-levelled theordtitmmework where relationships
between each level are not yet clear. Subsequehysis suggests that relationships
between the aspects within each level and betweelevels are more likely to form a
fluid and inter-related web than static succes$ewels dependent upon those that
exist above and beneath another.

Firstly, these teachers are unable to relate ssftdbsthe first-level aspects to
either their second-level pedagogical approachesheir third level mathematics
subject knowledge. At the second level, the usa wiultiplicity of methods by these
teachers to support students solving calculatiensnisconstrued as a means to
mathematical efficiency. A lack of conceptual ursd@nding becomes evident at this
level. At the third level, the teachers are conseithat procedural learning can lead to
conceptual learning, as illustrated by Hiebert befitvre (1986), but they are not sure
how to achieve this and they lack sufficient corgap confidence themselves to
utilise pedagogical approaches which support this.
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The ‘algebra as object’ analogy: a view from school

Kate Colloff and Geoff Tennant
University of Reading

Treating algebraic symbols as objects (eg. “a’ nseapple’) is a means
of introducing elementary simplification of algeptaut causes problems
further on. This current school-based researclugec an examination of
texts still in use in the mathematics departmeny aterviews with
mathematics teachers, year 7 pupils and then y@aufpils asking them
how they would explain, “3a + 2a = 5a” to year pisi Results included
the notion that the ‘algebra as object’ analogy lbarfound in textbooks
in current usage, including those recently publish&eachers knew that
they were not ‘supposed’ to use the analogy butahways clear why,
nevertheless stating methods of teaching consistéht an ‘algebra as
object’ approach. Year 7 pupils did not explicitigfer to ‘algebra as
object’, although some of their responses coulddenterpreted. In the
main, year 10 pupils used ‘algebra as object’ tplar simplification of
algebra, with some complicated attempts to get dotire limitations.
Further research would look to establish whether #ppearance of
‘algebra as object’ in pupils’ thinking between y&aand 10 is consistent
and, if so, where it arises. Implications also e on-going teacher
training with alternatives to introducing such slifigation.

Keywords: algebra; simplification; pedagogy.
Introduction

Consideration of the ‘algebra as object’ analogyexplaining that 3a + 2a = 5a by
saying that ‘a’ is the object ‘apple’, thereforastieads as ‘3 apples plus 2 apples
makes 5 apples’ has been explored by a number thiosu over the years (eg.
Clement 1982; French 2002; Kuchemann 1982). Adogrtb Tennant (2009), whilst
the use of this analogy may get over an immedilagsmom obstacle, there are three
reasons for not using it:

It's wrong, ‘a’ is never the object apple, in coxttét is likely to be

either the cost or the number of apples;

It works in only a narrow band of examples, so seede abandoned

before reaching simplifications such as -2a + 3hzmx 3b;

It leads to misconceptions and wrong answers latewith Clement

(1982) providing the classic problem: if a univerdias six students to

every one professor, and S giving the number afesits and P giving

the number of professors, write down a formula eating S and P.

The distractor which arose, which the authors dlage frequently

obtained working with children, trainee teachersl axperienced

teachers, is P = 6S, which makes sense thinkifyasfd S as objects —

for every one professor there are 6 students.

Tennant further gave a series of examples as to danly simplification of

algebra might be introduced through other meandicp&arly keeping consideration
of early algebra as close to number as possible.
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This research takes the understanding of ‘algelaolgect’ further in
undertaking a small classroom based project lookingee what resources are used,
and how teachers and pupils at different stageseminalised algebra as object. This
research is reported below.

Methodology

The research was undertaken in a large 11-18 cdrapsése school with a significant
number of pupils speaking English as an additidaaguage. The work was
undertaken in the context of a masters degreeqirbjethe principal author, a teacher
at the school. The research consisted of:
An examination of 10 textbooks and 3 electronicoveses in use
within the school that dealt with elementary sirfipdition of algebra;
Group interview of 8 mathematics teachers as to thmy approached
simplification of algebra,;
Individual interviews of 35 year 7 pupils askingemh to solve
problems of the form ‘3a + 2a = 5a’ and then explaow they did
them;
Group interviews with 30 top set year 10 pupilsdohsround an
activity as to how they would explain early simiaigtion of algebra to
year 7 pupils.

The textbook analysis was based on Kuchemann’slj18ology of how
algebra is introduced, with teachers surveyed aswhach resources they used
separately to the interviews conducted.

The year 7 pupils were chosen at random, by setpevery fifth child from
the school register. The year 10 class, which wais normally taught by the
researcher, was allocated chosen on a convenieasis, lwith group interviews
following.

Results
Textbook analysis

Textbooks which had been indicated by teachers uagertly being in use had

publication dates varying from 1955 to 2010. Oé thO texts chosen, four went
straight to algebra with no indication of conteiiree came through generalised
arithmetic, two used symbols, effectively usingg&thra as object’, and one used
lengths of Cuisenaire rods. No clear patterns vestablished between methods of
introduction and publication date.

Teacher interviews

Teachers were firstly shown a number of methodswwbducing simplification of
algebra from textbooks. Comments were largely daseund the number of words
used in an explanation and the standard of presamtather than the explanation as
such. One starting point shown to the teachers'was =2 ’, which is taken from

a revision guide (Lindsell 1998) and on the facet @ appealing to an ‘algebra as
object’ approach. Some teachers liked the ‘visygiroach’ and felt it would be good
for low attainers, although one teacher did no& thwas not ‘numerical at all’ and
another was concerned that it might be taken tdyirag. that 4 + 4 = 24.
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When asked directly about the use of the ‘algelweolgject’ analogy, all
teachers were aware that it was ‘not recommendidabuegh one teacher could not
articulate why. Reasons given by others includ&@u cannot multiply apples”.
However, approximately half the teachers involvestified the use of the approach
when dealing with lower attaining pupils, partialjan lower sets in Key Stage 4. In
responding to the question as to how they wouldraggh the teaching of
simplification of algebra, there was again a clsanse that different approaches
needed to be taken with different year groups attidinenent ranges. It was
noticeable also that teachers who spoke out agalgstbra as object’ methods, when
asked what they did, described methods, eg. drapuipgs’ faces on the whiteboard,
which would appear to come under this heading.s Ppbint is discussed below.

Year 7 interviews

35 pupils were asked to simplify ‘3a + 2a’ and tlexplain how they went about it.
9% of pupils said they guessed or did not knowfurther 9% got the answer wrong,
with answers including 5, 5aa and 7 which wouldesppto be consistent with the
misconceptions arising from an ‘algebra as objapproach.

83% of the pupils got the answer right. Of thosken asked to explain the
method, 11% said ‘collecting like terms’, with tlhlemainder giving an answer
approximating to “2+3 then put the ‘a’ back on”.oMé of the pupils explicitly stated
a method which would indicate an ‘algebra as obggmproach.

Year 10 interviews

30 pupils working in a total of 8 groups were askeulv they would explain
introductory simplification of algebra to pupilOf those 8 groups, 6 gave methods
which would come under the heading of ‘algebra ligat’, with objects including
fruit, coloured objects and types of sweets. ThHeeiotwo groups went straight to
algebra, with one stating, “It is just law”.

When asked about how they would deal with expressibke ‘ab’, a
considerable amount of confusion took place, withgestions from those advocating
a ‘fruit’ approach suggesting that*aould be understood as being 2 apples, and ‘ab’
meaning ‘apple and banana’, apparently confusimitiad and multiplication. Those
advocating a coloured object approach suggestddftha represented red and ‘b’
represented blue then ‘axb’ could be purple.

Discussion

Clear evidence arises from the research that, énrébevant school at least, the
‘algebra as object’ analogy is present in somebtmits in current usage, and
teachers’ and pupils’ thinking.

The suggestion that different methods need to led @sr higher and lower
attainers, particularly that the ‘algebra as objedgth its associated problems is
permissible when working with lower attainers, wibgtand in tension with evidence
(eg. Watson 2002) that pupils deemed lower attgjrgiven opportunities for creative
thinking, can indeed rise to the challenge. Ong wll consider, however, that with
the constant pressure on teachers to be achieighgrnand higher GCSE and other
results, the temptation to resort to ‘quick fixlstons in the name of training pupils
to pass examinations irrespective of underlyingeusidnding, that this is an issue
which will remain with us for the indefinite future
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That teachers of mathematics could not always datie problems with the
‘algebra as object’ approach, and used themsehatsads which would come under
this heading, points towards the need for on-ggrajessional training on this point
as part of a larger programme of making algebr&ssible and, in introduction, an
extension of ideas which can be explored numeyicalarticularly in ensuring that
methods which avoid ‘algebra as object’ do so cahensively, rather than coming
back to it.

A point of interest within this research is thefelience between the year 7 and
year 10 respondents. As noted, no year 7 puppsioitky suggested an ‘algebra as
object’ approach although, particularly with theowg answers, it may well be that
this was underlying their thinking. It is curiotisat year 10 pupils did explicitly
suggest ‘algebra as object’, although their thigkippeared to be that the ‘a’ was an
added complication which just needed to be manipdland put back on at the end of
the answer. This points to the need for furthexdgtin terms of pupils’
understanding, as to whether this is a consistadtniy in other schools and, if so,
why year 10 pupils are so more attracted to thaipiisy. Allied to this point is the
need to problematise methods of teaching simptiboawvhich do not use ‘algebra as
object’: from a learning point of view, is it alhat different, for example, to refer to
“2 lots of 10 plus 3 lots of 10” rather than apfes

Conclusion

It is clear from the research reported here thaietls work, both in terms of
ongoing teacher training and further researchl| sduired in considering how to
address simplification of algebra in order to préengood understanding of what
algebra can do. The authors would be interestdietw from anybody either with
teaching ideas or interested in networking on ertiesearch.
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Fractions in context: The use of ratio tables to deslop understanding of
fractions in two different school systems

Dolores Corcoran and Pamela Moffett
St Patrick's College, Drumcondra, Dublin and StrahsUniversity College, Belfast

The project seeks to investigate the implementatbra number of
Realistic Mathematics Education lessons on frastion two different
educational systems. Four teacher participants gatavith trialing an
agreed sequence of lessons from an RME textbookh@&ir own
classrooms - one Primary 6 classroom in Northegltamd and three fifth
classes in Southern Ireland. The teaching of less@s observed by each
researcher in her own school system. Nine of tlssoles were video
recorded and short video clips were made of chil@tework during other
lessons. Children’s mathematical workings from tlessons were
collected and analysed. Similarities and differencen teaching
approaches across contexts were examined with & toeidentifying
some of the supports and constraints experiencedeaghers in the
implementation of these lessons. In this sessiorprgpose to report on
the manner in which three RME lesson contexts plexviteachers and
children with novel ways for thinking about and iog with fractions

Keywords: Realistic mathematics education, fractios, ratio, teaching
Background to study

The research reported in this paper is funded lapnddtg Conference on Teacher
Education North and South (SCoTENS). The aim of shaly is to compare and
evaluate the possible impact of implementing RMEiculum materials in primary
classrooms in the North and South of Ireland. Ttadysfocuses on two main issues:
the impact of the curriculum materials on childeelgarning, and the support needs of
teachers using these curriculum materials. A sempeof six lessons from
Mathematics in ContexfMiC) — a curriculum designed according to Redlist
Mathematics Education (RME) principles for use imétican middle schools — was
chosen as the focus of the study. The six lessene aased on the topic of fractions.
Drawing primarily on the Transformation dimensiof the Knowledge Quartet
(Rowland, Huckstep and Thwaites 2005) as an awcalggimework, each researcher
analysed the lessons she observed while adoptiray wh have called an “RME
gaze”.

As researchers we acknowledge that these RME ralsteare ‘new’ and
therefore “boundary objects” to the teachers comer(Corcoran 2011). More
importantly, we acknowledge that teachers are éssestakeholders in the research
endeavour (Krainer 2011) and sought their particdpaas “co-researchers” (Wagner
1997) who met together as a group with us on twiasions to discuss the teaching of
the lessons and to view and discuss video-clips feach others’ classrooms. This
paper summarises findings on the children’s respons some of these lessons in
which the ratio table is used to organise calcoieti with fractions, followed by
comments on the development of mathematics teachanging from the
implementation of RME contexts.
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Key principles of RME
Use of ‘realistic’ contexts

At a first glance, the material within the MiC tbrbks appears to differ significantly
from traditional UK or Irish textbooks where redélcontexts may be used initially
to interest and engage pupils but are usually @b by series of non-contextual
exercises for pupils to practice the ideas and quores introduced. Later,
contextualized problems are given in which pupile @&xpected to apply the
mathematics that has been practiced (Ainley 20lil)ontrast, the mathematical
content in the MiC materials is grounded in a \grad ‘imaginable’ contexts. Within
RME, contexts are used not simply to engage andvatetlearners, nor to illustrate
the applicability and relevance of mathematicshie teal world, but also as a source
for learning mathematics (Van den Heuvel-Panhu2@®0, 2003). Further, the ratio
tables for scaling recipes up and down on whichlésson series under research are
based appeared to provide a context in which grecedures, relationshipand
utilities inherent in the mathematics to be taught are doddarners (Ainley 2011).

Use of ‘models’

According to the RME approach, ‘models’ are seerreggesentations of problem
situations which serve to bridge the gap betweefornmal, context-related
mathematics and more formal mathematics. Concretermals, pictures, diagrams
and even symbols can serve as models. When prdseittea realistic context, the
intention is that the pupil constructs a ‘model e problem situation. Initially, this
model is context-specific but over time it changescharacter, becoming more
general, until it serves as a ‘model for’ mathegsdtireasoning on a formal level.
(Van den Heuvel-Panhuizen 2000, 2003).

The ratio table model

The three lessons reported in this paper are thkemthe MIC transition uniSome

of the Parts This unit builds on pupils’ informal knowledge dtios and part-whole
relationships and introduces operations with foati Each of the three lessons is
grounded in the context of a recipe, which is ideshto support the development of
the concept of ratio. Pupils use informal stratedie increase and decrease the
amounts of ingredients according to the number esf/isgs required. Fractional
amounts, such as % cup, 1/3 teaspoon, play an ifamawole in recipes. Therefore,
the calculations involve addition, multiplicatiomd division of whole numbers,
benchmark fractions and mixed numbers. The ratitetss therefore a tool that is
used to organise these calculations. One advaofage ratio table is that it provides
an open structure for pupils to use their own stepsn working toward a solution.
The numbers in the columns can be placed in angraodsuit the calculation.

Project lessons observed in Northern Ireland
Lesson one

In the first lesson, a pizza recipe provides a @dnfor introducing the ratio table
model. The recipe makes 4 pizzas and pupils aredask determine the amounts of
each ingredient required for 24 pizzas. A ratidedb show how the amount of one of
the ingredients will change as the number of pizaaanges is introduced as an
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example; two further tables showing alternativatsygies are also presented. After
studying these tables, pupils are asked to comfieteatio table for all ingredients
(Figure 1).
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Figure 1: Ratio table for pizza recipe

About two-thirds (19) of the pupils completed thable in two stages:
doubling the first column and then multiplying by Bsing a similar method, one
child multiplied first by 3 and then by 2. A furtheeven pupils multiplied the first
column by 6. One pupil mistakenly chose to multipeatedly by two, although she
did not apply this rule consistently for all thegradients. Another pupil appeared to
be totally confused with the concept of the ratiblé and struggled to complete it.
The multiplication of fractions proved to be thesnohallenging aspect of this work.
While the majority of pupils were able to multipiyit fractions by 2, many struggled
with the next step which involved multiplying nonit fractions by 3; the
multiplication of thirds proved even more difficulPupil responses demonstrated
varying levels of confidence in the applicationkoowledge of fraction equivalents.
For example, not all pupils chose to simplify tesult when multiplying ¥ by 2 and,
when multiplying %2 by 2, one pupil recorded 1 (#2llowing the lesson, the teacher
noted that “Ratio alone ok — fraction element csirfg.”

Lesson two

The second lesson uses the context of a recipehioken and tortilla casserole but
this time pupils are required to use a ratio tablénd the amounts of ingredients if
the number of servings decreases. The recipe dateB servings and pupils are to
complete the table for 4 servings and then forr2isgs. Once again, the calculations
involving fractions proved problematic. Although ns® pupils were able to

successfully divide halves and quarters by 2, miaisof thirds and sixths proved

much more difficult. The class teacher summarised reflection of the lesson as
follows:

Class very quick to ‘half and half again’. Comptetectivity sheet v. quickly....
Overall — pace of lesson seemed v. slow. Plengyiszfussion but not enough for
the pupils to do. Mixing fractions and ratio diffic.

Lesson three

This lesson uses a more complicated recipe invglwhole numbers, fractions and
mixed numbers (Figure 2). Pupils used a rangerafegjies to complete the table. For
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example, to find the amounts of ingredients reqlii@ 10 servings, some pupils
multiplied 2 servings by 5 while others combinedsdévings and 2 servings or 6
servings and 4 servings.
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Figure 2: Recipe for yoghurt cups

It was interesting to note that pupils tended tokwno a preferred order. Some
worked horizontally, completing one row at a tink@r example, one pupil started
with the powdered sugar since it involved whole bens only; progressing to the
ingredients involving fractions only and finallyethmixed numbers. Others preferred
to work vertically, completing one column at a tin8me pupils worked in a more
random order, choosing to work with the ‘easiettakations first.

A large proportion of the class relied on theircfran walls to support the
calculations involving less familiar fractions. There able pupils relied on mental
strategies, demonstrating a greater facility witkcfion equivalents. However, when
adding ¥z and 1/8, one pupil recorded 2/12. In imtato the calculations involving
mixed numbers, pupils tended to multiply or divitie whole number first and then
the fractional part.

Differing classroom contexts
Northern Ireland

The pupils whose responses are reported aboveiwerenixed-ability Year 7 (aged

10-11) class — the final year of primary educatiohorthern Ireland. Over two-thirds

of the pupils had previously finished working todsrthe high-stakes tests on
academic ability which are used to determine whrethey will transfer to grammar

or secondary schools. The class teacher had weattyt years of teaching experience
and had been teaching Year 7 for approximatelyyears. When asked about her
perspective on the learning environment in hersctasm, she explained that at the
beginning of the year it is “very assessment andwkedge-centred ... and not

centred on the learner at all.” She blamed thighenfact that the children have so
many tests to do, with preparation for the higtkssatests for academic selection in
the first term for Year 7 dominating the curriculumupper primary. For this reason,
she claims that the children:

have been pushed quite hard probably in Year 6ramded on without maybe
really grasping things ... sometimes by Year 7 yealise they don't have that
understanding and then you have to go back ovegshagain.

The teacher from Northern Ireland also conjectured the pressure of assessment
has resulted in a mind-set whereby children wangeb everything right and this
poses difficulties for tasks which require pupitsitvestigate and explore different
strategies, and to share and discuss their ideas.
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Southern Ireland

Three teachers in different classrooms in the sawatfe observed teaching these same
lessons. An attempt was made to match the schootgding to age of children and
socioeconomic status of families. In southern hd]aprimary schooling continues
until the children are twelve with the result thla¢ matching classes were all in the
penultimate year in primary school. The most obsidisparity in context between
the two educational settings is the difference mmpleasis on external assessment.
During the second of two joint seminars held withdhers and researchers (one in
Dublin mid way through the research, one in Beltastards the end) teachers were
invited to locate themselves and describe thesstt@oms in terms of perspectives on
the learning environment (Donovan and Bransford5200hen the NI teacher
identified her classroom environment as shapedutfiroan “assessment-centered
lens”, the three teachers from the south sympadhiéh the constraints they
imagined such a focus would place on their teacHmgurn, teachers from the south
thought their classrooms were more “learner- cedfgrand “knowledge-centered”
(ibid., p. 13). Ironically, since this seminar toplkace a government circular in the
South has mandated that children in second, faamthsixth classes are to undergo
standardized testing in mathematics from May/JudE22 results of which will be
made available to parents, school authorities hadrtspectorate (DES 2011). While
this change in the culture of schooling does nptyafo the classes (fifth) observed in
this study it may well bring about shifts in empésisand changes in teaching
approaches to mathematics, for which these teaehensot yet prepared.

Teacher A

Teacher A was the most experienced teacher ohtiee tand appeared very much at
home with the mathematics. He enjoyed teachinRiki& lessons and discussed the
utility of the ratio-table and its application tdsam’ that the children had met in their
class textbook. His class had adopted an engagetgpior based on comparing the
advantages of a short cut over a roundabout rautthe village which became
common currency for describing different solutiggpebaches to filling in the ratio
tables. Teacher A projected the pupils’ activiteets related to the lessons on to the
white board and this idea was subsequently adoptedhe other teachers. He
extended the task in Pupils’ Activity Sheet 7 whigguired scaling a recipe for
Chicken Tortillas down from eight servings to faurd then two, by drawing an extra
column on the white board and inviting suggestiéms how it might be further
reduced to make one serving. Such was the classohamate that one child then
suggested that the recipe be further amended te géro serving, a suggestion
Teacher A gleefully invited the class to implement.

Conclusion

Mathematics teaching is a highly complex endeavdire forgoing paragraphs

reporting the responses of pupils in the NI classrdo the mathematical contexts
presented by the ratio tables offer evidence ¢&sk/results-oriented’ approach in the
manner in which children engaged with the actisiti@/hile the research participants
in the south embraced the project with equal emdlsus there appeared to be
differences in teaching styles which influenced hbe material was presented to the
children and greater variety in the responses. fE3earch approach fostering “an
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investigative attitude towards their own practi¢iérainer 2011) could have remained
at the level of individual teacher and researcheblecause of the ‘cross

border’ nature of the joint seminars interest imparing practices was heightened
with increased potential reflection and for devatgpteaching. There are saliencies
here with RME movement, an integral part of whishthe work ofTussendoelen
Annex Leerlijnen (TAL) project teams. This Dutch concept translatego
‘intermediate attainment targets in learning-teaghrajectories’ and involves teams
of teachers and researchers working together toowepeducation by “providing
insights into thebroad out-line of the learning/teaching process #adinternal
coherence” (Van den Heuvel-Panhuizen, 2008). Aballe such work is time-
consuming, on-going, involves many people and rsoered worthwhile.

This research was made possible by a generousarantied by the Standing
Conference on Teacher Education, North and So@oT&ENS).
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Teachers of mathematics to mathematics teachers:TDA Mathematics
Development Programme for Teachers

Cosette Crisan and Melissa Rodd
Institute of Education, University of London

To address the shortage of mathematics teache&ngtand, serving
teachers, qualified in subjects other than mathiesiayet teaching
secondary mathematics, were eligible to participatea Mathematics
Development Programme for Teachers (MDPT) commmesio and

funded by the Teacher Development Agency (TDA).e&earch project
was set up to investigate how teachers in our Z010@ehort developed
into mathematics teachers within this Programmas Téport indicates
how (1) learning new mathematics, (2) developingesv on the nature of
mathematics and (3) teaching mathematics in difteneys, contribute to
a mathematics teacher identity, yet there was erepancy between the
teachers’ espoused confidence in being a mathesnacher and their
technical mathematical competence.

Keywords: mathematics teachers, community of praate, evolving identity

Background

The MDPT was commissioned in order to address ¢neepred lack of well-qualified
teachers of mathematics in state schools in Englangarticular, as there is a
significant number of teachers teaching mathematitse secondary age range (Y7-
Y11) whose Qualified Teacher Status (QTS) was ghtheough their being teachers
of another specialism a ‘Mathematics DevelopmenbgRimme for Teachers’
(MDPT) was specifically commissioned for such segvieachers. Participation on
the MDPT course required that a teacher had coetléheir Newly Qualified
Teacher (NQT) year and was employed in a maintasobdol and teaching at least
some mathematics to pupils in the secondary aggerdrad no post 18 mathematics
or any mathematics teaching qualification (althoygimary trained teachers were
allowed to take the course), had the support af thead teacher and had a school-
based mentor to support them. The structure otthese was: 30 days based at the
university and 10 based in school with specific gggajical tasks to complete. The
participating teachers were offered a £5000 bursarycompletion of the course
where ‘completion’ included having at least 80%e@attance and an assessment at a
level of a final undergraduate of 40 CATS cred8shools could claim for cover on
the days where the teachers were in the univei®itysuccessful completion of the
course, the teachers were considered to “have dy@nedditional specialism” (TDA
2009, 10) in mathematics.

Various providers in different regions of Englarfteced these MDPT courses
and had the freedom to design their own curricullihre curriculum designed by the
mathematics education team at the Institute of Eiilme, University of London
deliberately avoided mathematics National Currigulalassifications and arranged
the MDPT curriculum to cover four broad mathematimantent themes: Infinities,
Uncertainties, Structures and Spaces. Mathematidagogical knowledge was taught
by example, discussion and by setting school-b&ssd that were supervised by the
school-based mentor.
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A natural question to ask about this TDA-promotesthmematics development
programme for teachers is “Does this Programme @ffgood way to provide more
mathematics teachers?” Irrespective of the answéhis question, we note that the
programme has since been decommissioned and aecHeamn subject knowledge
enhancement (SKE) course is now being pilotedretufning’ teachers (TDA 2011)
that is also available for serving teachers of ma#tics who do not have
mathematics/mathematics teaching qualifications.

We orientated our research around a central rdseprestion that concerns
itself with mathematics teacher identity in the s=f Grootenboer and Zvenberger
who argue that “It is essential that teachers dfheraatics (at all levels) have well-
developed personal mathematical identities” (20083). Our central question was:
how do already qualified teachers come to see tekes as mathematics teachers?

Our MDPT research project

There were two cohorts, 2009-10 and 2010-11. Infitseyear tutors for the course
were surprised both by many participating teachettsindard of mathematical
competence and by their affective reaction to steshdchool mathematics such as
solving two linear simultaneous equations or wagkimith inverse proportion. We
wondered how you can function as a mathematicshézat€ the thought of solving
simultaneous equations makes you cry. In algebracpkarly there was a lack of
meaningfulness in their work that we witnessed ugto their ‘instrumental’
application of methods and their displaying defemeechanisms like avoidance,
talking or requesting explanations to them perdgriabnd-holding).

This brought up the very practical question: how ¢hese participating
teachers develop into mathematics teachers whfit &oeteach the secondary age and
ability (yes, ‘ability’) range? We had 30 days witlem over a school year.

This is why we wanted to collect data more systeraby in the second year
to investigate teachers’ journeys over the courkese journeys are rather individual
- only one person cried at simultaneous equati@tscur orientation was to look at a
purposive sample of case studies to investigatesittans towards becoming a
mathematics teacher.

Case studies

The 19 teachers participating in the MDPT courseewecruited from the London
area and regions from which it was possible todramto the capital. The QTS
specialisms of the ten women and nine men enroiedthe course included
languages, science and business studies, with ts¢ popular specialisms being
primary (5) and Physical Education (PE) (5). Folrtlee participants were from
overseas, one of whom did his training through &er€eas Trained Teacher (OTT)
scheme in England and the others used their EUfigatibns.

From the volunteers, we chose a purposive sampieetase study teachers
each of whom had come via a different training eolit was not possible, given that
there were fewer than twenty teachers, to get gkaai teachers with variation over
all the key parameters of their prior training omperience. Variation of the Initial
Teacher Training (ITT) route was used as samplavdgf this was a judgement
based on a sense that these different routes esjees allegiance to different
communities of practice within secondary teachthgugh other choices of samples
could have been used (e.g. QTS subject). Someedifitgraphical details of the case
study teachers are presented in the table beloeruhdir pseudonyms:
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Jessie | Madeleine William Nas Lech
ITT route BA/QTS| PGCE Bed Teach Firsf EU QTS
Subject Primary | Primary PE Citizenship| PE
specialism (PE) (mathematics
School phase | Primary | Primary Secondary Secondary  Secondary
training
Prior to course | 10 years| 6 months 2 years: L2 years: 1 off 9 years
taught some lessona |2 lessonsa
mathematics for week week
% of maths 100% 100% 90% 100% 100%
teaching during science
the course and maths
Table 1

The research took place alongside the course asdswa@ordinate to the course. Data
of the following types were collected as part aidieing: autobiographical data; a
‘needs analysis’ (of their mathematics subject Kedge and capacity to diagnose
pupils’ errors/misconceptions); collection of thamaths work; school-based work;

mentor feedback; assignments; reflections; obsenatin university sessions. The
only purely research-focussed type of data thatdhehers were invited to participate
in was to be interviewed. We had more volunteersetanterviewed than we needed
and not every course member volunteered. The ifitstrviews carried out at the

beginning of the course (during the Autumn termyaveonducted ‘narrative style’

(Hollway and Jefferson 2000) where the teacher iwased to tell his/her story and

the second interview carried out in July was of isstnuctured design (e.g. Brown

and Dowling 1998) using an interview schedule.

Theoretical framework

This research arose from queries about teachesgeaialisms other than mathematics
becoming specialist mathematics teachers throughgdm course commissioned by
the TDA. Hence there was no a priori theoreticahfework and part of the research
work was to choose a theoretical framework in otdeaddress the research questions
and to explain the suitability of that framework tbis context. The MDPT teachers
were positioned by the job they were doing (secondehool mathematics teaching)
and they were on the course because (from theid&its(1) they did not have
mathematics teacher certification and (2) theirdbescher felt that this lack was
worth rectifying. In an alternative expression \theere on the course because (from
the ‘inside’) (A) they wanted to learn more mathéos and (B) they wanted to find
out about ways of teaching mathematics and incatpothese into their teaching
repertoire. Because of this dual aspect of whyetlieachers came to be on the course,
we sought a theoretical framework that embraced/itvyang nature of learning and
participation and theorised such dualities. Sudramework is provided in Etienne
Wenger’'s (1998)Communities of Practicevhich addresses identity (‘inside’) as an
outcome of learning within social practices. Andciab practices are found in
communities which collectively ‘reify’ aspects die practices like mathematical
content and standards. Learning — or developinganmgful practice - occurs within
the to and fro of participation and reification. Weed the ‘communities of practice’
framework to analyse and interpret participatirecteers’ reifications and episodes of
participation. In conclusion we have some remaitbsua these teachers’ evolving
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‘mathematics teacher identities’ which arise froheit participation in a web of
communities that relate to their mathematics teaghi

In the next section, we present a selection offiodings. These are organised
under themes that came from analysis of the dagaatiwusing the communities of
practice lens. We report ‘horizontally’ across tases studies, using quotations from
case study teachers, findings concerning:
1. participation in learning mathematics: e.g., thapproaches to learning

mathematics;

2. reification: e.g., views on mathematics as a disep
3. practice: e.g., their reported changes in thechigy practice.

A selection of findings
Participation in learning mathematics

Teachers had different ways of approaching theitheraatics learning and thinking
about mathematical knowledge. For instance, inidestelling of her learning she
expresses a view of mathematics knowledge as deitems: “all of a sudden and
everything that I've got from pockets of knowledgse and pockets of knowledge
there, just all falls into place” (Jessie, intewid). This contrasts with Nas who
expresses perceived limitations in terms of hidirigs: “I mean | don’t think maths
has ever come naturally to me; it was probably noystvsubject in school actually. |
mean in my A levels, it was my lowest A level grdd@las, interview 1). Madeleine,
daughter and sister of mathematics teachers nowem 40s, gives a stronger
expression to her feelings about mathematics “A,\alwful subject [...] And | just
never connected — | never connected with mathdl'a(Madeleine, interview 1).
However, William, who like Jessie, was preventeahfrdoing A-level mathematics
by his school because he got a C rather than a BG8E, says “maths | found
relatively easy” (William, interview 1).
Indicator of developing mathematics teacher idgntit Participation in learning was
motivated by potential application in teaching

Indeed, ‘understanding a topic’ was typically constl as understanding at the
same depth their students are expected to attanpatticular grade/level. As Jessie
explains: “So whereas now I'm using like the Edéxagher plus book; and I look in
there and I'm thinking right, I'm doing curved gfep— so | need to go home, | need
to look at all those equations and then also Idoktaat point a line would intercept
that curved graph. And | can understand what | havedo, but physically sitting
down and getting myself to a level where | feeltthean look at a question — and it
doesn’t matter which question it is - then | contdp someone -. ” (interview 1).

Similarly, Madeleine thinks that if she is secuneai certain piece of work or the
way that something works, then she can pass that bar students in a way that they
feel secure, too. However, Madeleine is concethatl despite working hard since
she started the course, covering an enormous ambumthematical knowledge, she
will not be “[...] ever going to cover it all. Butithin what | teach — and perhaps a bit
further.” (interview 2) she has the inner confidet the classroom.

Reification of mathematics

In interviews, in their assignments and in clagspntations, the teachers talked about
their changing of views of mathematics towards tifahore useful or more real: for
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example, “Through completing this course | feeel'moved on from viewing maths
as a pure subject that is learnt in classroomgéing mathematics as something that
has endless applications.” (Nas, final assignment).

Indicator of developing mathematics teacher idgri®it Experience of reification of
mathematics was conceptualized as contributingdolting

‘Pascal’s triangle’ came up several times durihg ttourse and the teachers
increasingly welcomed unexpected appearances sf'titangle’ with delight and
humour; they also remarked about uses of this pegceathematics for teaching.
Similarly, Lech’s change in view is expressed in nsthematical metaphor
“[previously | was] only looking at maths in 2D, ryeflat.” (interview 1). Several
months later he says “And knowing about differeatrhing styles, and having to have
to read and research ... gave me a completely diffgrerspective on just, on what |
previously thought maths was - as being two plus éguals four. So that’s the third
dimension I've got now.” (Lech, interview 2)

Practice of mathematics teaching

During interviews, oral presentations and inforroahversations, the teachers were
able to exemplify ‘new’ pedagogical approaches @mproaches other than teaching
by showing worked examples) that they had usebam bwn classrooms.
Indicator of developing mathematics teacher idgn®t Nexus of communities
(Wenger, op. cit. 158) was considered beneficiaéaching mathematics

Coming from a humanities background, Nas considériedstrength was “[in
removing] the language barriers and being ableepoesent it [maths] in other ways,
which would mean students will understand it.” (Nagerview 2) Nas liked teaching
citizenship lessons because he could make thosengvery engaging about real life
issues that directly affected the students “I felich more kind of comfortable
teaching more humanities subjects than maths aimty dbose kind of interesting,
engaged-in discussion and investigation based gshinchumanities subjects. But |
mean that's changing; I'm definitely changing anithihk NRich is like brilliant in
providing those sort of resources.” (Nas, intervigyv In Wenger’s terms, Nas is
reconciling different forms of memberships (to tlsebject specific teaching
community, and now to the maths teaching communityas’s knowledge of
pedagogical approaches developed and acquiredebsgtfanting to teach mathematics
are ‘brought’ into the mathematics classroom. Theps him to maintain his
citizenship teacher identity, while also enterihg mathematics teaching community.

Conclusion: towards a mathematics teacher identity

In the second interview one of the questions waswhat extent do you now see
yourself as a maths teacher?” While every intereiewesponded positively, their
replies were nuanced differently, for example: 1Swtually feel that | can say that |
am a maths teacher, rather than PE playing at mRtdeds good.” (Jessie), whereas
William proudly told us that “[...] my first subjeas of the 1st of September when
the qualification comes through will be the firstbgect as maths.” And Lech says
“Yes, definitely; | couldn’t go back to teaching REefinitely. | am a maths teacher,
yes; that's how | see myself.” The issue of ‘thealdication’ was significant to
several others in the class; the actual phrasegtdate to get it” was used by (at least)
three of the teachers in the whole group. Thisifation gave them formal
membership of a community of mathematics teacheEnigland. This offered career
benefits, since mathematics will always be on theiculum, whereas, for example,
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citizenship might not: “So | thought it was quitaportant that | actually had another
subject that | could teach, and maths is obvioashgry stable subject. So almost as if
in an insurance kind of way | wanted to move intatins as well.” (Nas, interview 1).

This gift of membership with completion of their NP course gives rise to
the questions about the quality of this membershigy have the badge and they are
pleased to wear it but is that enough? Analysidheir mathematical and math-
pedagogical work and the mock GCSE paper theyrsalune showed that these
teachers still lacked fluency with mathematics amete far from having secure
subject knowledge. In particular, bar one or two tbe 19, their algebraic
manipulations skills were no better than GCSE giadand in some cases this is an
optimistic appraisal. However, such teachers cldithat their experiences of finding
mathematics difficult to learn was helpful with pest to the practice of teaching as
they were in a better position to relate to pupdsficulties than those teachers for
whom maths learning came easily: “But | think beofga decent enough standard to
teach maths, and sharing those frustrations, oengtehding where those difficulties
arise, helps me to relate to the students and get those problems.” (Nas,
interviewl)

In Wenger's terms, these teachers negotiate tlogitribution to the practice
of mathematics teaching community. They are awértber limitations and instead
of positioning themselves as outsiders (as theyalohave a strong mathematical
background), they focus their attention on the rmegnthat really matter to them:
their struggle with mathematics gives them a specisight into understanding
pupils’ difficulties with mathematics and this ptaged viewpoint offers them access
to participating and contributing to the mathensteaching profession.
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Individual Differences in Generalisation Strategies

Rebecca Crisp Matthew Ingli¢, John Masohand Anne Watsdn
Mathematics Education Centre, Loughborough Uniwgrsi
“Department of Education, University of Oxford

We report a study which investigated how mathemagjaduates and
engineering undergraduates studied sequentialstaifleyalues with the

aim of deriving a function. By recording the eyevaments of

participants as they tackled this task, we fourad there were substantial
individual differences in the strategies adoptedobsticipants. However,
these strategy choices appeared to be unrelatbdtiiothe mathematical
background of participants, and their success rates

Introduction

A common activity in school mathematics is to deras function from a sequential
table of values like that shown in Figure 1.

Given a table of values with two columns, and f(n) (where n runs
sequentially from 1), there are two general stiasegne might adopt to determine the
functionf. First, one might try to determine a connection lestwa particulan and
f(n), and then evaluate whether it holds for otheueslofn. An alternative strategy
would be to look for a relationship between valoéd$(n) andf(n +1). The first of
these strategies entails predominantly horizontadtss of attention, whereas the
second involves mostly vertical shifts of attenti@trategies might be combined. It is
assumed, in such tasks, by setters and solvess thlit the data
points reveal a well-behaved function that folloavsule rather

than (a) discrete points or (b) polynomials of ghleir order than

can be determined from the given data. n m
Numerous studies have shown that school studemds fi| 4 3

it hard to shift from deriving a term-to-term resive formula to

identifying the relation between data pairs (e.carfihez and 2 8

Brizuela, 2006; Warren, Cooper and Lamb 2006). Seye 3 15

tracking studies have investigated how studentsrdooate

multiple representations to understand functioren(Biego et 4 24

al. 2006; Andra et al. 2009). The focus in thesglist is on 5 35

coordinating representations rather than the nacgssift from

term-to-term relationships to pairwise relationship We 6 48

decided to use eye-tracking data to see how nowice

experienced mathematicians coordinate what caedretl from Figure 1. An

the vertical aspects of such tables and the haataspects, example of a

generalisation task

using on-screen presentations of tables of valngs Qur aim i
9 P used in our study.

was to derive insights into how information is sbugnd
processed in typical tabular layouts.

Here we report a study which sought to answer tuestions. First, are there
individual differences in strategy choices wherkliag such problems? And second,
if so, are these differences associated with ppatints’ mathematical backgrounds, or
their success at tackling these problems?
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Relevant eye tracking studies

Eye-tracking has been an area of research sincd966s, and more recently is
important as a component of studying human-compuateraction. For our purposes
the basic belief required is that the study of ey@ements can provide an insight
into problem solving, reasoning, mental imageryd aearch strategies. Most of the
published research addresses how people attenthdges and text whose only
purpose is to research trajectories and duratiayapé for interface design purposes.
For example researchers might want to answer qunsstiuch as whether visual data
is stored in visual or encoded forms, by timingafisns on objects to be recalled or
recognised. In our study all data were numbersersmding time would only be
affected by the participant retrieving characterssiof that number or constructing
relations between that number and those seen pigyio

Another area of study is about the delaying effettgsual ‘noise’. Findings
from these studies might be informative about awbjexts’ initial engagement with
the screen, but do not give information about amelibdrate cognitively-guided
trajectories and fixations which might arise froneaning-making processes in a
fairly familiar environment. It also provides suppfor some basic assumptions, i.e.
that the longer the fixation on an on-screen objiaet more attention is being paid to
it and the more processing being done with it; @iade fixations might indicate a less
efficient visual search (Poole and Ball 2006; &t Carpenter 1976).

Our research is not about objects but about relatlmetween objects. These
relations are being mentally constructed as comjestand then, presumably, tested,
adapted and verified using further data. We woulokeet, based on our experience as
mathematicians and teachers, that the accumulaficiata would have an influence
and, what is more, in our study we expect eye-m@rgnto have significant
deliberate control, probably overlaid with othermis of visual searching. The items
we offer subjects are not to be compared to a rdmesd bank of items, but to be
acted upon and encoded in certain ways and thleefustimuli sought to compare to
those relations by generalisation. Shifts betweesitipns are taken to indicate
searching, while fixations are taken to indicatecpssing (Goldberg and Kotval
1999) with larger shifts being more likely to indie searching than being attracted by
visual proximity (Goldberg et al. 2002).

Poole and Ball's (2006) summary of the eye-trackiegearch indicates that
most studies do not consider semantic correlaiienthe construction of meaning,
associated with gaze. For example, regressive dasdanovements between fixation
positions) are taken to indicate a processing aliffy, whereas in our study a
regressive saccade could be for mathematical gatifin or to start a new line of
enquiry. Therefore we decided what to measure Inkitlhg about what is necessary
mathematically in order to collect essential infatron to identify a function, i.e.
vertical comparisons of function values and horiabonomparisons of data pairs, with
possibly particular searches for special casestwhight yield useful information.
Success in such tasks might depend on looking iftarence patterns, identification
of constants, recognition of number characteristiesognition of growth rates, and
so on. Gould (1973) observed that the verticadfief view appeared to be more
limited than the horizontal field, so we can assuha use of vertical data-seeking in
our study requires deliberate effort. Within-subjeariation is known to be high in
any tracking tasks (Poole and Ball 2006) so we assume that any within-subject
consistencies are due to mathematical processi@ganges between vertical and
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horizontal trajectories of gaze are known to inthcshifts of attention (Cowan, Ball
and Delin 2002).

All eye-tracking studies produce vast amounts @& agth small numbers of
participants and tasks, so our pilot had to beiefiit. We therefore limited it to linear
and quadratic functions, with two examples eacheasily recognisable’ and ‘less
easily recognisable’ functions, eight functionsaith A multiple-choice post-event
questionnaire was used to collect information alpagt experience and self-reports
of the strategies they had used, but we are avwmtethese self-reports might be
influenced by subjects’ conscious knowledge of raathtical methods rather than
about subconscious searching habits or actionscewlby the task layout (Just and
Carpenter 1976, 459). This report excludes conaiuater of these data.

The study

To address our questions we asked 16 particip@nisathematics graduates
and 8 first year undergraduate engineering stulldntsolve eight generalisation
problems of varying difficulties. Participants setlthe problems while their eye-
movements were recorded using a Tobii T120 rempeetracker, producing a real-
time non-intrusive measure of the locii of partanps’ attention (e.g. Poole and Ball
2003). Of the eight problems tackled by particigafiour involved linear functions
and four quadratic functions. Two of each categamre chosen to be easily
recognisable and two were chosen not to be easilygnised:

Quadratic Linear
Easily recognised | n° 2n+1

(n+2f n+5
Not easily n“-n+1 4n-5
recognised nin+1) 3n+7

Eye-movements consist of a series of fixations rtsheriods where the eye is
at rest) followed by extremely rapid saccades. mygaccades no information can be
processed, so it suffices to consider fixations wapalysing attention location (e.g.
Poole and Ball 2003). Eye-tracking data was inftmen of strings of position codes
which show where on the table the subject lookedi fan how long, over the entire
time it took them to construct a formula or to giya

Typical data string (the timing data are in milisads):

B C B b c C B C C A B B

83 500 116 1082 350 849 266 216 183 500 150 350

We coded each fixation in the dataset as falling one of 13 areas of interest
(AOIs): each cell in the table was an AOI, as weesrest of the screen. In analysing
this data we assumed that shifts between fixatwosld be more informative than
fixations themselves, because subjects would begtp identify relations between
cells rather than individual cells. We counted tibenber of transitions between each
pair of AOIs for each person on each problem. Wenteummed the number of
horizontal transitions fronm to f(n), and expressed this as a percentage of the total
number of horizontal transitions plus vertical s#ions (all transitions within the
right-hand column of the table). This value, dedaté(H+V), represents a measure
of participants’ dominant strategies: a value cltsd indicates that the participant
almost always used a horizontal strategy, a vdlgedo O indicates that they almost
always used a vertical strategy.
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In the remainder of the report we answer our twbainquestions. First, we
investigated whether there were individual differes in strategy choice. To
investigate this issue we subjected H/(H+V) valizea by-items one-way Analysis of
Variance (ANOVA), with participant identity as tHactor. We found a significant
main effect of participant=(15,105) = 6.061p < .001, indicating that thereere
substantial between-individual differences in giggtchoices. Mean H/(H+V) values
for each individual, together with standard ermirthe mean, are shown in Figure 2.

0.90 1

HH

HI(H+V)

0.50 ~ %

0.30 . . . . . ,
M2 M1 M4 E5 E7 M3 M7 E8 E6 Meé E3 E2 E1 M8 M5 E4

Participant

|

Figure 2: Mean H/(H+V) values for each particip@itrepresents participants with mathematics
degrees, E represents undergraduate engineerisgnss). Error bars show £1 SE of the mean.

Second, we investigated whether participants’ etnat choices varied
systematically by problem-type, mathematical backgd or success-rates. We first
subjected H/(H+V) values to a 2x2x2 ANOVA with tweithin-subjects factors
(quadratic/linear and recognisable/unrecognisahte) one between-subjects factor
(mathematics/engineering). As shown in Figure 3npen@f the main effects or
interactions reached significance, indicating tiv@re appeared to be no relationship
between a person’s mathematical background, opithielem-type and their strategy
choice. We had assumed, from our own experiencé wiich tables, that the
proportion of horizontal and vertical moves migiitedt between novices and experts.

In the early stages of our analysis we re-categdrisubjects as
successful/unsuccessful to distinguish betweereidfiet participants who managed to
find 7 or 8 functions and the eight who succeededewer than 7 cases. We then
repeated this analysis but replaced the group rfagtb this split-half success factor.
Again, no main effects or interactions reachedifigance.

To summarise these findings, we found that thereewsubstantial and
systematic individual differences in strategy clkoduring generalisation problems.
However, these strategy differences appeared nadbetorelated to participants’
mathematical backgrounds, their success at soltliegproblems or the type of
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problem they were solving. An obvious question eyasr whatloesdetermine what
strategy a participant adopts when tackling sucilpms?
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Figure 3. Mean H/(H+V) values by problem-type (Qadratic, L-linear, R-recognisable, U-
unrecognisable), and mathematical background (Misndegree, E-engineering u/g). Error bars show
+1 SE of the mean.

Future work

Further analysis of this data will be undertakendentify the presence of strings of
fixations which might indicate the collection ofrpeular data, such as special values,
or repeated passes between the same two poirdg,etling on particular positions.

To search for more information about strategiesusing data to generalise,
we intend to remove first the vertical component mbvement by randomly
presenting data as ordered pairs, and then to rert®s horizontal association of n
andf(n) by presenting(n) values as horizontal sequences. We emphasisesvieow
that we are not suggesting that eye-tracking casgmt the whole story of such
generalisations.
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Approaches to Learning of Undergraduate Mathematicans

Ellie Darlington
University of Oxford

The approaches to learning (ATLs) adopted by urddrigate students
have been heavily researched, particularly sincedviecand Saljo (1984)
first wrote of a deep/surface approach dichotonmsiny this terminology,
a study was conducted which aimed to research fhesAf first-year
undergraduate mathematicians, specifically relating/hat these are and
the ways in which the students themselves perceihedn to have
evolved over time. The results revealed that anvalvelming majority of
undergraduate mathematicians at Oxford Universitpastrategic ATLs,
which they claimed were due to the nature of umivgrstudy. It was
established that it was in fact the nature of trsgecific course that
resulted in this approach, as the nature of the mathematics being
studied, assessment demands and question formdteimdepartment
were contributing factors. In this article, | shdétail the findings of the
quantitative research conducted using the ASSISAit,(Entwistle and
McCune 1998) questionnaire.

Keywords: undergraduate, approach to learning

Approaches to learning

Approaches to learning are defined by Diseth andtiNken to be the “individual

differences in intentions and motives when facindearning situation, and the
utilisation of corresponding strategies” (2003, 19bhe most common distinction
which has been made in the literature is that betwae deep and a surface ATL. A
crude distinction could be made as follows:

Approach Deep Surface
Intention Understanding Memorisation
Strategy Seeking comprehension Rote learning

Table 1 — Distinction between deep and surface ATLs

Deep approaches are characterised by learningegigat that focus on meaning,
directed towards understanding by critically relgtnew ideas to previous knowledge
and experience (Ramsden 1983). In mathematicsshinald see the learner making
connections between particular mathematical topics methods and being aware of
relationships between them in terms of their r@otd their uses. Conversely, surface
approaches focus on memorising information withmarisidering its implications in
relation to other knowledge (Trigwell and Pross891). Such an approach has the
potential to jeopardise success if what is leawytrdte is forgotten or cannot be
adapted for use in solving unfamiliar, non-standgudstions (Novak 1978) because
the concept loses any sense of meaning.

It should be noted, however, that whilst a deefh #AsTperhaps more desirable,
it does not mean that it is always the most sufgespproach for every student
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(Lonka, Olkinuora and Makinen 2004). Furthermote tmemorisation techniques
characteristic of a surface approach may be imphmdeas techniques for a deep
approach (Entwistle 1997). In mathematics, this maglve the rote memorisation of
a definition in order to be able to fully understasubsequent reasoning or the
application of a theorem or procedure.

The notion of a deep and surface ATL was writtboua at a time when
various other dichotomies were mooted. For examplssubel (1963) contrasted
meaningful and rote learning, Pask and Scott (1@é&)pared holists and serialists,
and Skemp (1976) famously wrote of an instrumentalsus a relational
understanding.

However, it seemed that for the purposes of thislys these dichotomies
lacked a certain something. Specifically, they lackawareness of appreciation of
how a student may adopt approaches and methodssyoas with both the deep
and surface approaches in order to achieve theabasiemic outcome. Those with a
strategicapproach to studying have been described as tsisgombination based
on “a competitive form of motivation... combined wilcational motivation within
an achieving motivation” (Entwistle and Tait 1990,1). Hence, it has been asserted
that one may be both a deep and strategic learreesorface and strategic learner but
with deep and surface being mutually exclusive bsedit is not possible to focus
and not to focus on meaning at the same time (Diaatd Martinsen 2003, 196).
Those with strategic ATLs are very organised andaga their time in order to
achieve as highly as possible, playing “the assestsgame” (Entwistle, Hanley and
Ratcliffe 1979, 366). Consequently, it has beemwd that such an approach may be
prompted by the demands of academic institutionggd1978).

Various correlates have been found between ATdscamtextual factors. It is
possible to group these into one of four categories

1. Personality: From analysing quantitative data, Diseth (2008)gested that
unstable extroverts have a greater propensity wsvadopting what may be
considered to be inappropriate study methods tlneir tstable introvert
counterparts. Students with surface approaches it found to have lower
self-concepts as learners, with those who havenelmation towards deep
approaches tending to be more confident with atgreself-motivation to
learn (Dart et al. 1999).

2. Teaching It appears from the literature that the relatiopsbetween ATLs
and pedagogy is reactive, with each influencing dtieer. A preference for
particular approaches results in students prefgrcertain courses, teaching
styles and assessment methods (Entwistle and 98, TTrigwell and Prosser
1991). Furthermore, students have been found tptateir ATL to suit the
pedagogy and teaching on offer (Eley 1992).

3. AssessmentStudents have also been found to make adaptadmwding to
assessment demands, with a perceived excessivéoadrkausing students to
regress to surface approaches (Ramsden 1983; TriaywekProsser 1991).

4. Attainment: A deep ATL has been found to result in higheaiathent and
the converse with surface approaches, with positelationships between
attainment and strategic approaches suggestinghiatachieve their purpose
in being a means towards good grades (Diseth antindan 2003; Ramsden
1983).
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Method and sample

The Approaches and Study Skills Inventory for StusgASSIST) (Tait, Entwistle
and McCune 1998) was used as a means of colleqtiagtitative data relating to
students’ ATLs. Unlike other options available, t#&SSIST incorporates the
inclusion of the strategic approach to studying it questions, and has a wider
theoretical base (Speth, Namuth and Lee 2007) gitbd reliability and validity
(Entwistle, Tait and McCune 2000) and test-retekability (Richardson 1990).

It is a 52-item Likert scale, self-response questaire which asks
respondents to show their level of agreement wattiqular statements regarding the
way in which they learn. Each statement relate®ority one of the three ATLs
between which the ASSIST distinguishes — deepasarénd strategic.

105 first-year undergraduates from the UniversityOxford Mathematical
Institute completed the ASSIST in order to helamgswer two research questions:

1. What ATLs do undergraduate mathematicians typidadlye?
2. Do any significant relationships exist between go(e.g. gender, age)?

In addition to the standard questions asked byAtB8IST, a number of additional
statements were made in order to further probeithation for mathematics students,
as the questionnaire is not subject-specific.

The sample comprised 46% of the cohort, with gendistribution and
numbers on joint honours courses representativinefyear group. Students were
reached through direct contact in a lecture foommulsory course where they were
given paper copies of the questionnaire, as welb@ge in order to reach the
students who were not present. It was thoughtdhatents who failed to attend the
lecture may have displayed particular charactesswhich may have skewed the
results; specifically, students who failed to atkenay have done so because they
were struggling with the course, found its conterd easy, were disorganised, or
were disillusioned, for example. One could asd®at tiny of these possibilities may
result in a learner having a greater propensityato a particular ATL.

Results

Analysis of the ASSIST revealed a strategic ATLb&othe most commonly adopted
by the participants, with 76% scoring most hightythis scale. This was followed by
16% scoring highest on the deep scale and 8% dacsur

Women scored significantly higher on the surfacelesqp<.05) than their
male counterparts. However, there was no significhfference in the number of
students who scored highest on one particular séalethermore, no significant
differences were identified between course of sty approach.

The mathematics-specific supplementary statemeigkleg responses as
follows:
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39 |3 S = o .
Statement 55 29 § 5 % &
8% 220 |30
Practising example questions is the best way %’1 12 - -
prepare for examinations.
| cannot do proofs on my own so | memorise3 o8 33 p=.025
and reproduce them. strategic
When constructing proofs, | try to find similar 0=.002
examples and edit those into a proof for th&8 9 3 e
: . strategic
theorem in question.

Table 2 — Results from mathematics-specific statesi@ the ASSIST.
Discussion

The results of this research appear to be rathueaging in the sense that only 8%
of participants displayed signs of primarily adagtsurface ATLs. Average scores on
each scale were 69.03 on strategic, 58.69 on de#@@®94 on surface ATLs. These
findings appear to be in line with Diseth and Mas&n’s (2003) study which used a
similarly-sized sample of psychology undergraduakes here, the highest average
score was on the strategic scale (M=70.59) andldhest on the surface scale
(M=41.18). Equally, a study by Speth, Namuth and 007) found strategic

approaches to be the most commonly used. HowevansBen (1983) found only

slight differences in the average scores of stigdanscience, social science and the
arts, neglecting mathematics and its particular amdue challenges. Since very few
studies have used the ASSIST in this capacityt sodifficult to ascertain just how

typical the responses collected here are of thatgreindergraduate population, let
alone undergraduateathematicpopulation as it has yet to be used on such alsamp

The only gender difference identified in this stwaas between average scores
on the surface scale. Men averaged a score of 4a@2%omen 50.60, consistent with
other studies of this kind (Severiens and Ten D&)L One may attribute this to
women often requiring more external help and reasme (Lotwick, Simon and
Ward 1981), having poorer self-concept as lear(i2ast et al. 1999) or their greater
tendency to experience mathematics anxiety (Bef@B)L9This is a concern since
women aspire to a deeper understanding of mathesnédan men (Solomon 2007).
However, they have also exhibited signs of hidiagufes in this area to avoid
embarrassment (Solomon 2011), perhaps leaving theteptible to adopting study
approaches which permit this.

The additional mathematics-specific statementhéequestionnaire revealed
how memorisation might play a role in undergraduatathematics. It has been
widely suggested that rote learning and memorisatioundergraduate mathematics
has a negative impact on attainment and understgratid, here, it can be see that
this may be consistent with a strategic ATL. Itnst necessarily that a student
memorises and reproduces a proof because they tcpassibly do it another way;
rather, they may choose this as the easiest megamngich they may best answer a
guestion demanding that they prove the Intermediatae Theorem, for example.
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Conclusion

Whilst much research in this area is based in €04, it is still of interest in
considering learning in higher education and manytrdoute towards shedding light
on the undergraduate mathematics experience. Huttgef this study suggest that
most first-year undergraduate mathematicians ab@dxtniversity adopt strategic
approaches to studying as defined by the ASSIS&.eKact reasons behind this are a
matter for further research, as is the questiorr eweether they exhibit a marked
change in their habits between studying A-level heatatics and undergraduate
mathematics as the content of these two leveldudlysare often remarked as being
markedly different and demanding of different skdind understanding.

The results of this study have limitations, as amgearch conducted on
students at Oxford University may be consideregiaty of the wider population —
these students were subject to the highest enfguirsaments, with additional
examinations and interviews to ensure that theyeviest-prepared for this level of
study. However, such findings will surely still lo# interest to educators at other
institutions who are interested in the experiencksheir students, the challenges
which they face, and the means by which they owveecahem, if at all. The
questionnaire proved to be a useful instrumenta&erdistinctions which were borne
out in the mathematics-specific questions and pe\a basis for further research
questions about the relationship between ATLs, aideire of the subject and the
Oxford course.

More generally, it is possible that students adbiferent ATLs with different
types of mathematics. For example, more computalticapplied courses have the
potential to demand more surface ATLs than analysis the emphasis on
understanding certain elements of the mathemascslifferent in each course.
Therefore, there is room to wonder what mathemasizglents were mentally
focussing on when choosing their responses onitegtlscale on the ASSIST.

Students of all backgrounds and abilities arerdéd the opportunity to study
independently at university, so it is important &k educators to be aware that there
is a chance that they will have students who amprdheir learning in ways which
may not be in the best interest of their intellattdevelopment of understanding,
even if they perform well in assessment. For usrijpy the economic benefits that
each cohort of graduating mathematicians has tr,atfis essential that those within
it fully understand and appreciate what they haasrit and can put their skills and
knowledge into practice.
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Evaluating the impact of a Realistic Mathematics Edcation project in secondary
schools

Paul Dickinson*, Susan Hough*, Jeff Searle** andriek Barmby**
*Manchester Metropolitan University, **Durham Unirsity

Over the past 30 years researchers at the Frewdemnititute in the
Netherlands have developed a mathematics curricdnocha theory of
pedagogy known as Realistic Mathematics EducatiBMEK). This
curriculum uses realisable contexts to help pupits develop
mathematically. In 1991, the University of Wisconsin collaboration
with the Freudenthal Institute, started to develpmiddle school
curriculum based on RME called ‘Maths in ContexA related
Mathematics in Context (MiC) project was carried imuEngland in 2004
to 2007 at Manchester Metropolitan University (MMWwith Key Stage 3
pupils. This initial pilot project was evaluated Byghileri (2006). In
2007, the ideas behind the project were extendedctade Key Stage 4
pupils, particularly those studying towards Fouratat GCSE
Mathematics, and given the project title Making Semf Mathematics
(MSM). MSM has been running as a pilot project amg Manchester
schools since 2007. Both these projects were rgcavaluated by
Durham University, with revaluation of test datarfr the original MiC
project using Rasch analysis, interviews with teashHrom both projects,
and observations of the RME approach in lessonis. @dper presents the
findings from the Durham University evaluation, atidcusses the impact
of RME on both pupils and teachers.

Keywords: realistic mathematics, secondary, underasinding, Rasch
analysis

Introduction - Background to RME

Realistic Mathematics Education (RME) is an apphnotx teaching utilised in the
Netherlands and developed over a period of thieary. Based on the work of
Freudenthal, and developed by researchers workinlgeaFreudenthal Institute, the
approach is significantly different to the approastused in England in a number of
respects. Here we focus on three of these; the@fusentext, the use of models, and
the notion of progressive formalisation. Prior torking with RME, most of our
teachers used contexts as a means of providingstieg introductions to topics, and
then for testing whether or not pupils could useirthknowledge to answer
‘applications’ questions. Under RME, however, cahts seen as both the starting
point and as the source for learning mathematiosfi@rs 1987). This role of context
is seen as crucial in order that pupils continuméke sense of and stay close to their
mathematics. Moreover, a particular context is cdeté not because of its ‘real
worldness’, but because of its richness in giviige rto a variety of solution
procedures and reflecting within it the mathematstauctures that are being worked
on (Gravemeijer 1997). It is being used not for l@pgion but for construction
(Fosnot and Dolk 2002).
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Theoretically, models are given the role of bridgthe gap between informal
understanding connected to ‘reality’ on the onedhamd the understanding of more
formal systems on the other (van den Heuvel-Paehu2003) Some models are
immediately recognisable as such (double numbes, Imatio table), while others
would often be attributed a different label in théK (repeated subtraction,
reallotting). Coming to recognise the importancel éme role of these models has
been crucial for both teachers and researchersviedaon the project. For the models
to be useful they must be flexible enough bothrtemge initially from the context
(often as little more than a picture of the conteand also to support mathematical
development. The model should also allow a ‘waykbtrthe original source so that
students can continue to ‘make sense’ of their waskit becomes mathematically
more sophisticated. In seeing how models bridgegidye between the formal and
informal, the work of Streefland (1991) is crucidle made the distinction between a
‘model of’ and a ‘model for’. In brief, this meatizat in the beginning a model is seen
as being very close to the contextual problem r@gadity), and then later on the model
is generalised so that one can reason mathemwgtidakk process of using a model to
solve a particular problem is known as ‘horizontsthematisation’, while that of
using the model to make generalisations, formadisatetc. is known as ‘vertical
mathematisation’. While both are important, itirspur experience, relatively rare to
see the latter taking place in the UK classroonaffeteachers want students to be
able to understand formal methods and procedurdsRME does not shirk this
responsibility. Teachers are always aware of thednéor pupils to develop
mathematically, and to become more efficient antheraatically more sophisticated
over time. What RME does do, however, is offer ayvdifferent story of how
students and teachers work towards this aim. War@al notions are there, they are
seen as being ‘on the horizon” (Fosnot and Dolk2X0fr the ‘tip of the iceberg’
(Webb, Boswinkel, and Dekker 2008). If teachersraeto teach formal procedures,
however, they must be given an alternative, ancnas$ based on RME provide this.
Within the ‘main body’ of the iceberg are a randgénéormal representations and pre-
formal strategies which students work on and dguelthese are not only seen as
desirable but as essential under RME - it is thinotlgese that students are able to
‘make sense’ of formal mathematics, and the timeested in such activities
substantially reduces the time we currently usedostantly re-teach and practice
formal methods and procedures (Webb, BoswinkelRekker 2008).

The projects carried out and the evaluation

The Mathematics in Context (MiC) project was catraut in England from 2004 to
2007. This involved using the Mathematics in Conhteaterials originally developed
in the USA for International Grades 5-8. They weralled with Key Stage 3 pupils
in 12 Manchester schools and in a limited numbescbbols in other parts of the UK.
The MSM project used materials produced by reseascit Manchester Metropolitan
University in collaboration with the Freudenthastitute in Utrecht. The materials
were aimed primarily at Foundation Level GCSE shislen years 10 and 11 and
have been extensively trialled in schools in thenbleester area.

In 2010, Durham University was asked to re-evaldmtdth the existing results
from the MIC project, and also the more recent wivdin the MSM project. The
methods used for the evaluation are detailed below.
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Evaluation methods

The evaluation carried out by Durham Universityeggshers involved a mix of
qualitative and quantitative methods.

Looking at the qualitative methods first of allettranscripts of interviews
with teachers who had participated in the origiMiC Project 2004-2006 were
reviewed to highlight the emerging issues from ghreject and using the RME
approach in the classroom. Teachers had beenimterd at several stages during the
project. Further interviews were conducted in tkalgation by Durham University.
These interviews were conducted mostly by telephHmrtencluded one face-to-face
interview and were conducted with teachers who amently using MiC and/or
trialling the MSM materials. These teachers hadedieir initial teacher training at
MMU and had been introduced to the RME approachetlaad/or had undertaken
professional development in using the RME appraadiMU. The interviews used a
pro-forma covering a range of aspects of the RMir@gch. The interviews aimed to
discern these teachers’ experiences, their viewsaay issues involved in using the
RME approach. In total, thirteen interviews wererieal out. These interviews were
enhanced through observation of some of these @eacising the RME approach in
their classrooms with pupils and also by intervieywsome of their pupils.

Quantitatively, as part of the MiC Project in 2008-some Year 7 pupils who
had been taught through the RME approach were seses a range of problems.
The same assessment test was also given to arsmaitaber of pupils who had not
experienced the RME approach, to act as a contmipg As well as solving the
problems, the pupils were also asked to explaiir tteategies for solving them.
Correct and incorrect results were coded (1) any r@spectively, but also
explanations were coded in the following way: Noplaration (1), Incorrect
explanation/diagram (2), Reasonable diagram (3)ire€b explanation (4), and
Correct explanation and diagram (5). The resultseweanalysed in the current
evaluation using Rasch modelling, comparing both timber of correct solutions
and also the quality of the explanations of thatetzies adopted.

Rasch analysis is a one-parameter item responsgyti®T) model, in which
the probability of a person being successful onvargitem is modelled in terms of a
mathematical function involving the difficulty dfi¢ item and the ability of the person
(Bond and Fox 2007). The Rasch model can be usedidbotomous responses (e.g.
right and wrong), or extended to cover more thaa tesponses (Wright and Mok
2004) including missing responses, and also allgwior differing numbers of
responses on different items. This so called dastedit analysis estimates not only
the person ability and the overall item difficultyt also provides estimates for the
difficulty thresholds between scoring categorieBede thresholds should increase in
an ordered manner, in line with the ordering of shering categories (Bond and Fox
2007). Otherwise adjacent categories should be rwdland reanalysed. Therefore,
Rasch analysis, using WINSTEPS software was usedrirm the ordering of the
categories for the explanation. It was subsequédatlgd that category 3 (Reasonable
diagram) and category 4 (Correct explanation) neéedée combined and was done
so for further analysis of the results. With thdlajmsed categories, the estimated
reliability of the measure of student ability usiradl of the questions with
explanations was Cronbach = 0.79, above the conventional value for reliable
measures of 0.7. The measure of pupil ability uthege items, with the explanations
accounted for, was therefore considered to bei@ielmeasure.
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Results

Looking firstly at the results from the reanalysisthe quantitative data, Table 1
shows the percentages of the project and the dogiooip getting particular items

correct. As can be seen, students in the projexipgwere more likely to get each
item correct except for Q4c (note that these wheelaébels used in the test — no
question 3 was included). We can also look at thelity of explanations as

categorized above (Table 2). In each case, thegrsfudents were more likely to
provide higher quality explanations.

Group Quality of explanation
Question Control Project Question  Group 1 2 3or4 5
Qla 4.2%  17.0% Control 6.3% 79.2% 10.5% 4.2%
Qlb 2.0%  20.8% Qla Project 6.4% 57.4% 25.5% 10.6%
Q2a  B.2%  32.7% o1  Contol 204% 69.4% 102% -
822 S n S Project 8.3% 52.1% 39.6% -
Q4b 16.3%  32.7% 02a Control 38.8% 49.0% 12.2% -
Qdc  2.3% 0% Project 18.4% 44.9% 20.4% 16.3%
Q4d 395% 63.3% Q2b COI’].tI’0| 6.1% 63.3% 245% 6.1%
Q4e 37.2% 44.9% Project 6.1% 38.8% 24.5% 30.6%
Q4a Control 30.2% 53.5% 16.3% -
Project 34.7% 38.8% 26.5% -
Q4b Control 55.8% 37.2% 7.0% -
Project 46.9% 30.6% 20.4% 2.0%
Q4c Control 55.8% 44.2% - -
Project 44.9% 44.9% 10.2% -
Q4d Control 27.9% 44.2% 23.2% 4.7%
Project 12.2% 26.5% 42.9% 18.4%
Q4e Control 41.9% 32.6% 23.3% 2.3%

Project 34.7% 20.4% 24.4% 20.4%

Calculating the overall student abilities using tRasch Analysis, the average
measures (in logits) for the project and controlugs are given in Table 3.

Group Mean Std. Deviation
Control  -1.37 .66
Project -.69 .65

Using independent samples t-test, the differencené@ans between the two groups
was found to be significant at the 1% level (p €0Q), with the project group
students having a higher average ability valugetms of effect size, the difference
between the two groups corresponded to an effeetai 1.05 or a difference of over
one standard deviation in favour of the projectdstis. Cohen (1969) categorises
effect sizes of 0.3, 0.5 and 0.7 standard deviates ‘small’, ‘medium’ and ‘large’
respectively. The difference between the two grazqdd therefore be considered to
be very large.

Looking at the qualitative results, the interviewih teachers in the current
evaluation showed they are enthusiastic about Y& Rpproach, and believe in its
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philosophy. Some teachers noted that they find th@tRME approach is a natural
way for children to learn mathematics. They empesithat it is essential that
teachers understand the philosophy and are traimeithe use of the materials,
highlighting that “you can’t just pick up the booksid use them; it will not be
effective”. These teachers believe the RME approatdvelops a deeper
understanding of mathematics in their pupils thamenraditional methods.

Teachers reported that the contexts in the problants related activities
interest the pupils and so engage them in a leS3weir pupils experience a range of
activities, including practical work and discussiddiscussion at various levels in
which pupils share their ideas, in pairs, in a grou as a whole class is an essential
part of the RME approach and can occur severalstiduging a lesson. The various
contexts enable pupils to make links in mathematiesugh recognising the use of
the same models in different contexts. Teacherdhtitat using RME encourages an
intuitive approach, in which pupils can visualiselgems and try things out for
themselves and think about different approaches pooblem, rather than having a
teacher demonstrate an algorithmic technique, whighils then practice, probably
with little understanding. Teachers compared treegdural nature of the traditional
approach and its dependence on memory with the RdiEexts and the models that
evolve from them, noting these provide buildingdbi® that pupils can fall back on,
but also recognise they can use them in a new gmolsolving context. Teachers
noted that the RME approach also gives pupils thdidence both to share their
solutions with others and also accept that thdutgm may be incorrect.

Teachers noted that it may take several lessonpupils to internalise the
models they work with, but once they do they cadeunstand how these models can
be applied in a variety of contexts. This was asted with the more traditional
approach and the need to move onto the next t§ume schools where the RME
approach is being adopted had rewritten their sehefrwork for Key Stage 3, to
reflect an integrated problem solving approach aih@matics rather than one with
specific topics and teaching time allocated to them

Teachers find that pupils are generally receptivhe RME approach and are
more positive about mathematics compared to thdse ave taught by traditional
methods. This was reinforced in the observed lesadrere pupils were seen to enjoy
working together to solve the problems and shaiteqy strategies and solutions with
each other.

The transcripts of interviews with teachers whotipgrated in the original
MiC project showed teachers then had much the saews about RME as the
current interviewees, some of whom were the saaEhtgs.

Discussion

One outcome of this study is the exemplificationtloé use of Rasch Analysis to
enhance the information that can be gained fromiglgssessments in mathematics.
Not only was the analysis used to quantify the itpaf the explanations provided by
the pupils in the test, but was also used to caonfire validity of the codings used to
categorise the explanations in terms of them beegarate, distinct categories.
Callingham and Bond highlighted the lack of usem&thods such as Rasch analysis
in mathematics education research, and also thelpldges it provides in bridging
the “qualitative-quantitative divide” (2006, 2). iShstudy has further illustrated the
potential of Rasch analysis in mathematics educagsearch.
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The qualitative data provided by the interviewshatgachers serve to explain
why RME had such an impact on the test resultB@ptoject pupils in comparison to
the control pupils. The contexts that are used reése pupils’ interest levels and
enable them to bring their own ideas and intuitions the classroom. These are then
shared, discussed, and developed. This progregsiratopment towards more formal
procedures means that they ‘stay connected’ inrtimels of the pupils; too often in
more traditional approaches, pupils ideas are cegldy the formal, with the result
that such procedures are remembered and theopatiften, forgotten. This, together
with the amount of discussion in lessons, seemeghit® the confidence levels of
pupils. This has the effect of making pupils mor#ing to ‘have a go’ at problems
and also improves their ability to articulate matlaically. With this increased
articulation, we also see the development of pupKplanations

In addition, the recurrence of familiar mathemadticaodels in different
contexts (for example, the number line and theortdble) provides a structure for
pupils and allows them to see connections betwé@&reaht curriculum areas. There
is also an emphasis on visualization and activityctv contrasts with more traditional
approaches which teachers report as all too oftangbauditory and numerical.
Teachers report seeing pupils using drawings andetaaot just in the classroom,
but also in tests and examinations, and even irstgues where no drawing was
specifically required. This use of drawings and eledin addition to the above
willingness to provide explanations, seemed to eupgthe project pupils in the
explanations asked for in the assessment givereto.t
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What are the factors that influence the frequency bmathematics register in one
linguistic code than in another?

Danyal Farsani
School of Education, University of Birmingham

This study is to draw attention to some of the ificgmt factors that have
increased the frequency of English mathematics steqgi by both

classroom teacher and learners in a bilingual Farglish mathematics
lesson. The extent to which code-switching occuwsesddepend on the
speaker’s linguistic proficiency. The students wikere more fluent in

English were more likely to respond in English, dhd ones who were
more fluent in Farsi responded in Farsi most of tinee. This study

reveals not only that being communicative compedeimca particular

language can dominate the conversation in thatfsp&mnguage, but also
how the written mode can influence the verbal cerpart.

Keywords: heritage bilingual learners, code-switcing, mathematics
register.

Introduction and background of the study

Throughout my classroom observation in a bilingarsi and English) mathematics
lesson in a weekend complementary school, | obdetivat English and Farsi are
valued equally and are used interchangeably ameaghérs and the classroom
teacher, for example in group discussions. | atgaethis complementary school is a
bilingual community of practice (Creese, Bhatt &tartin 2007) where the teacher’s
and learners’ language choices contributed to thgotmation of meanings in the
mathematics lessons. Complementary schools are ooityreducation institutions
(Creese, Bhatt and Martin 2007) where both learagd teachers have a greater
access to the range of linguistic resources whegem to offer a window onto a
multilingual England [which is] often hidden fronme& view of policy makers in
mainstream education” (Blackledge and Creese 2010,

Analysis of the incidents

During the bilingual talk in this Iranian complentary school mathematics
classroom, there appeared to be a high degreeda-lmorrowing in Farsi from the
English mathematics register. Code-borrowing igmfteferred to as an intersection
of single words or short phrases within a sentenanother language (Rasul 2009).
Mathematical operations and technical terms suchtiaes’, ‘to the power of,
‘squared’ as well as both cardinal and ordinal nerslwere likely to be in English. In
other words, the English mathematics register seemimke over from the Farsi
mathematics register on these occasions. The Erigliguage seemed to pervade the
technical terms and expressions within a mathealatiomain and Farsi was left to
encompass the vernacular form of communication.

Below are some different examples from my fieldsasdhich illustrate some
examples of code-borrowing where English wordsuaesd for mathematical terms. In
my transcript conventions, T = Teacher, B = Boys Girl, [ ] = my comments and
translationJtalics = Farsi transliterated into English, Normal fonErglish language.

1) T1: ‘Three cubemishe chand
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[What is three cubed?]

2) B2: khob, martake away’ kardam ‘twota as‘eight’
[Well, | took away two from eight]

3) G3: bebakhsid, ino bekhaimverse’bekonam, chetori anjam bedam
[Sorry, how can | inverse this one?]

4) T1: oon ‘two prime numbersha chi hastand képroduct’ eshoon mishe

‘ninety-one’?

[What are the two prime numbers whose productristgtone?]

5) T2: ki midoone esme irangle’ chiye? In che ndangle’ hast? Chiye

bachehaqEveryone says] ‘reflex angle’.
[Does anybody know what is the name of this aniMdtat kind of
angle is this? What is it guys? ‘Reflex angle’.]

have obtained fieldnotes from 16 hours of classroobservation,
interactional data from video recordings (12 houwasll interview transcripts. All
qualitative data for the purpose of analysis can doeled and manipulated
guantitatively (if necessary) in a variety of wagbrochim 2006). Quantitative
descriptive analysis is an act of recognising festof the text quantitatively. By
using this method, | could identify the proportioh Farsi or English mathematics
register in a recorded conversation in a bilindesson. | randomly chose a 45 minute
video excerpt from a bilingual mathematics classrauth English text and numerals
and identified the ratio between the English andiRarsions of number words, other
technical mathematical terminologies and ordingsesh (see figure 1).

Figurel:
A bilingual mathematics lesson at the complemergahpol with only English numerals
English| Farsi Mathematical Mathematical| Ordinary| Ordinary | Total number
number| number| operations in operations in English | Farsi of words
words | words | English Farsi
11.5% | 1% 7% 0.2% 45% 35.3% 100%
284 21 175 4 1104 847 2455

In that specific bilingual classroom, Farsi numiserds and technical register
constituted just over one percent of the classrtalknwhereas English mathematics
register including number words constructed 18.5%he total bilingual talk. This
imbalance between the technical registers wasdiieicted on the vernacular usage of
language. The difference of using the vernaculamfmf language was not as
significant as it was for the technical ones. Farmsl English in this lesson appeared to
be in a diglossic relation (Gdec2009), where there are functional differentiagiam
language usage.

The level of a heritage bilingual learner’s linguisic repertoire

Through my classroom observation, ethnographidrieles and video recordings in
the complementary school, | became aware thatsBritianian learners have different
proficiencies in their linguistic repertoires. Thell have learned English/Farsi
through different sources (e.g. some at home witirtparents and others in an
institutional setting) and at different times ireithlives. Language acquisition for
native speakers starts at home, and most of trgudme skills are completed at a
certain age, whereas for heritage speakers thd tdvlanguage competency and
literacy is not fixed and varies from one persoarnother (Sedighi 2010).
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My research participants had different ‘linguispooficiencies’ which they
have acquired in various ‘age groups’ and ‘motiwadl backgrounds’ with respect to
acquiring their desired language proficiencies.fiBiency in a language affects the
ability to solve problems (Saxe 1988) and one’sfipiency in a language can be
identified and reflected in their daily recitatiormutines through, for example, one’s
exposure to media sources or their engagementpritted media. Another challenge
for Persian heritage bilingual instruction is lagk suitable textbooks and printed
materials (Sedighi 2010). The lack of inadequaliadnal mathematics textbooks and
materials creates a tension to teach mathematicgyumlly, where the dominant
written mode influences the tendency to speak at #pecific language. Therefore
due to the lack of appropriate material used inliagual weekend school, English
textbooks which are taught at mainstream schoole abstituted for the bilingual
(English and Farsi) textbooks.

In one of my video recordings (13/03/2010, 24:15hecame aware of a
possible pattern and trigger to code-switching, nhg someone who is
communicative competence in a linguistic code tdndeswitch the ongoing flow of
classroom talk to that particular linguistic codle.one specific lesson, teacher (T1)
and learners were engaged with a question to fmdirgknown angle which was
drawn on the whiteboard. B3, for whom Farsi is mest dominant language,
described the process of how he has obtained a rieahgalue for the unknown
angle in Farsi. When B3’s explanation finished, B4,whom Farsi is his fourth and
least dominant language, took his turn. B4 switchedy from Farsi mathematics
register and saidaslant anglees acute angléhast Acute, kamtar asninety degree
bayad bashg[That angle is an acute angle. It has to betleas 90 degrees because it
is an acute angle]. B4 has drawn across his litiguissources and as a result he
engages with a wider audience (Blackledge and €r283%0). Moreover, it is in the
bilingualism of the lesson that the message is eged (in two languages).

Every learner enters this weekend bilingual schuith “different degrees of
language competence. This could influence how muobidren benefit from
mathematics instruction” (Saxe 1988, 47). In gelnéould be possible that heritage
bilingual learners’ inability to express certairxiteal or technical vocabulary could
cause to code-switch (Polinsky 2008) or code-mias{R 2009) to manage the
problem of ‘lexical access and retrieval’ (Polin22308).

When and why do learners switch to English when theare confronted with
mathematics register?

In the examples that | have provided in the ‘analg$ the incidents section’, English
mathematics register was used throughout the wbohersation during bilingual
lessons and many other number words were expréssaaih the medium of English
by both learners and teachers. Farrugia (2006 )o@t a great deal of interchanging
between Maltese to English in Maltese mathematiassoooms is as a result of
stating subject-specific terms or mathematics tegisThe Maltese mathematics
register has not been developed as much as theisknglathematics register.
Moreover, sometimes the Maltese equivalent forrieh mathematical terms does
not actually exist, as in the case of the matherahtexpression ‘square root’
(Farrugia 2009) and that is when and why Englisengloyed by interlocutors in a
mathematical discourse.

Farsi unlike many other languages such as Sets{dllar 2001), Maltese
(Farrugia 2006), Somali (Staats 2009) and Chich@eaima 2007), has an extensive
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mathematics register. Farsi at one stage “was alypundo-European language”
(Menninger 1969, 116) and most of the mathematiegisters that are employed in
English language nowadays are derived from Latingets and Indo-European

languages (Schwartzman 1994). There are at ledswaequivalents in Farsi for

‘multiplication’, ‘hypotenuse’, ‘perpendicular’, sg@onential’, etc., and there exists a
full system of number words in Farsi. This codetshing and code-borrowing has
not come about due to Farsi’s lack of a mathemagigster.

Research by Jones and Martin-Jones (2004) has sthava bilingual (Welsh
and English) teacher in a mathematics classroomolvasrved to switch from Welsh
to English when referring to numbers and calcutetiarhe frequent occurrence of the
direction of switch from Welsh to English can bersas a “sociolinguistic traces of a
period when all children learned mathematics thhotlge medium of English and
when English predominated in the financial transastof adults” (ibid, 62).

On a different ground, Clarkson (2006, 212) hasmsheven with competent
bilinguals who had relatively high competenciedbath their languages (English and
Vietnamese), the nature of code-switching in tiheathematics lessons “appeared to
be largely unconscious and unplanned”.

This evidence led me to accept that the lack oifstegin Farsi was not the
main trigger to switch from one linguistic code&nother. Going back through my
fieldnotes and video recordings, unexpectedly lised that all humbers on the
whiteboard were written in one code, English, whpgrhaps influenced the same
verbal code. Questions and instructions on thempapee all written in the medium of
English, including homework papers. This fact leé o believe that the written
system could have had an influence on the spokenterpart.

Further investigation and results of the study

Farsi numerals are written completely differenttycomparison to the numerals that
are employed in England known as ‘Arabic numerdst example, ‘72 + 2 + 50’ is
inthe formof* + + ’in Farsi. It is ironic that the so-called Arabiamerals are
not widely employed in the most Arabic countriesn{i 1987). instead what is
employed is more or less the same as Farsi numérh&refore, not to confuse
ourselves, | will use Farsi numerals to refer tonetals that are employed in Iran and
‘English numerals’ to refer to the numerals th& employed here in the UK.

| was curious to know whether solving a seriesrahmetic questions using
different numerals, namely English and Farsi nuisereould influence the
correspondent verbal counterparts. | followed a kegrticipant in his home
environment and examined to what extent a writt@aennfluenced the spoken form
in that specific linguistic code. | presented hinthwiwo papers. The first paper was
written purely in English, including the numerals. the second paper, both the
instructions and the numerals were written in Fdrdien asked him to say out loud
the ways in which he solved the questions (seer&iguor English and Figure 3 for
Farsi).

Figure 2:

Solving arithmetic through the medium of EnglishtwEnglish numerals only
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English| Farsi Mathematical Mathematical| Ordinary| Ordinary | Total number
number| number| operations in operations in English | Farsi of words
words | words | English Farsi
31 0 16 0 0 0 a7

Figure 3:
Solving arithmetic through the medium of Farsi widrsi numerals only
English | Farsi Mathematical Mathematicall Ordinary| Ordinary | Total number
number| number| operations in operations in English | Farsi of words
words | words | English Farsi
8 23 5 7 0 0 43

In figure 2, Farsi mathematics register appearetl toohave a verbal
application when there was no visual (written moplesented in Farsi. In figure 3,
the combination of Farsi number words and matheralatiperations which were said
in Farsi constituted thirty words out of the tdiaity-three words and appears to exist
a correlation between the written mode and the epdiorm. O’Halloran (2009)
speaks of how mathematical symbolism, languagevesudl images can be combined
together in a process of meaning making. Differamherals such as Farsi or English
numerals have a visual modality. A mode that i<i&ty shaped and culturally given
resources for meaning making” (Kress 2009, 54)itkige bilingual learners with a
Persian background have access to two modes, ghawvao different mathematical
symbolic notations that are available as semiotst (O’Halloran 2005).

Conclusion

What | have shown in this study is the extent taclwha written mathematics text
constructed using a natural language, influences ghoken counterpart in that
specific language. For example, in figure 2, whemihstructions were given through
the medium of English only with English numeratshad a very strong effect on the
spoken part. Moreover, when the instructions wérergin Farsi with Farsi numerals,
there appeared an increased frequency in Farsiematics register and in Farsi
number words with fewer English mathematics registe
Based on the findings of this study | am interegtin investigate further

research to know whether other languages with réiffeorthography systems (such
as Chinese numerals) influence their corresponderbal counterpart (e.g. in a
bilingual Chinese/English mathematics lesson). Moee, to what extent the concept
of ‘conformity’ among bilingual learners in a bijonal lesson can influences the
bilingual talk.

References

Adler, J. 2001Teaching Mathematics in Multilingual Classrogrordrecht, Kluwer
Academic Publishers.

Blackledge, A. and A. Creese. 20Multilingualism: A Critical Perspectived_.ondon,
Continuum.

Clarkson, P. 2006. High ability bilinguals and these of their languages.
Educational Studies in Mathematics(B® 191-215.

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 57



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

Creese, A., Bhatt, A., and Matrtin, P. 200%estigating Multilingualism in Gujarati
Complementary Schools in Leicest®irmingham: University of Birmingham

Farrugia, M. T. 2006. Medium and message: The ndalavelopment of an English
Mathematics register in two Maltese primary classre. Unpublished
doctoral dissertation, University of Birmingham.

Farrugia, M. T. 2009. Reflections on a medium atiinction policy for mathematics
in Malta. In R. Barwell (Ed.Multilingualism in Mathematics Classrooms,
113-27. Global Perspectives Bristol: Multilinguabhters.

Garda, O. 2009. Bilingual Education in the*2Century: A Global Perspective.
Oxford: Wiley-Blackwell.

Jones, D. V., and Martin-Jones, M. 2004. Bilingadiication and language
revitalization in Wales: Past achievements andeturissues. In J. Tollefson
and A. Tsui (edsiMedium of Instruction Policies: Which Agenda? Whose
Agenda?43-70. New Jersey: Lawrence Erlbaum Associates.

Kazima, M. 2007. Malawian Student’s meanings falfbility Vocabulary.
Educational Studies in Mathematiéd (2): 169-89. Springer

Kress, G. 2009. What is mode? In C. Jewitt (Bdandbook of Multimodal Analysis
London: Routledge.

Menninger, Karl (1969)Number Words and Number Symb&sambridge, Mass. The
MIT Press.

Pimm, D. 1987. Speaking Mathematically: Communaratn the Mathematics
Classroom. London: Routledge.

Polinsky, M. 2008. Heritage language narrati\ésritage Language Education: A
new Field Emergind.49-164 New York.

O’Halloran, K. L. 2005Mathematical Discourse: Language, Symbolism andalis
ImagesLondon and New York: Continuum.

O’Halloran, K. L. 2009. Historical Changes in thendotic Landscape: From
Calculation to Computation. In C. Jewitt (Eddandbook of Multimodal
Analysis London: Routledge.

Rasul, S. 2009. Code-Mixing and Language Hybridbreain Pakistan: Linguistic,
Socio-cultural and Attitudinal Perspectives.

Saxe, G. B. 1988. Linking language with mathemadwdsevement: Problem and
prospects. In R. R. Cocking and J. Mestre (Hdsguistic and Cultural
influences on Learning Mathematids- 46. Hillsdale, NJ: Lawrence Erlbaum
Associates.

Schwartzman, S. 1994. The Words of MathematicsE&mological Dictionary of
Mathematical Terms used in English. Washington, Bi@thematical
Association of America.

Sedighi, A. 2010. Teaching Persian to Heritage kgrsdranian Studies: Journal of
the International Society for Iranian Studi43 (5): 683-97.

Staats, S. 2009. Somali mathematics terminologgo®munity exploration of
mathematics and culture. In R. Barwell (Bdyltilingualism in Mathematics
Classrooms113-27. Global Perspectives Bristol: Multilinguabiers.

Trochim, M. K. W. 2006Research Methods Knowledge BaSeneralizability and
Transferability. Colorado State University. Availalon
http://writing.colostate.edu/quides/research/gerst@op2f.cfmAccessed on
27 May, 2010.

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 58



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

Portuguese pre-service elementary teachers’ knowlgd of geometric
transformations: an exploratory study.

Alexandra Gomes
CIEC/IE — U. Minho

No one questions the fact that teachers’ knowlgadggs a crucial role in

teaching. Research on teachers’ knowledge indicdhed content

knowledge is influential on instruction. Even thbuthere is plenty of

research on teachers’ knowledge of number and tpesa the same
doesn’t happen with geometry. In Portugal, a newtheraatics

programme for elementary school introduces geométansformations

from 1% grade. Since this is a rather new topic in themelatary

curriculum, it seems important to understand whabvwedge (future)

teachers have on the topic. In this paper we ptefseiings from an

exploratory study, conducted with future elementaigchers designed to
evaluate their knowledge on geometric transfornmatio

Keywords: Teachers’ knowledge; Content knowledge; €ometry;
Geometric transformations.

Introduction

It seems almost evident that every teacher who tbakeach mathematics needs
adequate mathematical knowledge. For elementaryos¢bachers this knowledge is
critical since they play a crucial role in introdug children to basic but fundamental
mathematical ideas and initiating a process of erattical learning, with every stage
highly dependent on the previous. Assuming thatmelgary mathematics is
fundamental mathematics in the sense defended b{1®89), then the only sensible
path to take seems to be to guarantee solid ardeetf mathematical knowledge in
future teachers. However, there is evidence thathiers, in particular elementary
teachers, do not possess the necessary knowledgado mathematics effectively
(e.g. Brown, Cooney and Jones 1990; Ponte, MatdsAanantes 1998). The case of
geometry is particularly “worrying”. Teachers dot s@em to possess the geometric
knowledge necessary to teach geometry efficiently.

In Portugal, geometry gained ground and visibiktjth the mathematics
curriculum reform of the 1990’s. Currently, new culum guidelines in Portugal
(DGIDC 2007) give a prominent place to geometrynfiog to the importance of the
development of visualization and spatial reasonasgthe main purpose for teaching
geometry. Of particular interest is a change iatreh to the previous programme that
consists of the initiation, in primary school, dfetstudy of different geometrical
transformations, first intuitively and then withcheasing formalization.

About teachers’ knowledge

For more than 30 years, teacher knowledge has b#eacting the interest of
researchers. Shulman and colleagues developed fotiee anost influential works

concerning teachers’ knowledge. In particular, niéfg to content knowledge (CK)
for teachers, Shulman (1986) considers three cagsgda) subject-matter content
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knowledge (SMK), (b) pedagogical content knowled§€K) and (c) curricular
knowledge. The notion of PCK is of particular imgamrce since it recognizes that this
type of knowledge is exclusive of the teacher ariflerént from the kind of
knowledge necessary for a mathematician.

Much work has been done ever since, clarifying aadefining different
categories of teachers’ knowledge. Ball (1990),wiork conducted with primary
school teachers, considers that the understandeogssary to teach mathematics
encompasses both substantive knowledge of mathesnatid knowledge about
mathematics. Askew et al. (1997) found that the eameffective/competent teachers
have a better understanding of the inter-connestnong mathematical concepts.

Almost all studies agree that teachers’ knowledgessential for teaching and
that the lack of knowledge seems to compromisehiegand therefore learning. Ma,
for instance, refers that: “Limited subject matterowledge restricts a teacher’s
capacity to promote conceptual learning among siisie(1999, 38). Also, an
adequate knowledge to ensure effective teachimgathematics depends not only on
a solid mathematical knowledge but also of the meatdi that knowledge.

Recent studies have been directed towards a pedutised theory of
knowledge for teaching (Davis and Simmt 2006; Tura@d Rowland 2008).
However, only few have attempted to measure thé indlaence of the different
components of knowledge. The Michigan group (Hi#gwan and Ball 2005) seems
to have been the first one to successfully addigssissue and their work gave the
first conclusive evidence of the importance of teas’ mathematical knowledge in
their teaching.

Baumert et al. (2010) investigated the significarafe teachers’ content
knowledge and pedagogical content knowledge for-aigality instruction and
student progress in secondary-level mathematice. @rihe findings of their study
was that PCK is of key significance for studentsitnematical progress. Also that
both CK and PCK deserve special attention in teaichaing and classroom practice
since the deficit in CK may compromise the develeptrof PCK and consequently
have negative effects on instruction and studergness.

In summary, it seems adequate to claim that CK splaycrucial role in
teaching and, even though it is not sufficientriewge efficient teaching, it is certainly
necessary and therefore worth of further investgat

Geometry

Geometry (...) is full of interesting problems andpsising theorems. It is open
to many different approaches. It has a long histotymately connected with the
development of mathematics. (...). What is more, ggoyrappeals to our visual,
aesthetic and intuitive senses.” (Jones 2002)

While it is recognized that the study of geomesryery important since it contributes
to the development of visualization, critical thimd, intuition, problem-solving,
proof, among others, geometry remains a poor areesearch when compared with
other fields of research. Nevertheless, findingsnfrresearch have revealed many
deficiencies and errors in teachers’ geometric Kadge (Jones, Mooney and Harries
2002; Gomes 2004). Apparently, teachers do notgsssthe geometric knowledge
necessary to teach efficiently.
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The study

In Portugal, new programmes for elementary schathematics (DGIDC, 2007) are
just starting to be implemented (school year 200012. In these new programmes,
an important role is assigned to geometry and éslheto geometric transformations
(GT). Since this is a rather new topic in the eletagy curriculum, it seems important
to understand what knowledge (future) teachers lmavehe topic. Therefore, our
research question i$What do pre-service elementary teachers (PSET) kaloout
geometrical transformations?Our aim is to identify and describe the
difficulties/mistakes PSET have/make concerningwgetoic transformations.

Methodology

We developed a questionnaire concerning three @iskation, reflection and quarter
turn rotation, with one question for each GT (2576 in total). PSET were asked to
draw the result of a given transformation. In ortteaccess Reflection and Rotation
we adapted some items from the Concepts in Secpndathematics and Science
(CSMS) project. For translation, we designed &g to address this transformation.
The participants were 66 female Basic Educationr@finalist students. The
guestionnaire was answered during a regular clBisese PSET already had five
semester courses (25 ECTS) in elementary mathesnatne of which focused on
geometrical transformations. They hadn’t any coorseidactics of mathematics yet.

Analysis and results

All answers were classified under four categori&Sorrect”, “Acceptable” (not
accurate enough to be considered correct), “Tymoar” (common wrong answers)
and “Wrong” (clearly wrong, random answers).

Concerning translation

In the 6 translation items, the median of rightveers was only 44%, with the
first item being the lowest — only 33% right anssver

H 7 LY

Tﬁ le
la 1b 1c ]
PSET (% correct) 33 60 50 36

Item

Table 1 — some items on translation and percerdfigerrect answers given by PSET

As we can see, the items with more correct answers when the vector was
horizontal or vertical and the flag was obliquen @e other hand, the item with more
mistakes was the first one, which is with a hortabmector and also a horizontal flag.
This is unexpected in the sense that we tend tesidentranslations with horizontal
(or vertical) vectors as easier and as we cantlatis not always the case. It is also
interesting since it shows how a rather small cbdagds to such different results.

We considered, for translation, the category “tgp&rror” divided into 3 sub-
categories: A, B and C. Error A means that studemise the object considering an

2 In Portugal, in order to become an elementary sideacher (children aged 6 to 12), one has to ake
3 years degree in Basic Education and then takasidviDegree.

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 61



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

extreme point, so that the gap between the objedtits image corresponds to the
vector. This error happens more frequently in itevhere the vector is horizontal or
vertical. In item 1b, also with horizontal vectthis error isn’t visible since even with

this wrong reasoning, the answer will be right.sTisi significant because it shows the
importance of diversifying the tasks and also haghtranswers can be deceiving.
Error B means that students moved the object teetitpoint of the vector. Error C

means that students moved the object keeping alpband with the same size and
orientation as the original but without considerihg vector. We considered this a
mistake because it shows that even though studentst cope with translation the

majority seems to be aware of some propertiesisfttansformation, namely that it

preserves length, orientation and parallelism.

Error A Error B Error C
la 20%| 1f 5% 1d 30%
— Sy a

Table 2 — examples of errors in Translation andpireentage of each one in the items.

Concerning reflection

Given that reflection is one of the most used idoie® it may come as no surprise
that more than 50% of the answers were right foroat all items. Within reflection,
PSET coped more easily in items involving a sirgbnt rather than a line or flag.
Also, the performance was slightly better whenriféection line is either horizontal
or vertical. The grid doesn’t seem to have any gbconsequence.

Table 3 presents some items, the percentage dfamgwers given by PSET
and the results from CSMS test on the same itents (& years old children).

2b 2c
2g 2h 2i
Item y T ' ' 1
PSET 74 71 91 36 21
CSMS 83 82 65 33 41

Table 3 — items on Reflection and percentage akcvanswers given by PSET and CSMS

Comparing the results from PSET with those of CSMSnotice that they are
very similar.

We identified two typical errors. Error A means ttlihe image is drawn
parallel to the object but not horizontally nor tially aligned. This error only
appears in 3 items, all related with reflecting abject on a slanted axis. Error B
means that that the image is drawn parallel toothject and either horizontally or
vertically aligned. This error is more frequent guatticularly relevant in items 2h
and 2i.
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Error A Error B
2h 8% 2i 11% 2h 24% 2i 32%

Table 4 - examples of errors in Reflection and petage of this type of errors in the items.

Concerning rotations

This GT appears to be the one where students have difficulties. Only when the
centre of rotation was on the object was the peacgnof correct answers above 50%.
A grid doesn’t seem to be helpful. Table 5 presaatsie items, the percentage of
right answers given by PSET and the results froiiE$est on the same items (with
15 years old children).

3a 3b 3e 3h 3i
V—l [s] \ 1 1
ltem ° ‘ : j 3j
Q
PSET 85 67 61 9 12 15
CSMS 91 77 71 24 25 21

Table 5 - items on Rotation and percentage of coamswers given by PSET and CSMS

These results are quite similar to the ones on C$4§ although in some
cases a bit lower, especially in 3h.

We considered only one type of typical error, whiefers to answers where
PSET transformed correctly the slope of the objeettical into horizontal and vice-
versa) but incorrectly positioned endpoint of thgeot. Table 6 shows examples of
these errors together with the percentage of yipis 6f answers both from PSET and
CSMS (PSET results/CSMS results).

3i 14%/ 8% 3j 6% /7%

Table 6 - examples of errors in Rotation

This error seems to indicate that some studentsvaege that if the object is
vertical/horizontal its image, by quarter turn taia, will be horizontal/vertical.

Concluding remarks

This study shows that these PSET don’'t seem torbpaped to teach geometric
transformations. Although they already had contadh the subject, they still
revealed several difficulties in all studied GT.eTresults concerning reflection and
rotation were similar to the ones achieved by l&y®Id students in the CSMS test.
As for translation, we found some difficulties tmaake us wonder about its apparent
simplicity.
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More research is needed on the geometrical knowledfy pre-service
elementary teachers. In particular, it would besriesting to find out the impact of
pedagogic training in their knowledge of this topic
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Movement, language and mathematics: an interplay othe journey towards
confidence with formal notation

Dave Hewitt
School of Education, University of Birmingham

A mixed ability group of 21 9-10 year old studemtsre taught over a
three lesson period using the softwaBid Algebra They gained
considerable confidence with reading formal algebratation over this
time and a key feature was the blended space drediereby the notation
could be read in terms of physical movements onrid gs well as
mathematical operations. Three episodes from tbsotes are discussed
which exemplified the changing dynamic between moet, language
and mathematics.

Keywords: algebra, technology, notation.
Background

Students have many difficulties with algebra , vahagten relate to students trying to

understand and work with formal notation. MacGregod Stacey find that students
do not find it easy to express relatively simple timeaatical operations and

relationships in formal notation. Expressions carviewed as something which needs
to be carried out rather than objects in their aight with concatenation resulting as

a consequence . Gray and Tall defined procephisiking to be that which enables

someone to have the flexibility to see an expres$ioth as an object and as a
process.

Wilensky (1991) suggests that the level of abstvads not so much about the
notation but about someone’s relationship with tigéct. As such algebraic notation
does nothaveto feel abstract for students as it will dependrupheir relationship
with it and that will initially be related to theotext within which it is introduced.

Study

The study was carried out with a group of 21 miadality 9-10 year olds in a

primary school in the West Midlands. Prior to thady the students had not met
formal notation nor have they used letters withmadgebraic context. They were
taught over three lessons using the softwariel Algebra mainly as a whole class

with an interactive whiteboard. There were occaaiqren and paper worksheets
based upon the software work and on two occaslanstudents went into a computer
room to work in pairs or individually on computesgrgerated tasks from the software.
The teaching style was one were nothing was exgiaimstead there was extensive
use of questioning and creation of various taskse Tessons covered number
activities, the creation and reading of expressioh® introduction of letters,

substitution, inverse operations and solving eguati The original aim was to see
how students responded to the particular visualkamaksthetic nature of the software

% Grid Algebrais available from the Association of Teachers @fthématics.
(http://www.atm.org.uk/shop/products/sof071.Html
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and how this affected the way in which they engagét learning formal algebraic
notation and solving linear equations.

It should be noted that | wore three hats in thisdyg that of teacher,
researcher and also designer of the software.

The software

Grid Algebrais based upon a multiplication grid with the omeets table in row one
and two times table in row two (the grid can coméirwith other rows but only the
first two rows are shown in Figure 1). A particufaature is that movements can be
made between cells on the grid, dragging one nunfberindeed letter) either
horizontally or vertically. Horizontally, will resuin either an addition or subtraction;
vertically will be either multiplication or divisio(see Figure 2).

1 1 2 3 4 5

2 2 4 6 8 10

Figure 1: the grid is based on multiplication table  Figure 2: some movements made on the grid

Expressions can be built up through a series ofem@ants and any particular
number or expression can be rubbed out. Letterbegiaced on the grid and moved
as well resulting in similar notational expressitesng created. There are many other
features of the software but only those necessarthis paper are included.

Framework

Fauconnier and Turner talk about the notion ofemded space where two or more
input spaces are blended together to make sometlifiegent which helps develop a
new emergent structure. Edwards offers the exawipéenumber line which brings
together the knowledge of numbers and the imagedykamowledge of a geometric
line. These come together to form a number linectwiias properties not found in
each of the others individually.

| use this notion of a blended space to consider im@vement, language and
mathematics come together in the students’ learoinformal algebraic notation
working towards the solving of linear equations. Wdment concerns the journeys
made on the grid using the software; language cosckoth the formal notation
provided by the software as a consequence of theements made, and also the
verbal language used in the classroom; and matiesmebncerns the arithmetic
relationship between numbers in the grid and thee©f order within an expression.

I will look at just three episodes within the thiessons. These are significant
in terms of the dynamic between movement, languagk mathematics. The three
episodes indicate how a blended space was createkoav this assisted with gaining
confidence in reading formal algebraic notatiodolnot attempt here to describe all
aspects of the lessons nor how students endedipgbnear equations , only some
key dynamics which lead to students gaining comicgewith formal notation.

Episode 1: Introducing notation

The students had been involved in a number of iieswvhich helped them become
familiar with the structure of the grid but whichadh not involved movement.
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Movement was first introduced when consideringdbenection between numbers in
the same row. This introduced addition and subtacsuch as moving from 2 to 3 in
row 1 would result in 2+1 being shown in the 3 c@ke Figure 2 above).
Multiplication by two was then established as a ermoent downwards from the 5 in
row one to the 10 in row two (see Figure 2) anddlass were asked what would be
the opposite of this, going from the second rowkltacthe first row. They were clear
that it would be dividing by two. So, with the pen the 8 in row two, | asked what it
would say if | moved upwards to the 4 above itawrone. They replied it would be

eight divided by two. | then made that movementolhiesulted ing appearing in the

4 cell. There was a few seconds silence followeddiye students saying “Fraction”
or “It's a fraction”. The students’ reaction to thght of% was indicative of the fact

that they had only met the use of a division linéhin the context of fractions and
had previously used the '+’ symbol for division.i§meant there was a new reading
of the division line in terms of division as wedl heing part of a fraction. This was an

example of students seei@ as an object and needing also to see it as a g®oce

which is the opposite of what is usually reportathvgtudents seeing expressions in
terms of processes to be carried out and needsogt@alsee an expression as an object
. The fact that the students had said it wouldigbktaivided by two in advance of the

movement being carried out started their Iearnilhggoas a way of expressing

division. The mathematics was established firstatwhe operation would be. The
notation came second so that the mathematical mgamas already present and
could be placed into that notation. This creatediramal conflict as they had a

different meaning already establishedgfoHowever, the lesson continued with them

being asked to chant “eight divided by two” as ithlevant parts (8, dividing line and
2) were pointed to. This seemed to help them caatiinom then on in reading the
division line as division in all future expressions

The mathematics came first in all new movementthabstudents established
the meaning for an expression before it appearedy @hen the meaning was
established was the movement made and the notsgem This helped also establish
other notational issues such as brackets being whed multiplying an expression
and the non-appearance of a multiplication sigap @¢he position of an addition or
subtraction sign following a division.

Notation was initially read in terms of mathemadtioperations. However, the
expressions were created through movements andichstise notation was also seen
as representing particular movements. This begasetaip a blended space; that of
interpreting notation in terms of both mathematimaérations and movements on the
grid.

Episode 2: re-creating expressions

At the end of the first lesson, students went tm@puter room and worked either in
pairs or individually on computer generated tasksctv were part of the software.
These tasks involved being given an expression laawing to re-create that
expression through movements on the grid withiream time period. Paulette and

Sofia were working on re-creating the express:idguu by starting with a 14 in the

second row of the grid (see Figure 3). They thoubht the ‘+’ might be done first
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and moved to the right initially, followed by mogmp. This produced the expression

142+2. They then went back to the 14 and started agj@imtime producing the correct

movements to get 134+1 . Figure 3 shows them just beginning this correatt of
movements.
= [—— &
ime 14
o2 1 ‘ L — 2+2
[Limit 15 8} —_— ‘ 14
2 = 14+2
23 4)

Figure 3: moving 14 up first after having previgusied moving to the right first

The expression Paulette and Sofia initially obtdit@oked different visually
to the one they were trying to re-create. The Vigaadback of the expressions
created by their movements enabled them to becovaesahat they had not carried
out the movements in the right order. This task banviewed purely as a visual
experience without the need for a particular undeding of the notation in terms of
mathematical operations. The ‘+’ sign can be resathaaning “move to the right” and
the division sign as “move upwards”. These signeeap as a consequence of physical
movements and so can be read as arbitrary sigrssexing those movements. There
were many such occasions when students made iotonm/ements but noticed that
the expression obtained through those movementsnatathe one they sought and
this meant they re-assessed their interpretatioth@forder within the expression.
Whether the notation was read in terms of movementsathematical operations,
students were still learning about the correct whglacing order within the notation.
The fact that students engaged with the task afreating expressions without the
need to have already a clear understanding of ¢tetian in terms of mathematical
operations enabled such tasks to be accessibsudents with a range of attainment.
The weakest students within the group were ablenggage just as well as the most
able. This meant that all students were learningetid order within expressions
irrespective of what meaning they placed in thosgressions; movement or
mathematical operations.

This blended space allowed students to read exprsssn terms of
mathematical operations or in terms of movemerdsrat the grid. One student may
talk about moving right and up, whilst another stidtalks about adding and
dividing. What both students are learning and agjtee upon, once successfully re-
creating an expression, is the order things angechout within that expression. One
student can also think sometimes in terms of mowsne&nd at other times
mathematical operations. The blended space alldwthia to happen and as such
allows students of a variety of abilities to engagecessfully with reading order
within often quite complex expressions.

Episodes 3: language shift and use of arms

When working as a whole class trying to re-createeapression it was initially
common for students to use the language of movem@ther than mathematical
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operations. After a while | began to work on shdtithe language to that of
mathematical operations. For example, the followiragscript concerned trying to
describe what had happened to produce the expnegsm+ 3)- 4:

DH: Can someone again describe what | did with jbarney, what
that journey was. Can you describe it?

Student A:From ten you added three, you went down the botaoh you
went back four.

DH: OK, so | added three [indicating related moeemon grid with
finger] and | did, what here [indicating a movemedotvn on the
grid]?

Student A:You went down one.

DH: OK and that is absolutely right. Is there d®wstway of saying
that?

Student B:Times.

DH: Don't call out please. [Indicates for anotipepil to answer]

Student C:Times two.

DH: OK? Another way of saying that. Is that OK?

Student A:And you're going back four.

DH: OK and what's... well... [making movement with pefh going

from 2(10+3) to 2(10+3)-4 on grid].
Student A:Minus four.

Later on, students were asked in small groups $ouds what happened to
2(33- 2+ 2,
2

2

2 3-2

create the expression -1- 4 which had been created on the grid

using the interactive whiteboard. Although muchtloé language used was that of
mathematical operations, the video showed extensseeof pointing and moving of

arms to indicate the movements which must haventpkece. Thus there was a blend
of both verbal mathematical operations and physmalements to help students
decide the order of operations within this exp@ssiThese now worked in parallel

alongside each other.

Discussion

The dynamic between movement, language and matlesmatanged at different
points during the three lessons. Initially, the Ineabatics of arithmetic connections
between numbers in the grid was significant in etusl developing meaning for the
new notational language. The meaning for notatias developed not only in terms
of mathematical operations but also in terms of emoents, since it was through
movements that these expressions were created.ciidated a blended space where
the meaning of movement and/or mathematical omeratcould be evoked at any
particular time for a given expression. The facittbtudents could engage in the re-
creating expressions tasks purely in terms of mglaysmovements meant that all
students could learn about order within a formapregsion irrespective of how
confident they felt at the time about reading notatin terms of mathematical
operations. Indeed, initially students tended te the language of movement when
talking about an expression. This was changed tiwee with explicit teaching
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techniques to shift the language onto that of nmatigal operations. The blended
space continued, however, with gestures of pointawgd arm movements
accompanying the verbal articulation of mathematigeerations. Students exhibited
considerable confidence with quite complex notats Wilensky stated the level of
abstraction is not so much about the notation w@biout the relationship someone
has with what they are doing. The blended spacavall a relationship in terms of
physical movements as well as mathematical op@st@md as such the students did
not exhibit any sense of this being too abstractiiem. The confidence gained with
notation was a key factor in their continued leagnof substituting in expressions
with letters and solving linear equations, whichytltarried on to do within the three
lessons.
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A Talk Framework for Primary Problem Solving

Mike Hickman
Faculty of Education and Theology, York St Johnversity

Part-time postgraduate primary student teachersYatk St John

University are currently taking part in a pilot et exploring how digital
audio recordings may provide opportunities to eegag closer
consideration of and reflection on their mathenatigroblem solving
performance. The project considers how thinkingud) supported by
digital audio recording may support student teag€Hearning and levels
of confidence in teaching primary problem solvingdaving produced
digital recordings of problem solving activities tinn university-based
taught sessions, participants are given their aliggcordings to listen to
and analyse using a ‘talk framework’ in a stimullatecall situation. This
framework includes the proposed categories of f‘@gbry

transformative’ and ‘exploratory encoding’. Whitgtial findings suggest
the very process of audio recording and the assatieerbalisation may
adversely impact upon problem solving performarstamulated recall
provides potentially valuable opportunities to eeflupon learning.

Keywords: digital audio; exploratory talk; PGCE; pr imary mathematics;
problem solving; talk framework; thinking aloud; verbalisation.

Introduction

The aim of this PhD pilot project with part-timeampeary PGCE students at York St
John University is to explore the ways in whichi@ibaudio devices (such as
Livescribe pens) may support student teachershiegrand levels of confidence
within primary problem solving. The project was part, inspired by early feedback
from incoming trainees suggesting limited confideircthe teaching of problem
solving. While questionnaires completed by pgpaaits (see below) may suggest a
stronger level of confidence than anecdotally esged, the pilot to date has
illustrated a mismatch between perception and astuahat highlights issues
surrounding the “transfer [of knowledge]...to newtisgfs and events” (Bransford
2000, 19) although this may potentially be an wemded side-effect of the
verbalisation required by this project.

Collaborative Thinking Aloud as a model for the clasroom

The project encourages groups of student teacbehsnk aloud whilst engaging in
primary mathematics problem solving activities,hatiheir verbal contributions
recorded using digital audio recorders. Collabeegbroblem solving of this kind
was, in part, chosen as a focus due to its potdatianodelling effective practice in
the primary classroom. Mercer (1995, 1), for exemmgtates that “creative problem-
solving...[is] rarely, if ever [a] truly individualfeair” while Price (2000, 52) suggests
that “allowing...children to record informally and diiscuss and negotiate meaning
can encourage both understanding of the mathenatatsinderstanding of its
recording”. Livescribe audio recorders allow fattéen jottings and working to be
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‘attached’ to the appropriate sound/speech (th@aedorder is contained within the
pen itself; specially designed paper allows forréq@ay of the audio relating to
precise notes). Follow-up stimulated recall sessisupported by a talk framework
inspired by the work of Mercer (1995) and augmetgtioSpesova and Novotna’s
(2009) problem solving framework, are then desigiogorovide opportunities for
reflection on the strategies employed to solvepttoblems, strategies that may then
be taken forward by the student teachers for ugieeiin own classrooms. Two pilot
problem solving recording activities have now bearried out, with some positive
indications already evident.

| think [it did help listening back to the recordin because...| was very aware
when we left that | made very little contributioedause...l always seem to be
chasing the tail of the people that I'm working hwittrying to figure out how their
brains are working through the problems as opptseay brain working through
the problem that’s in front of me. (Stimulatedatbtranscript, October 2011)

Rationale for working with part-time primary PGCE s tudents and initial
confidence ratings

This initial work was conducted with two groupssof volunteers, across two part-
time primary PGCE teaching groups. Qualifyingeschers within seventeen
months, the part-time cohort was chosen in parttduke constraints presented by
their limited face-to-face contact time at the @msity. With hour and a half maths
sessions, sometimes several weeks apart, the @toiof the VLE (and other
technologies) to support learning and communicaimongst peers between sessions
was already a priority for tutors. Given that antner of this cohort have been away
from education for some years, with the vast mgjdreéing mature students with
limited recent mathematics experience (indeed, wdhiee participants in the pilot
study have studied mathematics beyond A level)itiatdl support between sessions
for this specific group becomes more clearly berafto their development as
effective teachers of mathematics. The problenoseh for recording were taken
from the Primary National Strategy problem solvpagk (DfES 2004) - material with
which the students were already familiar. Theyhpps unsurprisingly, indicated a
high degree of confidence in answering them witto&8 the participants stating that
they were ‘very confident’ working out the answerat least one of the three
guestions shown to them.

Confidence in Primary Mathematics

Issues surrounding teachers’ perceptions of anfidemte in teaching primary
mathematics have long been of concern. The rébdhams Review of early years
and primary maths teaching (2008, 3) stressesttatUnited Kingdom is one of the
few advanced nations where it is socially acceptalfdshionable, even - to profess
an inability to cope with the subject”, and thid@ne out to an extent by the initial
comments from the part-time group studied here:

Maths has not been a part of my daily life for oget years, which creates an

amount of apprehension at the prospect of teaahiaifps even at primary school

level, as the challenges faced to raise the stdadafr achievements...are ever
increasing. (Student teacher interviews, 2010)

Notions of confidence and motivation link to idedself-efficacy as
discussed by Tschannen-Moran, Hoy and Hoy (1998 Bamdura (1997). People’s
beliefs “about their capacity to perform at a givevel of attainment” may “influence
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how much effort [they] put forth [and] how they plersist in the face of obstacles”
(Bandura 1997, cited in Tschannen-Moran, Hoy and 98, 2). Perhaps notably,
even with the less than positive comments abovardengg mathematics as a whole,
none of the participants in the study rated theerall confidence in maths as ‘weak’
at the beginning of the project. Over half (58%gwever, chose to ascribe
themselves to the penultimate confidence rating ahthose who rated themselves as
1 (strong) on the four-point scale (only two indivals), neither rated themselves
higher than 3 for either ‘teaching maths’ or ‘expiag strategies to help others solve
mathematical problems’. Indeed, none of the padits in the pilot rated themselves
as strong in either of these latter two areass,Tthien, strengthens the rationale for a
focus on explanations within the problem solvingwittes undertaken

The notion of using students’ own analysis of tloen responses to inform
their later work in the classroom seems to fit wath Nunes and McPherson’s
(2007, 19) observation that “learners must acckrmi@vliedge in ways that will help
them use it in similar situations in the future...XWhether this particular technology
is the most appropriate way in which to achieve tantral aim is to be determined,
as is the extent to which the very presence ofroeg devices impacts upon the
problem solving performance of the students. Quéent, within the stimulated
recall, made the point that “I think we’re all coreus of the task and the recorders
but there’s an argument that the more you do #sk, tthe less of an impact this
recording will have [in terms of “putting off” onstracting participants from the task
being undertaken]”.

Think-aloud protocols

Think-aloud protocols provide an opportunity to péigat[e] domain specific
knowledge underlying human performance” (Cooke 1999). Vermersch (2009,
21) argues that such elicitation of knowledge rezgifdocument[ation] of the
subjective dimension” and therefore research metlogies that gather data based on
introspection. Digital audio, supported by stintathrecall, in this instance is
designed to allow for such introspection.

Mercer’'s (1995) talk framework, concerned as with effective collaborative
work, proposes the categories of ‘cumulative’, pdisational’ and ‘exploratory’ talk
(the definitions form the basis of figure 1 belovifhe framework does not concern
itself with mathematical problem solving althougle National Teacher Research
panel study detailed by Seal (2006) makes a nuofo@rservations relating to the
importance of exploratory talk in supporting cobiaditive learning that have been
very influential on this pilot and demonstrate #pplication of Mercer’s (1995)
framework to the primary mathematics classroom p@ficular note are the stated
need for “ground rules” and participants providingasons for what...[they]...say”
(Seal 2006) that connect with the types of verb#ibs detailed by Ericcson and
Simon (1993).

Ericsson and Simon (1993) posit three differentkiof verbalisation,
building from ‘type I’ to ‘type 1II'; each type pentially impacting on the problem
solving performance of the participants and saietioee, requiring careful
consideration. Robertson (2001, 13) describe®‘typs “direct
verbalisations...where subjects simply say out lobattheir inner voice is
‘saying’.” This, Robertson (2001) states, is atgyadess likely to ‘interfere’ with the
processing of the problem in hand and is partitpiarportant from the perspective
of avoiding “invalidity due to disturbance of thegnitive process” (van Someren,
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Barnard and Sandberg 1994, 32). It does not, hesevovide “reasons for
what...[they]...say” (Seal 2006). ‘Type III', at théher end of the scale, requires
verbal descriptions dll that the participant is conscious of whilst enghigethe

task, with the consequent risk that this will frage actual work on the task in hand.
Montague and Applegate (1993) highlight that ther@ need for both demonstration
and practice in thinking aloud and this was impatrta the pilot project - participants
were therefore asked to verbalise as much of Wieatwere thinking as was
necessary for the listener to understand what wagyl@one, bearing in mind what
was being captured by the Livescribe pens (i.aeddlvant jottings). Therefore, the
movement of resources (multilink cubes etc.) wdadddescribed; ultimately, and
frustratingly, participants found it hard to dogtlait the same time as concentrating on
the thread of their conversation.

This was, however, the very point of the stimulatchll opportunity. Think-
aloud protocols alone, regardless of the type obalesation encouraged from the
participants (Ericsson and Simon 1993) are arguahlikely to captureall that the
participants might require to better understandefifiectiveness of their strategies.

A potential talk and problem solving framework - cannections between Mercer
(1995) and HoSpesova and Novotna (2009)

For the purposes of this work, a pro forma was jolex to structure this recall,
merging Mercer’s (1995) talk framework the problsaiving framework of
HoSpesova and Novotna (2009). Following Seal’®6}@onsideration of the
importance of exploratory talk, there was an attetmprovide a distinction between
exploratory talk that utilised analogy and that ethiestated or rephrased the problem
in mathematical terms.

Cumulative Exploratory Exploratory Disputational
Building on contributions, EnCOdlng TranSformatlve An unwillingness to take on the
adding “new” information “Grasping the assignment” in such| Restating the question in mathematicalother person’s point of view, and
(albeit in an “encoding” a way as to be able to restate the | terms (“Translating into the language| the consistent reassertion of
rather than “transformative” | problem (in different words) or use| of maths”) and consequently one’s own. In its most archetypa
sense)...in a mutually analogy to clarify it to other encouraging cumulative discussion. | form, it consists of ‘yes it is—no
supportive, uncritical way; members of the group (i.e. Relevant information is offered for it isn't’ exchanges, commands
constructing shared “mutually understandable joint considerationjn mathematical and parallel assertions.
knowledge and understanding language” that “encourages form (i.e. identifying operations

cumulative discussion”). required but not explicitly stated

Relevant information is| within the original question).

offered for joint consideration, in Proposalsnay be

non-mathematical formProposals | challenged and counter-challenged,

may be challenged and counter- but if so reasons are given and

challenged, but if so reasons are | alternatives are offered. Agreement i

given and alternatives are offered.| sought as a basis for joint progress. F

Figure 1: Pilot project problem solving pro forma

In the event, after the recordings had been pratjube participants were
given transcriptions of their problem solving retiogs. Having listened to their
collective and individual responses, students vasked to consider their
contributions according to the framework.

Initial results of pilot

Within this pilot, it was clear that, as indicatsoove, there was some mismatch
between students’ perception of their problem sgj\aonfidence/ability and the
actuality. Despite choosing questions from then@riy National Strategy pack (DfES
2004) that closely mirrored the problems includethie initial questionnaire,
parallels and connections (‘exploratory encodimgiyl often not been noticed -
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seemingly sometimes due to the very presence ditfital audio recorder (and
associated talk protocol) which, some studentsnddi impacted on their
performance. (*...Well, we knew that weadto discuss it in this way...”). Some
began speakinigeforethey had fully considered the problem for themsglv(“l
would have preferred to have had time on my owlnaé at it first and then come
into it because...solutions started being talkeduth before | was at that point.”)
This indicates that, however important talk proteguoay be, additional ‘ground
rules’ are required before beginning a task of kimsl. The same issues may well
have impacted upon the use of the Livescribe pemsnjaking jottings because they
felt they ‘had’ to) but, in fact, the presence lod notes often provided evidence of
exploratory contributions (three digit combinatipfar example, for the problem
discussed below) that would not otherwise have leg@tent. One thing they ditbt
help with, however, was recording the exploratasg af resources which, when not
verbally described clearly, was almost impossiblegroup members to recall (“it
was the minute we had the counters, the minuteagleshmething physical to move,
it was just difficult to record”).

One of the two problems undertaken (making as ntfar@e digit numbers as
possible with 25 beads on one abacus) was quidklytified as being similar to a
previous problem encountered (“This is like oné¢hef problems we did last week
where after a certain number, you have to...yowehgeah...”) but so much was left
unsaid within the recording that the rest of theugrdid not pick up on the meaning.
It was only in the stimulated recall, demonstratimg usefulness of the exercise, that
the connection became evident to the group. dossible (as with the example
above) that the contributions of other membersefgroup (some of whom were at
cross-purposes) were ‘muddying the waters’ here.

I'm really desperately trying to think [why it toaddo long to come to an answer]
‘cos you knew reading through this [the transcripthy did we make it so
difficult? It's not difficult, is it? [Murmur ofagreement] Erm...I can only think |
was trying to follow someone else’s train of though(Stimulated recall
transcript, October 2011)

Conclusion

Although this project is not concerned with thegfrency of cumulative, exploratory
and disputational talk within the recordings, ihable (and the students themselves
commented on this) that there were very few insamd disputational talk, even
when the stimulated recall reveals that not al{/fuhderstood the contributions of
their fellow group members. Where thiisl occur, it was prompted by a failure on the
part of group members to operate collaborativelysds starting to feel an increasing
frustration at the sense that there was this dihe grouphereand there was one little
grouphere..each trying to sort out the problem...” [and failtmgcommunicate with
each other], strongly suggesting that the initrat@cols need to be more clearly
established, and if exploratory talk is to be emaged, then it needs to be more
clearly modelled prior to any future repeat of thercise.

If “metacognitive practices...[d0]...increase the degiewhich students
transfer to new settings and events” (Bransfordd2Q0), it may be that stimulated
recall exercises of this kind, aided by technolsgech as digital audio, have the
potential to ameliorate the failure to transferkiexlge from one situation to another
(as seems to have happened here - if it was ntdcinthe recording exercise in the
first place that obstructed the ‘exploratory enogdor grasping of the assignment by
encouraging students to behave in an ‘unnaturghiiém). It is clear that there is still
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work to be done on both the talk protocol emploged the modelling/briefing
students receive prior to engaging in the actiwvitgrder to more fully encourage and
ultimately analyse the potentially productive exptory talk emerging from such
collaborative work.
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Lower attaining primary trainee teachers’ choice ofexamples: the cases of
Naomi and Victor.

Ray Huntley
University of Gloucestershire

This paper reports on selected findings of a dattstudy exploring
primary trainee teachers’ choices of mathematicadnmgles and the
relationship between these and their mathematiobjest knowledge.
Through a combination of interviews and lesson lgathered from the
final school placement of one cohort of B.Ed trasieand measures of
mathematics attainment before and during their esutke choice of
examples by two lower attaining trainees, knowrNasmi and Victor,
are considered. This paper presents aspects afatherelating to Naomi
and Victor and raises issues of concern about gpgroaches which will
impact on pupil learning.

Keywords: primary, trainees, examples.
Introduction

Research into primary trainee teachers’ choiceexaimples for teaching identified
some differences between trainees who were regam@edbeing of higher
mathematical attainment, middle attainment or loatginment (Huntley 2011). The
previous paper as well as Huntley (2008) set oetkiy literature underpinning the
research. In this paper, the focus is to ident#gtipular practices identified in the two
trainees who were categorized as being of lowehemaatical attainment on the basis
of the data collected about their pre-universitythreenatics and their progress during
the course. The trainees will be referred to asnhNamd Victor, and a profile of each
will be outlined before analysing the data whicbhreproduced during the research.

Participant profiles

By considering a range of data for each trainegduding for example, GCSE grades,
interview test scores and module assessment resuligas decided to give each
trainee in the sample group an overall grade inréinge A, B, C to indicate whether
they were likely to be of higher attainment, middiainment or lower attainment
relative to the cohort. This grading was largelg tiesearcher’s subjective decision
and was not arrived at by trying to calculate amrall result by any formulaic
process, but sought to allow the selection of theecstudy students to form a
purposive sample which, as fairly as possible,eggnted the range of students from
two cohorts in terms of their past achievementsicivinformed the assessment of
their potential for teaching mathematics.

Naomi

Naomi started her initial teacher education coumsmediately after leaving school
with grade C at GCSE mathematics, making her antadhgdower attaining trainees
in mathematics and in the most commonly represedésdlographic groups, namely
females in the 18-25 year old category. As the smuyrogressed, Naomi achieved
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marks of 40, 45 and 40% in each of the Year 1,23amodules respectively. These
figures indicate she is a student whose knowledgk atainment in mathematics
were not applied well to her module assessmentsodstrating that she found it
difficult to relate the subject knowledge to thelpgogic aspects which were assessed
in the module assignments, although there is imsefit data to verify this
speculation. Further evidence to support this Hypsis could come from close
analysis of Naomi's lesson planning and her teaghaithough the latter was not
possible in this study. From pre-course data amdlteon the course, it was decided
to consider Naomi as Grade C.

Naomi taught a Year 4 class for her final teaclpragement and provided a
total of 21 lesson plans from mathematics lessdimese covered the topics of
addition and subtraction, multiplication and digisj function machines, rounding and
estimation, money and negative numbers. For thpgser of this study the lessons on
addition, subtraction, multiplication and divisiovere analysed to give a consistent
approach to the topic of number across each afdkes.

Victor

Victor also started initial teacher education immaezly after leaving school,
although he had performed less well in school nmattis, achieving with grade C at
GCSE. As a male, Victor represents a minority gamary trainees, in a poorly
represented demographic group, namely males idi8k25 year old category. In the
university’s interview test for mathematics, Victonly scored 15% at the first
attempt, which represents just three questionshen10-item test where he was
awarded half a mark.

Victor was only able to score marks on questiowsliring calculation of a
total price when a given percentage of a numbedaegitical items are sold at normal
price and the remainder at half price. Before baihlg to join the course, Victor re-
took the interview test and on the second attemfiteasame test he scored 55%, this
time gaining a full mark on five of the questiomglahalf a mark on one question. Of
the three questions which gave Victor half markshatfirst attempt, one was fully
correct at the second attempt, one again scorddrtaaks, but on one question he
failed to score on the second attempt.

Once on the course, Victor completed the univéssitifagnostic numeracy
test and as one of the lowest scoring trainees d® imwited to take the additional
mathematics module ‘Confidence Counts’ which cowerange of GCSE level topics
to help improve mathematical subject knowledge.tid¢ end of the module the
trainees sit an exam and Victor scored 54%. Dutimg 3-year course, Victor
achieved marks of 53, 55 and 48% in each of ther Yea2 and 3 modules
respectively.

These results suggest Victor's knowledge and attamt in mathematics did
not appear to be strong in the module assessnu@Its)nstrating a continuing issue
with subject knowledge. However, in school placetseNlictor was able to relate
subject knowledge to pedagogic knowledge throughgh hgrades during the
placements. From examining pre-course data andtsgsom the course, Victor was
considered as Grade C. Victor taught a Year 3/dsctar his second year and final
teaching placements and provided 8 detailed plams fnathematics lessons. For this
study the three lessons on addition, subtractiahnamltiplication were analysed.
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Discussion

The data collected from the trainees was analyseerms of its correspondence with
the dimensions of the Knowledge Quartet (Rowlandakt 2009). During the

development of the Knowledge Quartet, a numberoafes based on video-taped
lessons were identified as part of the groundedrthapproach taken. Two of the
contributory codes which went towards the formatajrthe Foundation dimension
were ‘overt subject knowledge’ and ‘adherence tdbeok’. The lesson plans and
interview data from the lower attaining traineesr@vexamined for evidence of the
extent to which they use or demonstrate these spetheir planning and teaching.

‘Overt subject knowledge’

As a trainee identified as less able in mathemaliestor’s interview revealed not
only that he had identified weaknesses in his |®fahathematics, but also that he
used this as a reason to adapt his teaching iryawlvech might be thought of as very
worrying:

‘I always struggled with maths to be honest... | khisometimes it can be

limiting, ‘cause sometimes you look at things ahihk | don’t quite understand
that fully, so | won't bother teaching... you knownight leave that today’.

‘Adherence to textbook’

The research identified that some trainees tendelp on the Primary National
Strategy (PNS) to ensure they have covered thevaeieobjectives and planned
appropriate activities. However, in terms of usiRi{lS materials or published
schemes, all of the case study trainees showe@msedthat they rarely change the
examples they find. Most trainees prefer to ‘adher¢he textbook’, a facet of the
Foundation dimension of the Knowledge Quartet. liogKirstly at Victor and then
Naomi from the case study group, Victor reporteat this plans are: ‘...always from
some kind of framework, that the teacher has giv&nimplying that the plans are
‘ready-made’ for use and cannot or need not begdhnNaomi, whose school used
the Hamilton Trust plans, described how easy thegmed in terms of use for
planning, as they: ‘...used the Hamilton Trust wefsiind it was easy for them just
to go and print and it comes off... with the averagar 4 work, then | could pitch it
to different groups’.

Victor also found that his placement school welegithe Abacus scheme but
he felt they needed to check with the PNS to ensppropriate coverage of
objectives: ‘We used Abacus Evolve, and it washifend new one, and they pretty
much do it all for you’, and he later added: We sicdmuch from Abacus, it was just a
case of checking... with what was supposed to beggm with the PNS’.

The only trainee amongst those selected as cadeestthat had a different
experience in terms of using PNS guidance was Nawmose placement school
relied on the planning guidance from the Hamiltonst. She described using plans
from the Hamilton Trust as her main source, but prepared to look at the PNS for
further help:

| was given plans from the Hamilton Trust and | @dd those into my own
planning to suit the class, but if | wasn't givdrose then | would probably use
the Primary Framework, probably the ‘I can’ statetn@ something like that and
the suggested tasks they have, because all youisigethething little to get your
brain going.
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‘Transformation’

Victor was teaching a mixed Year 3/4 class, and lessons on addition and
subtraction are considered. This section consitéctor’'s third lesson from the
perspective of theoretical frameworks. The lessam ncludes a ‘Point for Action’
as follows:

Hopefully with the introduction of the column meththe children will be able to
do more working out on paper that will hopefullylhethem to meet the
requirements outlined in the relevant statutorynieavorks.

The first concern here is Victor's use of the wérdpefully’, suggesting he
may have little confidence that his activities agxhmples will be effective for
children’s learning. Secondly he feels that by mgvihe children towards a column
method, they will not necessarily understand thehow but should be able to
achieve the statutory requirements, which he olshoregards as more important. In
the introduction to the lesson, Victor works thrbuge following examples:

34 +50 =

245 + 40 =
These examples are similar to those he used im\agus lesson and it is not obvious
which methods are required to calculate these. &dréer lessons made no use of
number lines or particularly 100 squares, which Mdwave made the first calculation
straightforward. However, after these calculatiovgtor begins to introduce the
column method, by which it is assumed he meanstdredard algorithm for addition
as set in the PNS. He then continues with theviolig examples:

43 +30 =

367 +70 =

965 + 80 =
The first of these is of a similar type to thetfiexample in his introduction and could
presumably be calculated in the same way, thus ngakie introduction of the
column method unnecessary. The second and thirdmea, whilst extending into 3-
digit numbers, have the additional challenge thattens will add to more than 10 in
each case, requiring the children to carry intohtiedreds column. If the method was
introduced to enable children to perform the cagyoperation, then it is interesting
that Victor chose as his first example two 2-digitmbers where no carrying was
necessary. Given his apparent purpose for usingngtbod, he should perhaps have
chosen something like 68 + 50 to ensure the temgedanto the hundreds which in
this example are empty. In trying to link the exdesgo the objectives for the lesson,
Victor has seemed to be unaware of the discrepentlye examples he used. When
asked about the way Victor chooses the numbersisoexamples, he seems to imply
that the numbers are not significant, but it is¢batext that is very important:

| think, ... if you can make it... put it in an excigrcontext, | think you can do
most... what some people would consider, most sitiplimaybe boring things,
you know, I'm not saying they are, but erm... | thipu can, you know, can
teach that effectively in a practical context, ‘saul always think, you know,
rather than just doing some subtractions on thedyatyou, sort of, like | said,
just for example like a shop context, or somethikeg that, then... I've done that
quite a few times before, and it's quite effectieally.

Victor appears to be certain that context is a nsgaificant choice than
numbers in the examples, even if that has meangxasmples did not help children
meet the objective. To compare Victor's exampleth iheoretical definitions, it
seems that his first example (43 + 30) is an exampéd to illustrate one procedure
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when another procedure would be better, a methedtiited by Rowland et al.
(2009).

His second and third examples are being used th teaeneral procedure by
demonstrating particular instances, but the prowediould be developed more
progressively by using examples with fewer digitdhe first instance and moving on
to three or more digits at a later stage, sugggsthat Victor's pedagogical
knowledge lacks awareness in terms of planning esezps of examples that match
the lesson criteria.

Naomi

The final trainee to consider is Naomi, also a loagaining trainee, who taught a
Year 4 class for her final teaching placement amyided lesson plans on addition,
subtraction, multiplication and division which wexealysed. This section will look at
some of Naomi’s lessons and consider the exampbes the perspective of Naomi’s
choices. The first lesson starts with Naomi askivgchildren to identify the multiple

of a hundred that lies between 789 and 874, theing the difference between the
numbers by calculating the difference of each fthenmultiple of 100, that is:

874 — 789 = (874 — 800) + (800 — 789).

The example selected here seems appropriate twbjbetive, given that the minuend
is 800 + 74 and the subtrahend is 800 — 11. Theinet) multiple of a hundred is
therefore 800 and the children can use this agdgibg point to help with calculating
the difference between 789 and 874.

It appears from the lesson plan that Naomi requineschildren to carry out
the calculation in numerical form either mentallyusing a written algorithm, when
possibly the best choice from a pedagogical pdintiew could have been to use an
empty number line. The children are then askedddkwut a number of subtraction
problems finding the difference between 3-digit fhems. Two worksheets of
examples were provided; the first was designedherlower attainers and used pairs
of 3-digit numbers whose difference was always #ipte of 10 or 5.

At the top of the sheet the following advice wastten: ‘For each question
use your knowledge of multiples of 50 to help yoswser the question’. The opening
example was 550 — 400 which could be completeduiyracting the hundreds to
leave 150. The second example extended to requgtbtyaction of all three columns:
755 — 550 = 205. Example 6 on the sheet did notimt&e objective since it asked for
the difference between 250 and 55, which are ntit Badigit numbers but which are
still multiples of 5 or 10. After six examples dfi¢ type, a change was introduced
with 458 — 158. This example is the first to appe&hich does not contain numbers
that are multiples of 5 or 10, but whose differergcstill a multiple of 10; in this case
it is exactly a multiple of 100, being 300. Examplextends beyond the objective by
introducing a 4-digit number and changes the pattérdifferences by not being a
multiple of 5 or 10. The example is given as 105452 which has a difference of
602.

In her interview, Naomi explained how she set aart éxample for the top of
the worksheet and the ones that followed:

| was usually putting an example at the top of therksheet and then the
guestions underneath... it would be quite randoma iway it's just the first

guestion that comes into my head, or it's somethwedse covered in the lesson
that I've put in at the beginning of the lessont then I've decided to maybe
change one digit or something, just so they recmgttie concept.
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It seems apparent from the examples on the worksisegescribed above that
in changing digits for some of the children’s gimsé, Naomi inadvertently changed
the examples so that they no longer matched thectog or her earlier guidance in
terms of using multiples of 50 as helpful bridgpgnts, since multiples of 50 did not
always appear in some of the questions.

The second worksheet, which was designed for higttamers, includes the
visual representation of a number line marked i@slidom O to 1000 at the top of the
sheet, with the advice to use it to help solveddleulations. Each example used two
3-digit numbers either side of a multiple of 10@ dhe instruction was given to write
down the multiple of 100 that comes between the gahumbers before calculating
the difference.

The first example was 523 — 489 which could be eblidy recognizing that
500 comes between the two numbers and then findmgifference between 523 and
500, then the difference between 500 and 489 aradlyficombining the differences
for the solution. In this case the calculation bees:

(523 — 500) + (500 — 489) = 23 +=134,
although the children were recording this pictdyiain the number line rather than
setting out the numerical calculation as done hEne.pattern of examples continues
in a similar way for the entire sheet, with a tathten examples, all of 3-digit
numbers either side of a multiple of 100. With thegzamples it is noticeable that
Naomi has included use of the number line to agstktthe calculation.

Summary

This study provided an insight into subject knowge@nd choice of examples of two
lower attaining primary trainees. There is evideticat awareness of theoretical
influences is weak, subject knowledge is a causaraiety and choice of examples
for teaching and learning mathematics is random, pgalagogically planned. The
lesson evidence suggests that the examples uséargety sequential, moving from
‘simple’ to ‘difficult’, although weak subject kndedge often prevents the examples
being suitable for learners to develop their und@ding of the intended concepts.
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Pre-service teachers’ understandings of learning tase digital technologies in
secondary mathematics teaching

Rosalyn Hyde and Julie-Ann Edwards
University of Southampton

One of the biggest challenges facing pre-servicthemaatics teachers is
that of learning how to make effective use of digiechnologies in the
classroom in order to enhance the learning of teeidents. For initial
teacher educators the challenge is to enable thelafament of teachers
who have the capability to respond flexibly to n@ehnologies and who
are able to evaluate and reflect on the impactuch gechnologies on
learning. We report on data collected as part ofesearch project
investigating ways in which pre-service mathemateshers can develop
more effective skills in using digital technologtesenhance teaching and
learning in the classroom. We examine this evidemging Mishra and
Koehler's (2006) model of Technological Pedagogic@lontent
Knowledge (TPCK). The emerging understandings oé-garvice
teachers’ learning are considered in the contexttledir learning
experiences during their initial teacher traininguise and in terms of
charting the learning journeys they undertake endburse. The project
outcomes point towards ways forward in enablingeraffective learning
by pre-service teachers in the use of technolodoes mathematics
teaching

Keywords: ICT, digital technologies, TechnologicaPedagogical Content
Knowledge, pre-service teachers.

Introduction

The current Standards for Qualified Teachers StEQISS) in England require pre-

service teachers to demonstrate that they cannisamation and Communications

Technologies (ICT) in their classroom teaching. dbing this, pre-service teachers
also need to demonstrate that they can use IC€achtmathematics in accordance
with the expectations of the National Curriculunt tongland (Qualifications and

Curriculum Authority 2007). The pre-service teashen our one-year Post Graduate
Certificate in Education (PGCE) course are giverargge of opportunities to work

towards these QTS Standards through: universitgdaaught input, tasks and

activities on the course, peer support, modelliygubiversity tutors, through the

provision of support materials and, crucially, thgh their experiences whilst

teaching in their placement schools. The richr@sthis provision is made more

complex by our awareness of the range of provigioour Partner school secondary
mathematics departments in developing the usegitifliechnologies in teaching and
learning, and that pre-service teachers also difféhe extent to which they are able
to make best use of the opportunities offered.

We know that almost all of our pre-service teaclstast their PGCE course
with good personal ICT skills with a limited rangé common generic software
packages. However, Cuckle, Clarke and Jenkin® 2f@indings suggest that some
pre-service teachers who start a PGCE course witldl gpersonal ICT skills find it
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difficult to transfer these skills to their classno practice and tend to use their ICT
skills for tasks such as planning and recordingsssent, rather than for teaching.
The reasons suggested for this include poor atodssilities, limited encouragement
in some subject specialisms (not including mathaspand the pedagogical beliefs
of existing teachers regarding the use of ICT ackeng. The first of these reasons
seems no longer to be a major issue given EnochandnRizza’s (2009) research
review of ICT in teacher training, which concludémsat there is generally not a
problem with access to technology in schools inltheountries surveyed. Even so,
they report that pre-service teachers do not iategechnology into their teaching.

Literature

Many researchers (see, for example, Miller and &®&010 and Mishra and Koehler
2006) argue that the availability of digital teckogies in learning environments
requires teachers to respond by changing their gumefa It therefore becomes
important to consider how changes might come about.

There are two main approaches discussed in thatlie (see, for example,
Miller and Glover 2010) to developing the use dfitil technologies in the classroom
with practising teachers. In the first, teachersobee proficient in using the
technology and then incorporate it into their adlaes pedagogy. In the alternative,
pedagogical realisations made by teachers in 8imukte them to pursue new ways
of working with ICT. Mercer, Hennessy and Warwimbntend that, with the first of
these two approaches, “...policy and training inkkes have often tended to ignore
the vital need to relate the use of new forms ohmelogy to what is known about
effective pedagogy” (2010, 196). They, along willnaidi and Hplanas (2005),
suggest that the latter of these two approachesore effective. Mercer, Hennessy
and Warwick go on to say that the effective usdigital technology (in their case the
interactive whiteboard) is not a function of thehteology itself, but dependent on the
teacher’s understanding of how to engage schodests and help them learn.

We believe that it is self-evident that pre-servieachers have some need for
experiences that develop their technical skillhwgéneric mathematics software they
may be less familiar with, such as graphing packag®GO and dynamic geometry
software. Our PGCE course also focuses on mattatng to teaching and learning
mathematics, and pedagogy in particular. Howebercause the PGCE course is
short and intensive, we are in a situation in whi@need to work with pre-service
teachers in developing their skills in teachingeefively with ICT often before they
have sufficient depth of understanding of effectipedagogical approaches for
mathematics learning to do so. It is thereforeessary to consider the relationships
between pedagogy, technology and mathematics iera@ develop these ideas
further.

Theoretical Framework

In Shulman’s (1986) well-known model, Content Knedgde (C) and Pedagogical
Knowledge (P) are depicted as overlapping ciroldsere the intersection is a new
type of knowledge specific to subject teaching emhllPedagogical Content
Knowledge. Mishra and Koehler (2006) develop tiisdel further by including a
third circle labelled Technology Knowledge (T) andgerlapping this with Shulman’s
circles to form new categories of knowledge callBechnological Pedagogical
Knowledge (TPK), Technological Content KnowledgeCKl) and, where all three
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circles overlap, Technological Pedagogical Conteémbwledge (TPCK). These are
illustrated visually in Figure 1:

Figure 1: Mishra and Koehler’s (2006) framework Tachnological Pedagogical Content Knowledge

The need to add Technology Knowledge to Shulmarogehis justified by
Mishra and Koehler on the grounds of both the eurrate of change of technology
and the impact it has on both content and pedagbeghnology Knowledge is seen
by them as encompassing generic technology sKilX is about the manner in
which subject knowledge is changed by the appbeoatif technology and TPK refers
to knowledge about generic pedagogy for technolotjishra and Koehler (2006,
1039) describe TPCK as “...the basis of all goodHhegarwith technology” and that
“...developing good content requires a thoughtfuleimteaving of all three key
sources of knowledge: technology, pedagogy andceatinfibid).

Research methods

Our research study was designed to analyse andogewar pre-service teachers’
access to pedagogical practice supporting effeatise of ICT for teaching and
learning mathematics, and to address possible ities|in provision in practical use
of ICT whilst on school placement during the PG@krse.

Data were collected in a number of ways from onleodoof 43 secondary
mathematics PGCE students. These students unki@hteaisual course practice of
an ICT audit at the beginning, middle and end efrtFGCE year. A random sample
of these students were selected to take part imsfgeoups at the end of their course
and data were also collected through focus groupw/id from the previous year’'s
cohort and from a team of ‘expert’ teachers invdliie the project. Analysis is
presented here of data drawn from the audits pngeseteachers undertook of their
personal competence and classroom competence withnge of content-free
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mathematics software as well as analyses of resgdosthe free-writing question on
the audit “Describe how you think ICT improves tteaching and learning of
mathematics”.

Findings

In Mishra and Koehler’'s (2006) terms, the auditisecrecording personal confidence
with ICT tools can be considered a measure of péra pre-service teacher’s
Technology Knowledge. In analysing the pre-serte@achers’ self-reported level of
personal competence with ICT, values from 0 to Bewadlocated to responses given
by participants on a scale from never having ubedsbftware to very confident in its
use for spreadsheets, data handling packages, gtafting packages and dynamic
geometry software. Totalling the reported confideiscores gave a personal score
with a maximum of 20 for each pre-service teacharFigure 2, the scores reported
at the start of the course in September are cordpaith the scores reported as the
course ended the following June.

It is notable that the initial total scores showoafidence range of 17 and that
the end-of-course total scores record a confidesuezge of 7, with the majority of pre-
service teachers reporting very high levels of peat confidence with ICT at the end
of the course. One might, therefore, suggest thate has been a gain in the
Technology Knowledge of our pre-service teacherdsivbn the course.
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Figure 2: Personal confidence score.

Technical competence and some level of confidemeeclzarly only part of
the necessary knowledge pre-service teachers eequirder to make effective use of
digital technologies in their teaching. Anothertpaf the audit asked pre-service
teachers to record their level of classroom comitgewith ICT at the mid-point and
end of the PGCE course. The data for classroorfidemte (defined on the audit as
actual classroom practice with ICT) were totalledhe same way as for the personal
confidence scores. Figure 3 shows this data.
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Figure 3: Personal confidence and classroom caméelscores at the end of the PGCE course.
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Our analysis shows a very strong positive correfatbetween pre-service
teachers’ level of personal confidence with ICT #meir confidence in the classroom
with ICT. It is interesting to note that classroaonfidence scores were almost
always the same, or slightly lower, than persomaifidence scores. These findings
contradict Cuckle, Clarke and Jenkins’ (2000) fngd that personal competence with
computers at the start of their PGCE course wasstiongly related to pre-service
teachers’ use of ICT in classroom teaching. Thightnbe explained, at least in part,
by increased access to ICT facilities, particulatiye availability of interactive
whiteboards, since the Cuckle, Clarke and Jenkimysas well as the focus here on
pre-service mathematics teachers rather than pveeseteachers in a range of
curriculum subjects.

Such results are perhaps a limited measure of pAE€K and TPK, but give
a little insight into pre-service teachers’ peddgalg understandings of effective
teaching and learning of mathematics using digéahnologies. To learn more, the
responses to the free writing question on the awdie analysed at the three audit
points in the PGCE course. In this report, onlg #wvidence of Technological
Pedagogical Knowledge and Technological Pedagogitahtent Knowledge is
reported. We found that all pre-service teachemahstrated some understanding of
TPK through their writing for at least one of thedd points. However, the evidence
about TPCK showed that some (9 out of the 43 pnaeseteachers) were not able to
express any understanding of TPCK at any of thét @aehts but also that more (16
out of 43) were able to express at least some atadeting of TPCK at the beginning
of their PGCE course.

Discussion

Examining the free-writing responses is a task iregy careful interpretation of pre-
service teachers’ responses, given that articgapedagogy is challenging for
beginning teachers. Part of the rationale for imgstishing between the two
categories of TPK and TPCK is the consideratiowloéther the pedagogic comment
referred to a specific use within mathematics teaglor applied more generally to
other subject areas. Table 1 gives some examplesesponses and their
categorisations.

Technological Pedagogical Technological Pedagogical Content
Knowledge Knowledge

“set myself reminders af “students can use/manipulate large
points to cover” quantities of data”

“punctuate a lesson avoiding “using LOGO to create polygons and
the need to reference lesson plan” Autograph to discover rules about straight
line graphs”

“good for visual learners” “illustrate changes arsables”
“allows quick feedback” “collect data”
“whole class involvement” “model mathematical sttaas large
scale”
“instant and accurate
feedback”

Table 1: Examples of Technological Pedagogical Kiedge and Technological Pedagogical Content
Knowledge as demonstrated by pre-service teachers.
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The finding that a number of pre-service teacharsexpress at least a limited
understanding of TPCK at the beginning of their BG&urse was both surprising
and encouraging. It demands that we consider h@vcan build on this early
understanding more effectively at the same timédeagloping the understanding of
those who were still unable to express their legynn this area at the end of the
PGCE course. It is also possible that there ateerofactors that affect the
development of TPCK, such as the attitudes anefsedibout both mathematics itself
and how it is learnt. Importantly, Mishra and Kaatfd TPCK framework provides us
with what they describe as a “...language to talkualtbe connections that are
present ... in conceptualisations of educational rieldgy” (2006, 1044) and
therefore a tool for exploring this aspect of org-pervice teachers’ learning.

Tracking the learning journeys of pre-service teaston their route towards a
deeper understanding of the use of digital teclmetoin teaching and learning
mathematics is a new line of enquiry, along wittnsidering the affordances and
constraints that act on that development. Of paldr interest is exploring the sense
that pre-service teachers are able to make of thaining experiences using digital
technologies, and how they develop into teachers are able to make pedagogical
use of digital technologies in their teaching.
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Exploring algebraic thinking in post-16 mathematics the interpretation of
letters.

Martin Jones
Havant Sixth Form College, Hampshire, UK

Students in their first year of post-16 mathemaim=e given a test
consisting of items requiring algebraic reasonifigs was based on work
by Kuchemann with secondary school students. Thsporeses were
analysed to assess students’ level of algebrankitig and their results
compared with their public examination results. sTpaper includes a
summary of the analysis and a discussion of théicatons.

Keywords: algebra; post-16

Background and motivation

Algebra, as many would argue, is key to the devekt of mathematical skills (for
example, MP Kelvin Hopkins’ question in the HouseCmmmons (Hansard 2011);
Professor Smith’s report into post-14 mathematidscation (2004, 86)). Indeed,
much of the Core 1 module (C1), taken in the fysar of post-16 mathematics in
England, involves algebra, including manipulatingadratic functions, solving
simultaneous equations, summing series and findipgations of straight lines in
multiple forms. It is also an area that | have @1 students often have difficulties
with. This gave me the motivation to investigate thsues that students face. The
theoretical framework was taken from Kichemann'skwmehere he had examined
secondary school children’s’ understanding of nuca¢wrariables (Kiichemann 1978;
Hart 1981). For my dissertation for an MA in Matheios Education | decided to
revisit Kichemann’'s study, applying it to studem#o had just sat the C1
examination and analysing their written responsasg,) as an analytical model, the
categories that Kiichemann had identified.

Methodology

Kichemann's framework combined the interpretatidn leiters with structural
complexity to relate to Piaget's levels of concratel formal thinking. To identify
what level of formal, or abstract, thinking studemntequired and the level of
abstraction that was required to achieve high graddormulated the following
research questions:

What level of abstract algebraic thinking is neaeeg$or success at the Core 1

module?

To what extent is abstract algebraic thinking beeasged?

As my study was largely based on Kiichemann’s agproavill first give an outline
of his methodology.

Kichemann’s research was carried out as part oCthrecepts in Secondary
Mathematics and Science project between 1974 €%obk the position that algebra
in secondary school is ‘generalised arithmetic’ fH#81, 102), which | interpreted
as ‘the use of letters for numbers and the wribhgeneral statements representing

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 89



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

given arithmetical rules and operations’ (Booth 4,98). He used two preliminary
criteria for deciding on the content of the diagiogests and for assessing the results.
The first was the ‘structural complexity’ of thestatems, for instance, the number of
variables. The second criterion was the interpiaiadf letter that was required to
solve the question. Kichemann classified six dfférinterpretations of letter,
summarised in Table 1.

Category Interpretation Example question and commentary

Letter The letter is assigned a Find ‘@ina+5=8.

evaluated numerical value from the | No manipulation of letters is required.
outset.

Letter not The children ignore the Givena +b =43 finda + b +2.

used letter, or at best One method is to match off the
acknowledge its existence | common letters and the only operation
but without giving it a is to add two numbers.
meaning.

Letter used | The letter is regarded as | The length of each side of an

as an object | shorthand for an object or agquilateral triangle is given asfind
an object in its own right. | the perimeter.

By reducing the abstract object to
something concrete, as a label for an
object for instance, the difficulty of th
problem is significantly reduced.

4%

Letter used | Children regard a letter as alf e +f = 8, give an expression fore

as a specific | specific but unknown +f+g.
unknown number, and can operate | While ‘e +f' can be matched off as 8
upon it directly. the answer still requires manipulatior

with an unknown.

Letter used | The letter is seen as What can you say aboaif ¢ +d = 10

asa representing, or at least as| andc is less thanl?

generalised | being able to take, several | The aim here is to see if the students

number values rather than just one| will give several values for c, rather
than perceiving c as a specific number
to be found.

Letter used | The letter is seen as Which is larger, 8 orn + 2? Explain.

as a variable | representing a range of One way to approach this is to look at
unspecified values, and a | how 2h andn + 2 each change as n
systematic relationship is | changes; and then compare the rates of
seen to exist between two | change. Thus the method requires

such sets of values. building ‘first-level’ relationships and
then comparing them, hence formingl a
second order relationship.

Table 1. Definitions of interpretation of lettetdgrt 1981, 104).

Test items were sorted into four groups. Leveld 2 consisted of the first
three categories of interpretation, levels 3 andofhprised items where the letter
needed to be interpreted as a specific unknownergeminknown or variable. The
structural complexity helped inform whether tharitehould be placed in the higher
or lower of the two levels in each case. The aliocato levels was refined in the
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light of the empirical results; some items werelgematic and did not necessarily sit
neatly in one or other of the levels. Kichemanmgssted a correspondence between
these levels and the Piagetian stages of cogr@velopment as shown in Table 2.

Level 1 Below late concrete
Level 2 Late-concrete
Level 3 Early-formal

Level 4 Late-formal

Table 2. Correspondence between levels of algelitaiking and Piagetian stages of cognitive
development.

Based on the examples in Kiichemann (1978) and(Ha&tl) | compiled a test with 7
items at level 3 and 9 at level 4. The test wagmito our students who had recently
sat the C1 examination; 162 scripts were returfhiéd,with names which | could duly
collate with their C1 results.

Results
Levels of algebraic thinking and C1 scores

The relative difficulty of questions remained camit compared to Kichemann’s
results (see Table 3) except for four items. Itdmand 9 were solved much more

Item Algebra Thinking| CSMS Test | Level in Hart Level in
Number Test (Core 1 (15 year olds) (1981) Mathematics
students) Facility Facility in School
(% correct) (% correct) (1978)
(n =162)
4ii 94 25 4 4
5i 89 56
9 89 16 4 4
6 88 35 3 3
5ii 88 - - -
3 85 41 3 3
4i 85 41 3 3
1 77 39 3 S
8 77 30 4 3
5iii 77 32 4 4
2 69 50
12 68 10 4 4
13 68 16 4 4
11 65 8 4 4
10 60 13 4 4
7 59 27 4 3

Table 3. Comparison of the facilities of test itemmsl their levels.

successfully; these both involved the expansidoratkets. In contrast, item 2 (fif-
g = 8, what doe$ + g + h equal?”) was classified as level 3 but was ansivetith the
same success as level 4 items. Item 7 (“ConsidestdtementL + M + N=L +P +
N. Is it true always, sometimes, or never?”) wassified as level 3 in Kichemann’s
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first study and then at level 4 in 1981; it prowede one of the hardest items for the
C1 students.

Following Kiichemann’s approach, to ‘pass’ a lews-thirds of the questions
had to be answered correctly at that level. WHile levels were considered to be
hierarchical, 5 students failed level 3 but padsedl| 4. Excluding these exceptions,
the results identified 28% of students (n=140) wagkat level 3 or below (see Table
4).

Failed level 4| Passed level 4
Failed level 3 14 5
Passed level 3 25 101

Table 4. Numbers of students and their achievemieletvel 3 and level 4 in the algebraic thinkingtte

A breakdown of level of algebraic thinking agaionstlassified (grade U), low
(grades C to E) and high (grades A and B) C1 gr&dskown in Table 5. Using the
chi squared test with this data (n = 140, excludimg 5 exceptions) with the null
hypothesis that the level of algebraic thinking hasbearing on the C1 grade gained
(U, C to E, A to B) gave a statistic of 17.680 whis significant at the p=0.01 level
with 4 degrees of freedom (13.277). This suggektset was some association
between C1 grading and the level achieved on tebadic thinking test.

Cl grade U Clgrade Cto H Clgrade A1B
< Level 3 2 8 4 14
Level 3 4 19 2 25
Level 4 13 36 52 101
19 63 58 140

Table 5. Two way chart showing level of algebralkitig against C1 grading.

While a high percentage of those who achieved Riglgrades also achieved
level 4 in the algebra test, attaining level 4 bad guarantee a high grade. Moreover,
failing to achieve above level 3 did not precludengng an A or B grade at C1.
Interestingly, the median C1 score for those fgilito achieve level 3 was
considerably higher than those who achieved levas3hown in Figures 1 and 2.

Figure 1. Interquartile range for C1 marks for siiddelow level 3 (n = 14).

Figure 4. Interquartile range for C1 marks for shideachieving level 3 (n = 25).
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Figure 3. Interquartile range for C1 marks for sttdeachieving level 4 (n = 101).

The interpretation of letters

In addition to the above quantitative analysis, wWhdten answers were examined to
understand what interpretations students were gitinthe letters. In summary the
following tendencies were noted:

1. Letters were thought of as ‘objects’ rather thaamding for numbers.

2. Letters were assigned numerical values from theebutrather than
being seen as unknowns to be manipulated.

3. A letter represented a specific number; differetters had to represent
different numbers.

4. A letter was seen as a specific unknown rather thageneralised
number.

5. A letter was perceived as standing for just a fesssjble values,
perhaps restricted to discrete positive valuessipbs extending to
decimals, fractions or/and negative numbers. Saonestithere was
evidence of the student recognising further poksés as they thought
through each set of results and considered thadatfns.

6. Interpretation depended on the perceived contegt, & formula as
against an equation.

7. Letters were associated with particular roles; rofkeand y were
introduced if the student felt two unknowns wereded.

8. More than one interpretation might be used in glsiquestion.

There was also evidence that some students coudceiva letter as representing a
unique object at the same time as being consideseda generalised number,
suggesting that ‘letter as object’ can exist atote levels of formal thought, not just
in concrete thinking.

Discussion and conclusions

Comparison of the facilities of the diagnostic ilesuggests that the majority were of
a similar relative difficulty. The main exception®re those involving the expansion
of brackets which appeared to be a routine operdtomany, and empirically these
items fell into level 3.

A concern was raised regarding the conditions umdech the algebra test
was administered. While the C1 examination was iedriout under rigorous
conditions, the algebra test was given in the otess and there was some evidence
that there had been some collaboration in two efdlasses amongst some students.
However, while this may account for the extendetyeaat the lower end of the C1
range for level 4 (see Figure 3), this was on alsenaugh scale not to undermine the
results.

From the assessment of the written results theityali think formally
emerged as a factor in performance at C1. Howewnkile the use of late formal
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thinking was an advantage in achieving higher CGidgs, it was neither a necessity
nor a guarantor. This was seen in the wide spré&ilanarks across the cohort for
level 4 students (given there may have been sofleboaation), while some students
working at level 3, or below, achieved A or B gradd&hus some students still
achieved good grades without necessarily workinghm abstract. Indeed, it was
demonstrated that it was possible to achieve amaflegwithout working at level 3,
suggesting that some students appeared to haveatite strategies for dealing with
the more abstract questions.

The analysis of students’ interpretations showealt ttestrictions on the
meanings they accessed constrained the solutiaiklle to them. Interpreting the
letters as objects was not unusual and, where Weg interpreted as generalised
number, quite often the possibilities were restdcto a few positive integers. The
perceived context influenced the interpretationsdushile in some responses it was
evident that students used more than one intetfmetas they thought through the
problem. These results suggest that there are upytes to develop methods and
resources to aid thinking with the more abstratgrpretations as well as to foster
flexibility in shifting between meanings.
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Professional development of Turkish mathematics tedners within a computer-
supported learning environment: changes in beliefs

Umit Kul
University of Leicester, UK

The purpose of this study is to investigate thereegto which a

professional development (PD) course based on #g af dynamic

geometry affects the beliefs of school teachersh wdgard to three
aspects: the nature of mathematics, teaching matiesmand learning

mathematics. The PD course was designed to prewdiachers with a
better theoretical and practical understanding athematics teaching and
learning through interacting with computer-basedhmiatical activities

that were consistent with the constructivist pagadi The primary

intention was to find out how participants in suckearning environment
form their beliefs. The potential shifts in beliefthe participants were
identified using a pre-and post-course mathemakielkfs questionnaire.
Overall, the results indicate that such effortesfarmed teachers’ beliefs
to some extent in favour of the constructivist view

Keywords: professional development, teacher beliefslynamic geometry

Introduction

The Turkish Ministry of National Education (MONEga#$ the responsibility to raise
the quality of the educational system and to comtiz the standards advised by the
European Union. The curriculum designed for math@®ain primary schools
addressed to pupils between the ages of 7 andaksbéen revised since 2005 by
MONE as part of reforms aiming to move from a sabfgsed didactic model to a
learner-based constructivist one. The new currioulitiatives have also encouraged
the introduction of technology applications intotheamatics education. As expected,
a great number of teachers tend not to depend upment pedagogical trends but
rather on their personal conceptions when tryingrplement the curriculum in their
teaching (Handal and Herrington 2003). Therefaachers possess a different range
of beliefs about curriculum, their own teachingudsnts’ learning, teaching and
learning, in relation to mathematics (Shahvaram 8avizi 2007). Conceptions and
beliefs about mathematics and its teaching anchilegmight be considered as good
indicators of teachers’ teaching strategies instlz@m (Handal and Herrington 2003).
In short, teachers’ mathematical beliefs mighte®fwhat is being taught and learned
in classrooms. It might be argued that participamt&d support in adopting an
approach based on a constructivist perspectiveitedrating technology in their
teaching.

Design of the PD course
The first step of study was to design a course asethe use of dynamic geometry

systems (DGS) to help mathematics teachers leateach for understanding by
adopting an approach based on a constructivistppetise. Six mathematics
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teachers, all teaching pupils aged 12-14, partiegpan seven workshops. These
aimed at providing experience with how to integratathematical software into
mathematics education.

Home based
Introductory Stage 1 Exploratory Stage 2
Stage 3

Figure 5: PD course stages
Introductory:

The introduction part consisted of technical legetivities designed to help the

participants to obtain the basic skills neededridependent use of Geogebra. During
the introduction, general information about theelegment and potential of DGS for

teaching and learning mathematics was presentediaodssed. This session, lasting
3 hours, was to help participants become familidin @eogebra.

Exploratory:

In the exploratory stage, investigational mathecahtctivities were adapted from the
areas of the Turkish mathematics curriculum andg@bkra website. The second stage
included five worksheets in which the activities revedescribed (12 hours). The
course participants worked on these activitiesamsp During pair work, | did not
give examples or tell them how the tasks are solwdthen group work was
completed, they were encouraged to discuss théialithoughts about activities.
Such pair work was designed to help teachers keegpuch with each other and share
their ideas about mathematics understanding. Mplu@ment was only to initiate
discussion or conversation.

Home-based:

Between the group workshops the participants wegaired to continue working on a
home based exercise in their home in order totsepractical results of the pair study
because they were able to apply their knowledgetaBeogebra. Here, the main aim
was to provide participants with a “protected eonment” where they would be able
to examine their experiences. Then they were astiegresent their solution and
findings each other at the beginning of each warksh

Literature Review
Mathematics-related beliefs

Teachers’ beliefs “seemed to be manifestations rfonsciously held views of

expressions of verbal commitments to abstract itlesmay be thought of as part of
a general ideology of teaching” (Thompson 1984,)1T&ey reflect how teachers
come to enact their role in the classroom, thezfgyence for classroom activities, and
their approaches to teaching. These beliefs hawn lieeveloped over years of
schooling and frequently are reinforced by the tengs culture of the education

system. Ernest (1989, 249) strongly argues thaa¢hmg reforms cannot take place
unless teachers’ deeply held beliefs about mathesnahd its teaching and learning
change”. The reform in Turkey was introduced by M®hrough a top-down

approach which disregards teachers’ conceptions cassroom practice and the
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essential changes necessary to the adopted inoov@erry, Howard and Tracey
1999). Therefore, it is not easy to change (Chapgtfi?) or transform a teacher’s
long-held, and deeply rooted, conception. Howeehgnge takes place under such
circumstances where the individual encounters niovefmation and experiences that
contradict long-held beliefs (ibid).

In order to understand how teachers learn and ehang have to look at
teachers’ beliefs and conceptions about mathemandscategorize them. Ernest’s
study in 1989 has tried to classify teachers’ fielabout the nature of mathematics
and its relationship with teaching and learningedd beliefs are a core element in
determining the teacher’'s characteristic pattermsingstructional activities and
ensuring that these are reflected in their clasarpoactices. Teachers’ mathematical
beliefs are often classified into two or three vigeints in the literature. Perry,
Howard and Tracey, (1999) distinguished two differpatterns of beliefs among
teachers, namely, the transmission view, and tid-chntred view. According to the
former view, knowledge is generally transferredhe student’s mind by the teacher
and the student thus takes that knowledge withoytaative participation. This view
encourages the explanation of concepts by the ¢éeaeid the students selecting rules
and procedures to solve problems rather than amistg knowledge. Those teachers
who hold a child- centred view encourage the stutiermake sense of the subject
through self-discovery facilitated by a learnerdzhsenvironment as they are
challenged with learning experiences which builcaod draw on existing knowledge.

Potential of Technology and Professional developrhen

Computer applications have appeared throughowtsplects of the education system
as a pedagogic tool which might improve higher orttenking and might also
provide learners with a new perspective and visinrparticular, dynamic geometry
systems (DGS) are designed to provide a learnimgyamment where students can
explore and reach an understanding of powerful emétical ideas independently.
That is to say, DGS can be seen as creating anrieai@etting in which “students
can construct and experiment with geometrical dbjaad relationships” and for the
investigation of “a mathematical domain” (HoylesdaNoss 2003, 332-33). These
software packages allow learners to seek pattdémsnvestigate and to check
conjectures by building their own sketches. Erez darushalmy (2006) suggest that
learner-centred and activearning can be promoted by incorporation of DG® in
mathematics education effectively.

According to the principles of the constructivigtpaoach, the teacher in the
classroom should be a facilitator who encouragamégs to take responsibility for
their learning and play an active role in their gass of acquiring knowledge. This
process can be catalyzed in a computer environthesigh the interactive process of
conjecture, feedback, critical thinking, exploratiand cooperation. Therefore, the PD
course was predicated on an interaction with cosrgosised investigational
mathematical tasks. This challenge should involesearcher and teachers in
exploration of mathematical situations, communaratand application of new ideas.
They can do this through individual and small graeyploration, discussion and
negotiation, all within a collaborative inquiry 8ef. In order to encourage
mathematical thinking beyond the routine, partioigaengaged with mathematical
tasks through inquiry by using Geogebra.
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Methodology
Procedure and Instrument

This study is based upon research undertaken aefpay thesis. One source of data
for this study, reported here, was the use of s-guestionnaires containing 36
items dealing with teachers’ beliefs about math@saind its learning and teaching.
Questionnaire items had already been used in eatlidies and validated (Goos and
Bennison 2002; Barkatsas and Malone 2005). Shifteachers’ mathematical and
pedagogical beliefs were investigated by adminisgera questionnaire at the
beginning and end of the 7 week PD course. Eactiosemcludes 12 statements
about mathematical beliefs. Half of the items wgieased to reflect a constructivist
view and half to reflect a behaviourist view

Analysis

Since the item scores ranged from 1 (Strongly Des)gto 5 (Strongly Agree), and
there were 6 teachers who completed questionnlagsspre-course and post-course,
the total score on any item could vary from 6 to Bable 1 displays these totals for
item pairs (i.e. negative and positive versionshef same construct) in each Section.
Goos and Bennison (2002) note that the magnitudescofes is important for
indicating the degree of support for each stateraedtthey identify scores of 24 or
more, and 12 or less, as indicating general agreermed general disagreement
respectively with particular statements. That isay, they identify the mean score of
4.00 and higher as general agreement and of 2@0oarer as general disagreement.
However, the mean score of 3.40 as the expecteal tdvagreement is suggested
because a five-point scale contains 4 intervals mategories with the ratio 4 / 5
being equal to 0.8 (Aydin and Tasci 2005). Howewer,also adopt the mean score of
2.60 as the expected level of disagreement asrdhasl in Figure 1.

Figure 6: A Scale for Determining Agreement anda@reement

Findings and Discussion

Table 1 indicates the mean scores of the negatidepasitive versions of the same
construct in the questionnaire before and after Rie course. It shows that the
number of positive items which are higher thanekpected level of agreement was
16 both before and after the course. That is tq #a course did not influence
teachers’ beliefs towards positive items in the stjo@naire. They inclined to
maintain or strengthen their beliefs throughoutdberse. Surprisingly, for the beliefs
about the nature of mathematics, teachers disagmrdgdvith the notion that there are
different forms of mathematics in different cultsir@ound the world. In other words,
they expressed the view that mathematics is the seonldwide. These higher scores
in positive items indicate that course participamppeared to have beliefs consistent
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with Perry, Howard and Tracey (1999) child-centkeelw regard to most items. It
also shows the number of negative items which @nei than the expected level of
disagreement: 2 before the course and 8 afterahese. This may suggest that the PD
course had some effect in changing teachers’ kelef the negative items. For
example, as the mean score of the negative itemif2®B3 before the PD course, it
appears that the participant teachers tend ndaih&me agree nor disagree according
to our measurement scale (see Fig 1.). Howevar #fe PD course, the mean score
of the same item reduced to 1.83. As a resultidhehers were less likely to believe
that doing mathematics consists mainly of usinggulAnother example to indicate
the extent to which the PD course changed the ¢&es’cbeliefs may be the item Q25.
That item mentions that being able to memorise amattical facts and procedures is
important for mathematics learning. The mean sodrihis item was 3.50 and 2.17
before and after the PD course respectively. Tha&y reuggest that participants
appeared more in favour of having students to egpioathematical concepts, and
were more likely to create a learning environmentwhich students could work
cooperatively and take responsibility for their owark.

Table 4 : Some examples of pre- and post-courponses to Mathematical Beliefs Questionnaire (n=6)

Mean Section 1. Nature of mathematics Mean
Pre Post Item (positive) Item (negative) Pre| Post
e\?o?\./iwaﬂ;?gft}ligzsr:jrﬁgn Q6. Technical mathematical
2.83 3.83 endeavogljr 1 which there is language and special terms are3.83 | 3.00
much yet to be known needed to explain mathematics.
Q5. Doing mathematics . .
4.33 4.83 | involves creativity, thinking, Ql_O. DO"?gl ma:cthematlcT 2.83| 1.83
= — and trial-and-error consists mainly of using rules|
Section 2. Teaching mathematics
Q16. Teachers should Q13. The most important
regularl ' devote time to allow component of good teaching is
3.83 4.67 gtude)r/ns to find their own that teachers show students the.67 | 1.83
. | proper procedures to answe
methods for solving problems . :
mathematics questions.
Q18. Good mathematics
teaching involves class . .
4.17 4.83 | discussion in which students %ﬁgwizllcg?%;h?hu;igggﬁgf 3.83| 2.50
share ideas and negotiate 9 '
meanings.
Section 3. Learning mathematics
Q30. Teachers should value
periods of uncertainty, Q36. Mathematics learning ig
4.00 5.00 | conflict, confusion or surprise about learning to get the right 2.83 | 1.67
when students are learning answers.
mathematics.
Q26. Students ;houlq be Q25. Being able to memoriseg
encouraged to build their own mathematical facts and
3.50 4.33 mathematical ideas, even if rocedures is important for 3.50| 2.17
their attempts contain much P h ; Ip X
trial and error. mathematics learning.
Conclusion

The purpose of the study was to investigate chaimgésachers’ beliefs towards the
nature of mathematics, teaching mathematics anditepmathematics following a
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professional development course based on the u&eofebra. This programme, in
line with a constructivist perspective, may allovarfipants to engage in
mathematical tasks in meaningful ways so as toldp\e better understanding of the
role of the learner in a computer-integrated sgttirhis type of the course seemed to
have supported participants to achieve a new utadelisig of mathematical learning
and teaching. Therefore, the small scale studyatedethat the PD course was
successful to a certain extetite number of items supports the child centreavvie
rather than the transmission view increased frono1®6 out of 36. This may suggest
that the PD course had an impact on a small nurobgrarticipants’ espoused
mathematics-related beliefs to some extent in fawbthe constructivist view.
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Mixed methods in studying the voice of disaffectiomvith school mathematics

Gareth Lewis
University of Leicester

Disaffection with school mathematics is a compléemmenon as well
as a serious problem. It is clearly related todffbut the study of affect
in mathematics education is also problematic. Aedasmade that it is
necessary to study the phenomenon beyond the tptevai study of

attitude in order to understand better the complaest multi-dimensional
nature of disaffection and to understand the stibgexperiences of
students who are disaffected. In order to do thesw methods and
approaches are needed. This paper reports on § sfudisaffected

students of mathematics in a Further Educatione@ell It describes the
novel methods used to understand disaffection asotvational and

emotional phenomenon. The paper outlines a rangguahtitative and
qualitative methods used to elicit the subjectieality of disaffected
students in relation to mathematics. It provide®pportunity to evaluate
these methods, and their efficacy in capturingdiz@amic nature of the
motivational and emotional reality behind the phaeaon of

disaffection.

Keywords: disaffection; motivation; mixed methods

Literature Review

Disaffection with school mathematics is a seriotsbfem. Concern about standards
of achievement, both in the public domain in gehenad in the research community
specifically, have fuelled interest in the phenoorerDisaffection is seen as related to
poor performance, and is often identified and mesbby attitude. Smith et al.
(2005) in their review of motivation in schools ageof current concern about
significant numbers of pupils who are becoming fiesded and disengaged.

Alongside problems in attainment, evidence of nggadttitude has also been
documented. The Smith Report pointed out: “theufailof the curriculum to excite
interest and provide appropriate motivation” (Sn®04, 4). The report goes on to
say. “(for many) GCSE Mathematics seems irrelevamd boring and does not
encourage them to consider further study of mathiema

However, disaffection itself has not received thierdgion that this negative
impact deserves. In the UK there have been a nuofosudies. Nardi and Steward
(2003) widened the definition of disaffection tcclide the ‘quiet disaffection’ that
they discovered in school pupils. Kyriacou and @mg (2007) reported on the
effectiveness of teaching strategies to raise thaivation of pupils studying
mathematics in schools. They recognized the impoetaof encouraging student
engagement in mathematics, and they refer to “teedrfor researchers to make
greater use of measures and indicators of pupitdiviational effort” (2007, 2). They
proposed a model that related attitude to motivatieffort and thus to attainment.
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Brown, Brown, and Bibby (2007) examined reasong#futicipation and non-
participation in mathematics post-16. They noteat 87% of students characterized
mathematics as boring, and they identified the goeed difficulty of the subject and
low efficacy as other key factors that influencedsints in not choosing to study the
subject further. Interestingly, and in contrastN@rdi and Steward, they encountered
disaffection charged with negative emotion. Thiggasts that the phenomenon of
disaffection may be more complex than the statibgtudy of binary oppositions such
as positive and negative attitude or positive ajatige self-efficacy represents. Since
disaffection is clearly related to affect, and siraffect itself is highly complex and
problematic in research terms (Hannula et al. 2010¢n this is perhaps not
surprising. Support for this argument comes alsonfiother sources. For instance,
Cremin, Mason, and Busher (2011) also conclude disaffection is more complex
than simple categorisation allows.

This complexity surrounding attitude to mathematexucation has been
recognized more widely. Schorr and Goldin arguetlte need to study affect more
deeply than the study of attitude permits” (20082)L And further ‘It is increasingly
clear that the functioning of affect is far morengmex than is suggested by
considerations of positive versus negative emotams attitudes.” (ibid, 133). The
Cerme group on affect has noted the multidimensiand complex nature of affect
and the need to widen the methods used to stehaiinula et al. 2010).

The current study

The current study was undertaken with the purpdsenderstanding more fully the
phenomenon of disaffection beyond attitude. Only unylerstanding the problem
more fully and in all of its complexity is it pos# to gain traction on the problem
and make it subject to improvement through polayyriculum or teaching practice.
In addition, there is too little evidence of thebmctive experience of disaffection
from the voice of the student. Thus the currentdgtuvas conducted from a
phenomenological and constructivist position, wahfocus on motivation and
emotion. Reversal Theory was used as a cohererduaccand framework of
motivation and emotion from a phenomenological pective (Apter 2001).

The study involved students in two further educatolleges. Since ‘failing’
mathematics in school, they are required to stutlsa of Mathematics course. It is
thus likely that many of these students will beatfescted with mathematics.

The methods

A mixed methods approach was adopted, with a giaéine survey used alongside a
range of qualitative methods to elicit aspectshaf éxperiences and the subjective
meanings of that experience.

The Tension and Effort Stress Inventory (TESI) (#&ake1993) was designed
to be a one-page survey measure with an integratieatation to the experience of
stress. It is based on the Reversal Theory acanfumbpleasant emotions or moods.
“The TESI has proved to be a practical instrumentjuantitative assessments of the
subjective experience of exposure to stressorsgél{&k 1993, 204). It can be used on
a face-value basis without recourse to the themaetissumptions inherent in its
design. A stressor is a source that gives riseg¢a@kperience of unpleasant emotions
(called tension-stress). Tension stress is the epexd difference between our
motivational need at that moment compared to olir égperience. The eight
emotions are: boredom, anxiety, anger, sullennassiiliation, shame, resentment,
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guilt. It is reasoned that disaffection will be asisted with the experience of such
unpleasant emotions. The test was adjusted to nrekevording appropriate and
relevant to the mathematics education context (IEE). In addition, the labels for

the emotions were altered where necessary to teflecent language use within this
social context. Students were asked to report #gre® to which, in relation to

mathematics, they experienced stress, effort, ajid regative emotions on a Likert -
type scale from 1 to 7. 130 students were surveyed.

The questionnaire was seen as a way of charaaggrdisaffection through
emotion rather than attitude. In effect it providmsswers to the question$iow
stressed are you about mathematica®d‘how do you experience that stress?

In terms of overall stress, the mean score was(dud of a possible 7),
suggesting that the experience of stress is preaedt strong for many in this
population. 26 of the students (21%) scored 6 doui,there were large individual
variations. Effort scores were also high (meanA.4dowever, it can’t be discounted
that there is an element of social desirabilitythe effort scores. If we look at the
mood scores themselves, boredom stands out asdbiepmoblematic (mean = 4.1).
Within the distribution, anxiety, humiliation, shamnd guilt also figure. If we look at
individuals, we see a wide variation in respon3ég mean for the total stressor score
(by totalling the eight mood scores for each resiat) is 21.4, with individual totals
ranging from as low as 9 up to 53 (out of a possi@l), and with 20 students (16%)
scoring 32 or more. Individual responses to theesuwere available and discussed in
the subsequent interviews.

Qualitative data was acquired in interviews. Howewnce the population
was likely to include students who may not be highfticulate about their own
motivational and emotional landscape, it was detide employ a number of
techniques to provide stimulus and structure to eheitation of data. There are
precedents for such techniques in social-psychcébgesearch, and more specifically
in educational research. However, there is veryelievidence of their use in
mathematics education research.

One of these methods (‘me and mathematics’ — sksvpés a participant-
generated visual technique. Such visual methodsirameasingly being used in
educational research, as they seem to be parligulseful for younger, less articulate
or marginalised groups (Davidson et al. 2009). &{&P98) has investigated the use
of drawings as a methodological technique for Jisia@a analysis in the study of the
perceptions of adolescents’ experience of educaSbe concluded that drawings are
useful as a singular source of interpretive inquiapd she makes the case for
drawings in research as an alternative, non-disaiferm of knowing. Chula sets out
a number of purposes that the use of drawings edisf\s These include: as a
stimulus to the retrieval of thoughts; as a medrexpression and articulation where
words are difficult to find; as an interface betwebe interviewer and the individuals.
She also points out that a further advantage is ribewv and emerging theories of
learning have implied a range of learning stylesd ahat the techniques under
discussion can offer a means of expression for Ipesith more visual styles of
learning.

Borthwick (2011) also uses visual techniques in ingestigation of young
pupils’ views in relation to their experience ohsol mathematics. She points out that
visual representations can be used to elicit esprs and emotions for pupils for
whom verbal expression may not be easy. Davidsah €2009) also argue the case
for the use and acceptance of visual sources ititaiige research. Their study
encompasses a number of features that charactieeiseost important affordances of
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using visual sources. One of these is the accessdive to complex realities and
multi-layered meanings in the subjective experientehose studied. That these
methods are able to access meanings, interpretadioch themes not possible through
other methods is also reported by Sewell (2011)ttibaalks of ‘the hidden
consciousness of their experience’, and states'tisaial images have the capability
of bypassing cognitive defences of our experienct&p directly into our emotional
and spiritual/intuitive zones of consciousness’idson et al. 2009, 10).

However, a number of commentators also point ocatt sich visual data can
be reinforced by combining it with other means sashinterviews. For instance,
Chula states “When interpreting beyond what is blesiand descriptive, other
methodological techniques such as written narradive interviews are necessary to
clarify ambiguity and vague symbols, and to mamtae integrity of the stories told”
(Chula 1998, 1). This is echoed by Croghan et &lo way “combining verbal and
visual forms of self-presentation allows individuaimore scope for presenting
complex, ambiguous and contradictory versions efgblf’ (2008, 355). Chula also
points out the importance of the interview alongdite drawing. This not only allows
for the elicitation of meaning within the drawindsyt allows for the elicitation of
data beyond the drawing itself.

Another methodological approach used was the cartl 8ased on the
original idea of the Q-sort, developed by Williarie@enson in the 1930’s, the use of
techniqgues of selecting/sorting prompts presentadcards has been used and
developed over the years in psychological and smgical research. Indeed there has
been a substantial number of papers publishedrirgjeio the technique (Thomas and
Watson 2002). They comment that the method offargpowerful, theoretically
grounded, and qualitative tool for examining opirscand attitudes.” (Thomas and
Watson 2002, 141). Although the original methodtisictured by having participants
rank statements on cards, and thus producing qatwdi analyses, the method used
in this study was modified by simply asking papamts to choose cards that
represented their own experiences. These choicetd dhen be discussed at
interview. We can now look at the individual teaiunes.

Life history

This instrument, labelletMe and mathematics’, is a grid with a horizontal axis
marked out with school years 1 through 12, andraca axis marked from -5 to +5.
Students were invited to place a point on the simaleach school year. In this way,
they plotted visually their mathematics life higtorThis was then discussed in the
interview, with particular attention given to thdips’. This simple instrument enables
the exploration of the questioffow has your relationship to mathematics changed
over the years’and subsequentlfyVhat causes rises and falls in affecte sample

of 22 students is not big enough or representanaigh to allow for generalisation.
If there is one pattern it is that there is no gratt— the responses are highly
individual. In about a third of these life hist@jehe early years are most positive, but
for 6 of them, the early years are the most negaior another third, there is a dip on
transfer to secondary. One interesting featurénesinfluence of contingent factors
affecting ‘dips’ which emerged. Moving country, bgiill, losing a parent and a
whole range of out-of-classroom factors had a meas@nd often poignant) effect.
Two key factors that seem to be associated witk tipaffect are testing and being
placed in a lower grouping — what Boaler (2010) ¢elked ‘brutal labelling’.
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Card sort

During the course of the interview, students wéentoffered two sets of coloured
cards in turn and asked to choose those cards whichesepted something
meaningful about their own experience of mathersatithe first set of cards
represented positive emotions, as indicated by RaleTheory. The emotions
included: excitement/curiosity, relaxed, mischiesfplayful, proud, virtuous, modest,
grateful. In the second set, each card was labelitda motivationally significant or
valent word or phrase — again all positive. Agditese were suggested by the eight
motivational states as defined in Reversal Thedhey included: feeling cared for,
sense of achievement, freedom, sense of purpolpendiethers, powerful/in control,
feeling part of the group, having fun, sense ofydiithe card sort is an attempt to
understand the presence of more positive affetttearexperience of these students. In
effect, it answers the questiorilln what ways do you feel positive emotion, what
motivates you, and where do you derive satisfaetigdl students were able to
identify positive emotions and feelings, and toadie® in quite vivid ways how these
come about, and their meaning for them.

The most chosen positive emotions wergde and relaxation Pride was
usually associated with being able to understandde@r something, or to the
achievement of test or exam results. Relaxaticateslto the experience of being able
to cope, to do what was being asked. It is theratgsef anxietyMischievous/playful
andexcitement/curiosityvere chosen by approximately a quarter of thenmdwees.
The two most chosen cards representing feelinggelto individual states were
achievementnd helping others(both chosen by half of the students). Other cards
chosen frequently includdreedom being part of the group fun/enjoyment
powerful/in control and sense of dutyThese choices were supported by strong
personal stories and examples. It is interestingsée that the experience of
mathematics, even for the most disaffected, is fuated by these more positive
affect and episodes. This in turn suggests thadcispf their motivation are, as it
were, ‘turned on’ and alert for motivational oppities and experiences.

The interviews were conducted with the TESE-ME laéde, and the life
history and card sort were administered duringdteduct of the interview. These
were then explored during the interview. Also imgd in the interview flow were
guestions about best and worst experiences of maities, and questions around
attributions for success/failure. It is feasible w@w the data relating to each
individual as a holistic case study with a rangelata sources. In this case they are
highly individual and even idiosyncratic. A smalimber of the interviews can be
characterized by a ‘dominant narrative’ — beingfiséd with an over-riding theme
that weaves in and out of the narrative. Exampiekide ‘struggle’, confidence (loss
of), and competitiveness. The data can also beyseimethod-by-method. These
will be reported more fully in future publications.

For now we can say that each of the methods has ©ieeessful in eliciting
rich data about the motivational and emotional $maghe of disaffected students, and
that the emerging themes and messages are wortblfesfanalysis and reporting.
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Explicit and Implicit Pedagogy: variation theory asa case study

John Mason
University of Oxford and Open University

Variation theory, promoted by Ference Marton antleagues (Marton
and Booth 1997, Marton and Trigwell 2000, Martord ahsui 2004,
Marton and Pang 2006) and augmented by Watson asbiv (2002,
2005) has roots going back at least as far asds(Papillion 1995). It
proposes that learners must experience variatidmeircgritical aspects of a
concept, within limited space and time, in order floe concept to be
learnable. But the presence of variation does matself guarantee that
that variation will be experienced. As Kant implied sequence of
experiences does not guarantee an experience tosehaencelmplicit
variation theoryassumes that the presentation of variation iscsesfit in
order for learners to learn what is intended, whgexplicit variation
theoryincorporates some degree of explicitness in theration between
teacher and student.

The conjecture is proposed that tension betweenlicérpss and
implicitness is present in all attempts both to lenpent theories in
practice and to justify or analyse pedagogical oé®iusing theories, of
whatever kind.

Keywords: Variation theory, pedagogy, explicit, impicit
Introduction

Much of mathematics education research into tegchim associated learning can be
seen as an attempt to delineate conditions und@hwhtended learning will take
place. To improve learner experience and to impritnee effectiveness of teacher-
learner interaction is to implement practices thate been shown to be effective.
Unfortunately, in almost every case, neither thacpices themselves nor the milieu
(Brousseau 1987) nor even indeed the didactic aont(Brousseau 1984) are
described sufficiently precisely to enable someels® in some other situation to
replicate the relevant actions and conditions.

My own position is that such a programme is unsgialif not untenable, since
cause-and-effect is an inappropriate mechanisnereftn analysing or for explaining
how human beings behave creatively (as opposedhdually where it may be an
appropriate mechanism). My justification is thahaligh human behaviour is largely
mechanical, in the sense of the automatic actimatichabits in reaction to situations,
human beings are also capable of exercising wsl.JAnathon Swift (1726) put it,
“man is not a rational animal, but an animal capaiflreason”. It is true that Skinner
(1954), Pavlov (1924/1963) and colleagues showedclasively that animal
behaviour, and (much of) human behaviour is trdadbrough stimulus-response
management, and Norretranders (1998) has arguadncorgly that the assumption
that human beings act through the activation ofscmus intentions is (largely) an
illusion. However the wilful component of the humasyche is ever present.
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The issue of automaticity, of distinguishing betweautomatic, habitual
reaction and intentional, considered responsedidgbe heart both of implementing
theories and of using theories to justify pedagaficices in mathematics education.
A teacher adopting amplicit stance assumes that actions informed by and derive
from a theory will have a predictable outcome, whal teacher adopting a&xplicit
stance assumes that for many if not most learrtersili be necessary to draw
attention explicitly to what is available to be head. Of course few teachers are at
either extreme, but my contention is that this i@mmglays out in every classroom
every day.

One manifestation of an implicit-explicit distimm was the strong suggestion
(never actually statutory in the UK) that lessofecbives should be made explicit at
the beginning of each lesson, and that these dgscshould be returned to at the
end. The assumption seems to be that human besegssta ‘know where they are
going’ in order to get somewhere; that in ordelern from experience it is
necessary to know what that experience is intetolée. It contrasts strongly with
the underlying approach to pedagogy manifestedastden martial arts (Herrigel and
Hull 1985) as manifested in the Karate Kid film98#), where knowing what the
experience is supposed to be would nullify or evegate that experience. The same
holds for both Zen and Sufi teaching traditionsrihiag 1961, Shah 1964, Cleary
1993).

Experience trying to specify learning objectivestie 1970s at the Open
University suggested to me that expressing whatasaget unknown, in language the
learner can appreciate before they have that expegj is highly problematic and that
learners rarely engaged with the preliminary agesetting, placing trust in the
teacher-author to provide suitable tasks and ressufFurther probing suggested that,
at least for many Open University students, thestjoe “why are we doing this?”
arose predominantly when success seemed elusigatasf reach; when things are
going well, there is no impetus to question the ‘wland wherefore’s. Furthermore,
and much more importantly, Dick Tahta (1980) dgtiished between thauter task
(what learners are invited to engage in) and ptssiber taskgwhat learners might
experience or come up against). If someone knovexjpects what they are ‘supposed
to’ or are ‘likely to’ experience, they can eithest so as to block that experience, or
prematurely imagine that they have undergone its Tillifies the intentions of the
task, rendering it much less likely that suitaldarhing will be promoted. This raises
the question of what constitutes learning.

What then is learning?

Marton (in Marton and Booth 1997) proposed that ething is available to be
learned only when it has been experienced throeghghbvaried. Watson and Mason
(2005) went further in the context of mathemateprtopose that to learn concepts in
mathematics is to become aware of aspects thatargrin examples while remaining
as examples, and to become aware of over what rdragechange can take place.
This gives rise to the constructhmensions of possible variatioand range of
permissible changeThe word ‘possible’ is intended as a remindett tivhat the
teacher is ware of as a dimension of variationstimelents may not be, and different
students may stress different aspects. Indeeférelit teachers, and even the same
teacher at different times, may stress differeqieats. The word ‘permissible’ is
intended s a reminder that students and teachevargyconsiderably on the universe
of discourse, on the objects being considered.
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For example, shown a drawing depicting an ‘angleme students may attend
to the length of the arms or the implied gestalttted space between the arms in
relation to measure. Through exposure to the samecific angle’ with arm lengths
varying, and acted upon by translation and rotatbthe whole diagram, ‘specific
angle’ is what remains invariant under all of thes@ions; exposure to one or both
arms varying so that the ‘specific angle’ itselfanlges ‘angle’ is what remains
invariant as the ‘angle itself’ changes magnituslech multi-level invariance occurs
whenever the concept being considered is associate@d measure.

As examples of the range-of-permissible-change,vthe word ‘number’ is
used, students may find themselves with accessntdl svhole numbers while the
teacher is thinking of all integers, all rationakd| reals, or beyond. The word
‘quadrilateral’ may bring to mind a rectangle orglkelogram, or a convex figure,
rather than stimulating access to the wide rangpostibilities, including extreme
examples (e.g. very very large edges or area, sieajl area, one angle close to 0 in
value etc.).

The issue of degrees of explicitness of awarenéssntensions of possible
change and ranges of permissible change remaitig subften it is the case that even
without any explicit articulation or expressionaileers incorporate (literally) these
awarenesses. On the other hand it is well known lgeners make natural but
incorrect or incomplete assumptions, as evidenoedekample in the construct of
figural conceptgFischbein 1993).

The way that variation is employed explicitly insef exercises is beautifully
illustrated by the exercises in Krause (1975), dmrhething similar can be found in
many sources such as the first set of exercis&€semrge Albert Wentworth’girst
Steps in Algebr@1894, 10). Before even introducing negative nusibine task is to
‘remove the parentheses and combine’ (not simpiyhgearithmetic answer).

Note the variation between adjacent exercises, and
adjacent sets of exercises. What is the student to
make of this?

The fact that the arithmetic is simple means that
students can check their answers (by doing the
bracket first and then completing, or by usingithei
parenthesis-free version. Note the way in which
the shape or form varies from exercise to exercise.

There is no point in setting “odd numbered exercfse homework” since it is
the relationship between exercises that really emat{\Watson and Mason 2006).
Might it be sufficient for students to work throutifese (one by one, with little or no
attention to how they are related)? Or does legreiifectiveness depend on students
spotting connections, or even on students articgathe ‘rules’ that they are
experiencing being instantiated. In other wordspwoes the generalisation and how
conscious does it need to be? The practice in WatitNg books is to provide two
‘examples’ and then to state a general rule, faldvby structured exercises like
these.

An even more structured approach can be found akdw(1904). The extract
here is adapted from the original:

Multiply each of the terms in the top row by ead¢hh® terms in the bottom row,
in pairs:

x+1 x+1 x+2 x+3
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x—1 x-1 x-2 x-3

The variation available in the form of the answevo( terms or three) and
relationships between the constants in the facdodsthe coefficients in the product
seem likely to provoke conjectured generalisati@g. might it be possible for some
learners simply to record the answers (however iddta without being alert to
patterns in the answers? Might it be possibledaeacher to be unaware of the
benefits of learners looking for quick ways to gktthe answers and so to encounter,
perhaps even to articulate, relationships? Howiexphight a teacher need to be?
And might this explicitness vary from situationdituation?

The notion of variation has deep roots. Papillia@95) finds resonances in
Isocrates (436-338 BCE) and coins the téypodeictic rhetoric

.. rhetoric that uses praise and blame -- mostiyspr-- and a strong sense of
comparison to set out situations as examples fusettaround to learn and from
which those around could create policy for the f@t{1995, 158)

... joining narration with argument through praisedoynparison (ibid, 159).

Confucian culture education often makes explicé (iISu Yizhu 2004) in a manner
similar to Wentworth and Kraus, and it can alsoftend in Russian textbooks.
Davidov (1972/1990, 6) proposed that

“the completeness and adequacy of the generalizaipend on the breadth of
the variations of the attributes that are combinad,the presence in the raw
material of highly “unexpected” and “unusual” comaiions of the common
quality with the concomitant attributes or formenfpression."

Thus variation seems to be considered to be effeethen it generates disturbance of
some sort for the learner, which fits with the thyeof cognitive dissonancef
Festinger (1975).

Central Issue

Using the wordsufferin its original sense of ‘to experience’, is iffsztient to ‘suffer’
variation, for learning to take place? More gergydbr any theoretical construct
used to inform or analyse pedagogical choices,gsfficient to ‘suffer’ a sequence of
actions in a succession of activities, for learrtim¢ake place?

Alf Coles (personal communication) pointed out ttia¢re are potentially
levels or degrees of explicitness. For example, Wentworth task on parentheses
might be expected to have the effect of constamilyging the learner ‘up short’ due
to continued variation in at least one aspect efdkercises, in contrast to repetitive
but unstructured exercises. The Tuckey exercisédco@ seen as repetitive, but it
could be that the strength and value of the exerles precisely in the (assumed
natural desire on the part of the learner) to redeféort by finding patterns to predict
answers.

This matches my own analysis of interactions betwacher, learner and
mathematics (Mason 1979) in which, for exampleheathan denigrating exposition
as an outmoded mode of interaction, arranging kbaters are in a position to
hear/see what is being said/displayed can reldasedwer available in effective
exposition. This takes effort on the part of teashes well as learners: in order to
experience the clichés “l see what you are sayamgl’ “I hear what you are saying”, it
is necessary for the teacher to be clearly ‘sagimgj displaying or pointing out what
they see/hear’, and for the learner to have haenteexperience that prepares them.
For example, Bob Burn (2008) presented a colleatiopre-lecture tasks which have
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been used to prepare learners to make sense ob apgpreciate a subsequent lecture,
as well as tasks for following up such experiencéhat learners encounter significant
dimensions of possible variation and associategasof permissible change.

Exposition is but one of six different modes amgsinom an analysis of the
initiating, responding and mediating roles playgdtiiree impulses (teacher, student
and mathematics) within a milieu (Mason 1979). Altgh these interactions can take
place spontaneously, one of the components mus tla& initiative, one must
respond, and one must mediate in order for anytlhingappen. In other words,
appropriate conditions are essential. These actatysts and contexts which hold
and direct energies so that the action can tak=eplather than exerting a cause-and-
effect structure on the activity.

Many authors have drawn attention to the issue xpbli@tness and
implicitness. Chazan and Ball (1999) point to tieportance of teachers using
explicit prompts. Goos (2004) also argues that sroimpts are important in order to
connect with students’ thinking and to point to haokat thinking needs to be
extended—especially when students appear lockecbimt solution strategy, or when
whole-class discussion appears to be making nagseg

It seems therefore that no matter how detailedctivestructs used to inform
specific pedagogic strategies and particular diddattics, the complexity of human
learning calls for artful sensitivity on the pafttbe teacher in relation to learners, as
to when and in what ways to shift attention frora tfoing of tasks to becoming aware
of what was effective and what ineffective in theimd) of those tasks, what
mathematical themes and concepts have been invoaretl what more could be
explored about them. In other words, it is partha art of teaching to make choices
about appropriate degrees of explicitness about whaght be useful for students to
have ‘come to mind’ in the future in similar sitioats.
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Grammatical structure and mathematical activity: comparing examination
questions

Candia Morgan*, Sarah Tang*, Anna Sfard**
*Institute of Education , University of London; *fiiversity of Haifa

The project “The Evolution of the Discourse of Sschdlathematics
through the Lens of GCSE examinations” is studyimg ways in which
the mathematical activity expected of students die@siged over the last
few decades by analysing the discourse of exaromgbiapers, using
linguistic tools. In this paper we present one asp# this analysis,
comparing the grammatical complexity of sentengegjuestions from
1987 and 2011. We discuss the implications of cifiees in grammatical
structure for the nature of the mathematical atgtidemanded of students.

Keywords: examinations, discourse analysis, readdiiy, grammatical
complexity

Introduction

Over the last decades there has been on-goingcpartidi academic concern about the
nature and standards of school mathematics. Thicetn has driven frequent
revisions of curriculum and examinations, yet cowmérsy continues and there are
contradictory opinions about the effects of reforfise project TheEvolution of the
Discourse of School Mathematics through the LenG®SE examinatiofi$ aims to
investigate changes in school mathematics in Exdglasking what has changed since
the introduction of the GCSE (General Certificaté ®econdary Education)
examination in the mathematics that pupils are ebtgoketo learn and in the way they
are expected to approach mathematics. We takenahtexaminations at 16+ to be
our ‘window’ onto the evolution of mathematics discse in English schools. The
existence of an intimate relationship between hgflakes examinations and
curriculum and pedagogy has been well establiskegl, (Broadfoot 1996) and has
been an explicit focus of debate about the desigassessment tasks for school
mathematics (e.g., Bell, Burkhardt, and Swan 199M)erefore, although the
discourse of examinations has distinct characiesisive see changes in examinations
as a good index of changes in school mathematigh-stakes examinations such as
GCSE play an important role in the mathematicsesitglexperience, influencing the
content of teaching, the ways tasks are definedfam#tinds of student responses that
are valued.

Rather than comparing syllabi or teaching methedsseek to probe deeply
into the nature of the mathematical activity comstt by examination texts and
expected of students by developing and applyingisaodrse analytic approach,
drawing on Social Semiotics (Bezemer and Kress 26fa8liday 1978; Hodge and
Kress 1988; Morgan 2006) and Sfard’s theory of mahtical thinking as
communicating (Sfard 2008). Studying discourse s tway allows a subtle
characterisation of the nature of mathematics anstuwwdent mathematical activity
constructed through the forms of language usedaméation papers. We argue that

* Funded by ESRC grant reference: RES-062-23-2880
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the analysis of change produced by this approadh provide insight into how
changes in curriculum and assessment may affedestsi mathematical learning. In
this paper, we present one small part of our dgwedpanalytic framework, focussing
on the issue of grammatical complexity. We willaliss some examples taken from
examination papers from different years, considehaw differences in grammatical
complexity may affect the nature of students’ matatcal activity.

Language, Mathematics and Assessment

Our theoretical perspective on the relationshipveen language and mathematics
sees difference in the form of language to be aswmtwith different construal of the
nature of mathematics and mathematical activity rdda 2006; Sfard 2008;
Schleppegrell 2007). However, within the literatuwa assessment, concern has
generally been with the effects of language ondiffeculty of tasks. For example,
studies of examination questions have identifiettdia such as the structure of the
question (Pollitt et al. 1998), use made of diagratachnical notation and language,
the number of steps required and the demand f@llret knowledge or strategies
(Fisher-Hoch, Hughes, and Bramley 1997) to affdm difficulty of questions.
Shorrocks-Taylor and Hargreaves (1999) summarisditildings of research into the
syntactic aspects of mathematical text that mayemakding more difficult. One of
the issues arising from this review may be charseté as grammatical complexity,
including large numbers of subordinate clausestbtaccommon use in mathematical
text of nominal clauses as the subject of sentences

In recent decades, examination boards and tesgra@si have sought to
reduce difficulties seen to arise from the languagexamination questions in an
attempt to construct instruments that provide messof mathematical knowledge
and skills that are not invalidated by studenticlifties in reading the questions. We
too are interested in the validity of examinatiomgt rather than conceptualising this
as involving some “pure” mathematical meaning thety be in danger of being
obscured by complex language, we are concernedheith simplification of syntax
or other changes to the language of a question aly the nature of the
mathematical activity demanded of students.

Measuring grammatical complexity

Our intention in this paper is to investigate homrgmatical complexity may have
changed over the period of the GCSE examination tanconsider how any such
variation might affect the nature of mathematicgolwed in the examinations. It is
thus necessary to characterise grammatical contypléXie choose to do this in a way
that allows us to take account of the potentiatlig difficulty caused by subordinate
clauses identified by Shorrock-Taylor and Hargreaf@99). In the present context,
therefore, the focal property of language igéisursivity, that is, the fact that a unit of
language such as a clause, phrase or word candoengdesed into similar elements
which, in turn, can be decomposed according tolaimprinciples, and so on. Guided
by ideas drawn from systemic functional linguist{éfalliday 1985), we focus our
analysis on the fundamental functional componenftth® sentenceParticipant(s)
Process Circumstanceand Value Interpreting these functional components, we
considerParticipantsto be the objects, whether mathematical or ‘evayythat are
significant in the mathematical activity presentedhe examination papeProcesses
are the actionsCircumstancesontextualise the activity andaluesare the qualities
assigned to objects. In this paper, we have spabeto present analysis of the
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complexity of theParticipants (It is, of course, also possible to identify campnts
within subordinate clauses as well as at senteswe but we have not pursued the
analysis to this level.)

We have adopted an operational definition thas uke recursive depth of a
component as a measure of complexity. Here, raeurdepth is the maximum
number of decompositions that can be performedo®gosition is possible when a
unit of language (clause, phrase, word) containsmitiof the same or higher rank.
Halliday identifies a strict hierarchical scale ‘@hnk” of grammatical units: “A
sentence consists of clauses, which consist ofpgrdar phrases), which consist of
words, which consist of morphemes.” (19825) For example, the phrase “in the
chart drawn from this data” contains a higher rahleit, the clause “drawn from this
data”. This decomposition is represented usingKetac jn the chart[drawn from this
datd].

The example in Table 1 shows the parsing &faaticipant in one sentence
from an examination question posed in 1987: the inalhrphrasethe values of x
where y has a maximum or minimum vallibe complexity, or recursive depth (in
this case 3), is given by the number of rows ne¢dedmplete the decomposition.
Table 1: Example of recursive decomposition ‘

Note that, while the clausghere y has a maximum or minimum vaisieot
recursive, the nominal groumaximum or minimum valuean be decomposed
recursively in that it contains a phrase (i.e. astibuent of the same rank)aximum
or minimum In the rest of this paper, to save space, weesgmt the decomposition
using square brackets rather than a table:

Sampling strategy

In order to develop and test our analytic toolsh& initial stage of the project, we
have worked with a small sample, including the bkighier papers from one
examination board for two years: 1987 (the joint [€vel/CSE syllabus in the final
pre-GCSE year) and 2011. Although the formal contipos and names of
examination boards have changed several timestbh&greriod included in this study,
there has been a high degree of continuity in ¢éggonal, institutional and personnel
composition, allowing us to consider them to bee“8ame” over time. Within each
paper, the questions were divided into sentencemguhe software myWordCount
(http://www.mywritertools.com/Products_wordcounppsthe number of words per
sentence was counted. Assuming that longer serst¢and to be more complex, we
aimed to analyse the longest 20% in each papesehilences of the length at thé"20
percentile were included, so in practice ratherentban 20% of the sentences in each
paper were selected for analysis.

Results

In this paper we have space to present and diseugshe results for thParticipant
components. The recursive depths of these comporeatshown in Table 2 below.
Compared to 1987, the 2011 distribution is strongkewed towards simpler
components.
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Table 2: Recursive depth Brticipantcomponents

Recursive depth 1987 2011 All papers
1 15 23% 30 43% 45 33%
2-3 40 61% 33 47% 73 54%
4-6 11 18% 7 10% 18 13%
Total 66 100% 70 100% 136 100%

It is interesting to note that, among the most demparticipantsin 2011, the
majority can be characterised as ‘everyday’ objexts:

[the amount [of each ingredient [needed [to makElapjacks]]]]

[information [about the points [scored [by some dstots [in a spelling
competition]]]]]

while the most complefarticipantsin 1987 include more specialised mathematical
objects, e.g.:

[the graph [of the curve/E5+3x-¥ [for -2 x 5]]]]

[the volume [of material [required [to construcpipe [of length [one metre ]]
[having this cross-section]]]]]

Compared to these 1987 examples of depths 4 atitk Snost complex specialised
mathematical objectBarticipantsin 2011 are of depth 3, e.qg.:

[the expression [which is a factor [of4 1]]]

[points [on the circumference [of a circle]]]

The reduction of complexity has thus affected thath@matical objects while
everyday components retain complexity.

In 1987, there are several casedafticipantsinvolving material objects to
be measured to a given degree of accuracy. Thesieeuwstructure of these can be
both deep and broad (see example below). In cantm@snsuration tasks in 2011
either do not specify the unit to be used or in@i¢ganext to the answer space. Where
the degree of accuracy is specified, this is dona separate sentence. A task that
might be presented in 1987 as:

| Calculate [the area [in cnito 2 decimal places]] [of the shaded region]]. ‘

would be likely in 2011 to be presented as:

Calculate [the area [of the shaded region]].

Give [your answer [correct to 2 decimal places]].

In the first case, the unit and the degree of amyuare construed as properties of the
area itself, whereas in the second case they apegies of the answer. This
difference in the construal of the object “areafeefs the nature of the activity of
calculation. In the first case, this activity indks considering the unit and
approximating as well as carrying out the necessagrations; in the second,
calculation and approximation are separate aawitMoreover, there seems to be no
expectation that the student should consider thieasnthis is present in the framing
of the answer rather than as part of the task.
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Discussion

The move from long, relatively complex sentenceskhort simple sentences clearly
improves readability according to general readgbrmeasures and is consistent with
the aim of the examination boards to reduce diliies caused by language factors.
However, our analysis raises some questions aheunhathematical consequences.

The use of nominal groups packed with informat®iypical of scientific and
mathematical texts (Halliday and Martin 1993). bnrspecialised language, the same
quantity of information might be given in severaparate sentences. For example, the
single instruction (given in 1987), containing amoal group of depth 6:

# ! ! 1'$ %! & !
& oo (

might in 2011 be given as:
! o "(
&(
)y 1o "s % x4+

Here, the most compleRarticipant is of depth 2. While complex nominal groups
may make reading more challenging, they are notadnitrary characteristic of
specialised text but allow the formation of preljisgefined objects which can act as
Participantsin further processes. For example:

# , $ % &
& o $ %
& & C(

The analysis of the complexity of tiRarticipant components reveals that the
changes between 1987 and 2011 may not only afes# ef reading but also the
construal of the nature of mathematical objects antivity. The dense nominal
groups in the 1987 papers incorporate the restiksv@eral mathematical processes as
qualities of a single object. A consequence of thighat the (apparently simple)
instruction to “calculate” in fact demands analysighe structure of the object to be
calculated and consideration of the form of thewams In 2011 it seems that the
processes of analysis, approximation and considaratf units are separated from
calculation and that mathematical objects, beinmegaly less complex, contain less
potential for further mathematical activity.
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Teacher, do you know the answer? Initial attempts tethe facilitation of a
discourse community.

Siun NicMhuiri
CASTelL, St Patrick’s College, Dublin City Univeysit

My research involves a teaching experiment | umadrtin my own
primary classroom. The aim of the research was doilitte a
mathematical discourse community where studentsldvexplain and
justify their mathematical thinking and questioe tieasoning of others. It
was envisaged that students would regularly engageognitively
demanding tasks and take responsibility for deteimgi what was
mathematically correct by discussing different jgasssolutions. The
lesson presented here was the first recording ef ékperiment and
focused on initial attempts at exploring equivaligattions in the context
of sharing pizzas between people. The contributiohstudents show
different levels of mathematical understanding andagement with the
task. The whole class discourse is analysed witbraece to the four
components of the Math-Talk Learning Community (MJ)Lframework
(Hufferd-Ackles, Fuson and Sherin 2004). These ammepts are
guestioning, explaining mathematical thinking, euof mathematical
ideas and responsibility for learning. Both teached student actions in
these key areas are explored. Analysis of teadlnestpns was carried out
using question categories developed by Boaler andi& (2004).

Keywords: discourse, community, teaching experimenguestioning,
explaining mathematical thinking, source of mathem#tcal ideas,
responsibility for learning.

Introduction

The main part of my PhD research was a teachingrempnt | conducted in my own
classroom in which | hoped to facilitate a disceutsmmunity where students would
engage in genuine mathematical problem solvingvides and discuss their
mathematical thinking and the mathematical thinkahgthers. The experiment took
place in a designated disadvantaged boys’ schobulnin with fifth class students.
This is the penultimate class of primary schoolreéland and students are generally
10 — 11 years old. The lesson presented here veadirgt lesson in the teaching
experiment and consisted for the most part of whaddess discussion around the
following problem: Three children shared two pizzeew much did they get each?
This question was shown on the interactive whitethadth a picture of two pizzas
and three children.

Lesson synopsis and initial comments
Students’ suggestions for the solution of this pobvaried. Edvard and Anthony

gave suggestions of two-third or four-sixth persoperrespectively. Steven and Kevin
gave mathematically naive suggestions involvingrisgathe pizzas unevenly by
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giving more to the eldest child or giving a slideatk to the man”. | did not evaluate
individual student suggestions and continued tesgrm®r more solution methods.
Steven asked me directly “Do you know?” It is pbksithat he interpreted the
discussion of the multiple possible solutions asearch for one “right” answer and
because | refrained from evaluating any of the satigns to that point, he may have
conjectured that | did not know ‘the’ answer. Aseaearcher | realised the importance
of his question immediately but unfortunately asacher | did know how best to deal
with his query. It seems obvious in retrospect thatould have been the perfect time
to instigate an explicit discussion of my aims tloe experiment and my expectations
regarding student actions in a discourse commumitythis did not occur to me at the
time and | moved on with the lesson instead. Andogigested cutting the pizzas into
twenty one pieces and giving each child fourteecesleach. Darragh commented
how small those slices would be. Michael then céortbe board and showed another
solution that involved sharing the pizzas unevenly.

| then explained to students that we would shagepihzas evenly and on the
interactive whiteboard | showed a representatiotwaf pizzas cut into thirds being

shared between the three children. | explained ttatchildren got one third from
11

each pizza and wrote + 3 on the whiteboard before asking what fraction the
children got each. Some students made the clagsicad adding the numerators and
the denominators to give two-sixth. In some ways amntions set them up for this
error and | cannot be sure why | wrote the formattion sum on the board as it was
never part of my original plans for the lesson.sked students if they agreed or
disagreed with the suggestion of two-sixth. Darraggested that “Two sixth is eh, a
way of saying it but eh, also two thirds”. Jake gegjed that it couldn’t be two sixth
as this would mean each pizza would have been rtot sixths initially. When
prompted he repeated his explanation and added dedad. | drew a representation
of two pizzas cut into sixths and Jake explaineat ththe pizzas were cut in this
manner the children would receive four-sixth eablarragh revised his previous
contribution and suggested that “Two sixths is egj@nt to one third which means
that it's the same as one third”. He continued onexplain that the fraction in
guestion could be two thirds or four sixths.

Edvard then asked “Wait can you go up over oneft#l possibly asking if
there are fractions with denominators higher thaelte. His confusion may have
been triggered by common classroom representabbrisactions such as fraction
walls that do not show fractions with denominatbrgher than twelve. Darragh,
Andrei, other students and | gave answers to hestipn. Steven asked about the
meaning of the word simplify which Darragh had usedl linked it with a similar
word from Harry Potter. Darragh explained the texmd then noted the multiplicative
pattern between two third and four sixth. A studeoted that he had done this in a
previous lesson too. | repeated his explanationvenade it the formal equivalence on
the board.

Discourse Community Analysis

The lesson was analysed according to the Math léglkning community (MTLC)

framework, (Hufferd-Ackles, Fuson and Sherin 200fhe areas of questioning,
explaining mathematical thinking, source of mathecahideas and responsibility for
learning were recognised as central by Hufferd-AsklFuson and Sherin during
intensive research in classrooms where teachers atgmpting to teach in the spirit
of reform. The authors identified developmentati@zg trajectories for both teachers
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and students across these four key areas. Thegsetdrées are levelled from level 0 to
level 3. Level O describes a traditional teachentregl classroom with limited
mathematical discussion. The following levels dicra gradual devolution of
responsibility from teacher to students as thesctasn community moves closer to a
math-talk learning community or discourse commudaygcribed above.

Questioning

Teacher Questioning

The teacher questions were analysed using catsgigieeloped by Boaler and Brodie
(2004). | categorised all questions where | askedhfe name of a fraction as a type 2,
inserting terminology questions. Questions aboutatwlthe denominator and
numerator represent were categorised at type 3tiqnes exploring mathematical
meanings and relationships. The results are showheotable below.

Question Type Number
1. Gathering information, leading students throaghethod 15
2. Inserting terminology 6
3. Exploring mathematical meanings and/or relatiqs 11
4. Probing, getting students to explain their tingk 18
5. Generating discussion 24
6. Linking and applying 0
7.Extending thinking
8. Orientating and focussing
9. Establishing context
Total 74

Table 1: Analysis of teacher questions accordin@@taler and Brodie’s question
categories (2004).

Boaler and Brodie’'s (2004) type 4 questions thabprstudent thinking and
type 5 questions aiming to generate discussion lmanassociated with reform
orientated lessons. Both types of question aretivelg common in this lesson
accounting for a combined total of 57% altogetiidrere were a small proportion of
type 2, inserting terminology questions, and alsaumber of type 3 questions that
explored mathematical relationships and represensai{8% and 15% respectively).
One might expect a higher proportion of questionsu$sed on mathematical
relationships. However it is likely that methodojogf not counting repeated
questions influenced this total. Individual quessiavere discussed in a lot of depth in
this lesson often with multiple student contribstéo a single teacher question. For
example, after successfully partitioning two pizaae thirds to share between three
people, | asked “how would we write that though® Baying that he’s got one third
and another third so ...” at turn 201. The discussha followed continued until turn
278, this section itself being a substantial segnoérthe 488 turn transcript. This
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section also contained type 4 and 5 questions wdtadents were asked to contribute
to the discussion and were encouraged to articthaiethinking.

Student Questioning

Student questions were coded as questions seekiagfication about the
mathematics being discussed or questions seekiggnisational clarification. In
general the category of student questions wasye@htifiable. The nature of the
content of the students’ questions about mathealasisues is also interesting and for
this reason some examples of their questions ahaded in the table below.

Question | Questions seeking clarification about th@uestions seeking
type mathematics being discussed organisational clarification

Examples Steven: So all I've to do is do a one and Michael: Can | clear this?
then a five? Student: Why is it green?
Darragh: What does she get Steven?
Steven: Do you know?

Steven: What's equivalent?

Edvard: Teacher, it should be higher than
one sixth because you can’t go higher than
one twelves.... Wait can you go up ovet
one twelfth?

Steven: What does simplify mean?

Total 14 2

Table 2: Analysis of student questions by type \examples.

As can be seen from the examples of student qusstgtudents participated
at different levels. Some students asked basictignsssuch as Steven’s “So all I've
to do is do a one and then a five?” when asking towrite a fifth. Other students
questioned the solutions posed by their peersetxample Darragh’s questioning of
Steven'’s solution. Edvard posed a question abautrgé properties of fractions when
he asked about limits to the size of fraction deimanors.

Explaining Mathematical Thinking (EMT)

It seems clear that the nature of teacher questidhsfluence the manner in which
students explain their mathematical thinking. Aevsh in the first tablehere were a
sizeable proportion of teacher questions aimed@lipg students thinking, 24% in
total. There were also a number of teacher pronmatisin question form, to explain
and justify mathematical thinking. For example whewvas about to call on a student
to the board to present a solution, | stated “I'dust want the person to come up
here and cut it up. I'd really like to hear why yreudoing it, why you’re cutting it in
that way”. There is some evidence that studentsoresed to these prompts. In the
example just mentioned, | called on Alex to preshig solution. He did this
successfully and explained his reasoning clearlgelivhe was finished other students
evaluated not only his mathematical thinking bugoahis way of explaining his
mathematical thinking with Michael commenting “Tisa good way” and Luke
adding “He explained it in a good way.”

Another issue that became apparent when examiheqature of students’
explanations of mathematical thinking was their pprapriate use of non-
mathematical or real-life ideas. For example, tbetigbutions of Steven and Kevin
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discussed in the lesson synopsis above involvirggiual sharing methods. The other
issue that must addressed as part of the explamatgematical thinking component
is the nature of teacher explanations or teachi@rgeln this lesson although | often
restated or re-voiced student contributions, | dmt partake in direct telling of
answers. In fact it would seem that this approamhlined with the fact that multiple
possible solutions were considered was novel fodesits and may have prompted
Steven’s question about whether | knew the answeob

Source of Mathematical Ideas (SMI) and Responsityilfor Learning (RFL)

The teaching approach in this lesson was to saficiltiple possible solutions from
students. In this way students’ ideas were cemtrdhe lesson. On considering the
nature of the teacher questions aimed at elicitiglent solutions | realise that |
could have done more to encourage students to lmmldhe ideas of previous
contributors to the class discussion. In particlppsed the question “what do you
think?” over ten times. It may have been more d¢iffeco ask “what do you think of
his solution?” or a variation of this. So althoughas effective at positioning students
as the source of mathematical ideas but | was Iplgdeiss effective at encouraging
responsibility for learning (RFL) as described e tMTLC framework. High levels
of student RFL in the MTLC framework imply that dants will attend to and build
on the mathematical thinking of their peers. Theyeevidence of RFL in the
contributions of some students in particular. BEareple, when Steven presented his
erroneous solution, students including Darragh, rAndand Jonathan either
questioned him or commented on his solution. Fochraf this lesson, it was students
who explained the mathematics with certain highehieving students being
particularly vocal. Darragh introduced the termsnfdify’ and ‘equivalent’. His
many contributions showed high levels of RFL andbveéd for whole-class
discussion and consideration of relevant matheiatcminology and concepts.

MTLC level

It seems clear that this was not a traditional deseevolving around invitation-
response-evaluation (IRE) iterations (Meehan 19[f9herefore cannot be described
by level 0 of the MTLC level descriptors. One oé thefining features of level 3 of
the MTLC framework is unprompted student-studentth@matical discussion.
Although this is present at times, it cannot bestered robust or regular enough to
describe this community as level 3. The strongesiraent for describing this lesson
as an example of a community operating at level RIDLC framework is the large
role that students’ multiple solution strategiesyeld in the course of the lesson. This
is a feature of the level 2 descriptors for EMT, ISMd RFL in particular. However it
would be misleading to state that this lesson oietlall of the level 2 descriptors. In
particular, the teacher actions around the fatibtaof student to student dialogue
were not met. In this way although there were el@mef a level 2 MTLC discourse
community, the requirements have not been fully imétis lesson.

Conclusion

This lesson was the first in a teaching experintleat ran over the course of a school
year. Analysing this lesson within the constrawitshis paper requires the “focussing
of a lens” (Lerman 2001, 90) in which certain iss@e highlighted while others

remain part of the background detail. For exam@syes around the achievement
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levels of students and the nature of their pariocgm are emerging themes in the
larger study but the focus here was on how thepftdag of teacher and student actions
shaped the classroom discussion on this occaslenmiathematical task had multiple
possible solutions. The open nature of the tasibioed with the teaching approach
of pursuing the mathematical thinking of studentshewt directly evaluating it,
seemed to create a space for genuine mathemacakdion rather than the ‘number
talk’ described by Richards (1991).

The dual role of teacher-researcher is an imponpant of the larger project
and the experience of recording and analysing my leason according to the MTLC
framework has been complex but revealing. Thewbtbe MTLC framework in both
understanding what is happening in the classroomnsaeking to shape the nature of
classroom discussions is also complex. The natuckassroom discussion described
by each level of the framework and how these differmeans of communicating
mathematical ideas may be appropriate in diffe@mumstances and for different
students will also be a topic for future research.

This research was part funded by An Chomhairle Mieaireachta/The Teaching
Council (Ireland).
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Applied mathematics = Modeling > Problem solving?

Peter Osmon
Department of Education and Professional Studiésgs College London

The latest stage of an ongoing investigation of ¢hee for reforming
Level-3 mathematics, with modeling replacing trdial applied
mathematics, is reported. The case rests on tieaoe for improvement
in learners’ ability to use mathematics knowledgel amprovement in
take-up. Issues around teaching model making demntified and
discussed and also the importance of mathematicatieimg in
understanding knowledge and progress in science.

Introduction

The topic covered by this paper is part of an omganvestigation by the author of
the Level-3 mathematics curriculum and its utifi@smon 2009). Progress overall is
sketched in below to provide a perspective on thieeat topic. | have been focussing
on the consequences for universities of the radptidow take-up of Level-3
mathematics (essentially confined to the post-16-cahort with A-in-GCSE-
mathematics) at a time of HE expansion, and thieviochg summarises what has
become apparent. | have looked at the amount vélt® mathematics needed to
undertake undergraduate courses across a whole argubjects at universities of
differing academic standing, and found this “founatzal mathematics” is
characteristic of the subject and largely indepahad the academic standing of a
university (although more prestigious universitbestainly demand higher grades). |
have been able to separate subjects into four grageording to their foundational
mathematics needs: A: Traditional STEM subjectsC8mputer Sciences, C: Finance
and Management oriented subjects, D: Businessihijeald Social Sciences. | have
called Groups A, B, and C the Quantitative Subjemtsl Group D the Semi-
guantitative Subjects. Subjects across both Gr&upsd C need the equivalent of
one year of foundational mathematics at Level-3,vighile group C subjects need a
close approximation to the pure mathematics cordétite traditional AS, Group B
(Computer Sciences) needs a year of discrete matiemwith very little overlap
with the pure mathematics content of the traditianariculum. (The content of the
traditional curriculum is prescribed nationally 883 pure mathematics and 1/3
applied. The pure portion is also prescribed itaitlebut choice of content is
available for the applied- principally units in nhanics or statistics, but more
recently decision-mathematics and financial-mathesdave been specified.) Itis
remarkable that the curriculum does not provide foe modest foundational
mathematics need of the large numbers of studernterieg courses in Group D
subjects: they need to learn some statistics- ongv@ units- alongside their main
Level-3 subjects. Perhaps there is actually a gase for students entering courses
in any of the quantitative subjects to have thiswdedge. With compulsory post-16
mathematics on the education reform agenda, thveith consideration.

Prior to collecting UCAS data for my subject groubmformally interviewed
academics responsible for quantitative courseswatral of the universities in my
sample and a frequent comment was that often thieests they admitted were unable
to use their mathematics knowledge outside theomaconfines of textbook exercises
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and short examination questions, despite the dltocaf 1/3° of the curriculum to
applied mathematics. Informal interviews with tston those HE courses admitting
students with only Level-2 mathematics identifiedede students’ lack of
mathematical activity, during the two and a halangeinterval between taking GCSE
and beginning their undergraduate course, as seocond hey suggested this inhibited
acquisition of the needed foundational mathematic&op-up” classes in their first
undergraduate year that aimed to get them up tedspeathematically. So, besides
the issue of poor take-up of mathematics at Levisede is an issue of maintenance
of their Level-2 mathematics knowledge, for the gnatudents who will need to use,
and perhaps enhance, their modest mathematics &dgevin their university courses.
So, the shortcomings of the Level-3 mathematicsiaadum are not confined to the
issue of a relatively small take-up: effectivelgtuhe A-in-GCSE-mathematics post-
16 sub-cohort. There are also issues concerningcelum content: coverage of
discrete pure mathematics, coverage of how to appthematical knowledge, and
keeping Level-2 mathematics knowledge alive, aneheanhanced, for students not
specialising in mathematics.

Modeling may supplant traditional applied mathematics

| am a self-taught modeller, with experience ohgsand making models in Physics,
Electronics, Computer Science, and Management aasld assumed (for at least two
reasons) that modeling is not a subject capablbeaig taught in the classroom-
instead it can only be learned, as | learned, bggdd. Although | can envisage an

experienced modeller mentoring apprentice modelleram sceptical that many

mathematics teachers would have the necessary kdgwland experience. Besides,
the model making situations | found myself in weeey diverse and, except in the
most broad brush sense, no general method of astaeiked to be applicable- in
contrast with the very procedural nature of mobbst mathematics.

Recent publications seem to imply | am unduly pesgic. The AQA Use of
Mathematics AS-level qualification (AQA 2009) indies a significant modeling
component and Margaret Brown (Brown 2011) drawsnéittn to its success in
opening a door into Level-3 mathematics for the BIab-cohort. Real-world
Problems for Secondary School Mathematics Studéfass and O'Donoghue 2011)
is a resource book for teaching modeling, compgistase studies contributed by
enthusiastic European mathematics educators.

Does my modeling experience provide me with anyghts to contribute to
the development of modeling teaching? Up to nawmy study of the Level-3
curriculum | have not considered the applied matiters content. In the traditional
curriculum, applications- applied mathematics- sgparated from pure mathematics,
and presented as a small set of disjoint topicschamgics, financial mathematics,
decision mathematics, statistics, that tend to baracterised by small, closed
problems and associated prescriptions for solviirgmt How might this change if
learning about mathematics applications throughetiog becomes the norm?

Models: what they are and what they are for

At this point clarification of terms seems desimblFirstly, it is easier to give some
examples showing the diversity of models than dneatompassing definition:

reduced scale wooden models of building developsjemtechanical models of
animal joints; visualisations such as video simatfet of planetary motion in the solar
system; business models, such as- “pile them hiaghsell them cheap” for a market
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trader. Secondly, it is important to be clear alibapurposeof models: they are an
aid to comprehensiorof real-world artefacts and phenomena. NB The i a
model, even a mathematical model, is to give irtsight numbers!

Mathematical models are a special class of moddathematics describes
pattern/regularity. Mathematics cannot describe tteal-world with all its
irregularities but it can describe an idealisedsiwmar. Hence wherever pattern or
regularity exists, in a real-world phenomenon defact, there is the possibility of
description of these aspects in mathematical laggua mathematical model. For
example, the structural part (at least) of a famiBe is a mathematical model of
family history. Mathematical models are importhetause they can be gowerful
They are not merely descriptions. They can hpredictive powertoo. Some
examples are: the orbits of planets and their maork the prediction of eclipses;
weather forecasts; reliability of computer systenajses and consequences of global
warming; the spread of diseases, etc, etc. Mattiemhanodels are often expressed as
sets of equations and this is particularly apparentthe sciences. Scientific
knowledge is largely a collection of more or lessected mathematical models.
These models encapsulate our knowledge of realdwainenomena and help us to
comprehend it- by reference to relatetkal-world (“model”) phenomena. Our
understanding of complex real-world phenomenakelyi to be woolly beyond the
scope of the model- where th@eal-world ceases to be an adequate representation
(model) of thereal-world.

Using models

Historically, most professions developed a coltactiof models expressed as
heuristics- “rules of thumb”. An example from thathor’s youth, important to all
potential house buyers, was one’s mortgage-abthty30-year mortgage is affordable
if it is no more than 3 times you salary”. Nowgsldahese simple models have been
supplanted by more elaborate software versionsgggmtk as computer applications,
and most professional domains have them. For ebeaniroject management;
Actuarial calculations; CAD-CAM; Just-in-time stodontrol; Patient monitoring;
Traffic control. When the user’s role is simply supply the application with
parameter values, professional knowledge has baasférred to the software model
maker with consequent de-skilling of professiomées.

Many remarkable software models are accessible dker Internet to
mathematics students and their teachers. Typitlaige describe population growth
and decay, or spread of diseases, under varioubtioors selected by the user. When
the outcomes of these, perhaps complex, dynamuaepses are communicated using
visualisation software and typically brightly coled displays, then the effect can be
dramatic and (hopefully) much more insightful thraere numbers. However, while
interaction with such models may motivate one tadgtmodeling, the experience
probably does not actually teach much mathematics.

Making a model

In contrast with using an existing model, the atth@xperience is that actually
making a model does develop one’s mathematics.wolild be nice to have a
generally applicable procedure for making modelseaes of steps for the model-
maker to take in order to progress from a real-ev@roblem situation to a model.
The author has not encountered such a procedtineugh afterwards, in a particular
case, when the job is done it may be possible it wut the key development steps
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along the way. There are always two major stepgetting from the real-world
problem domain (Rw) to the model Mbstractionandidealisation Abstraction is
about simplifying the problem domain: importantfstsi transferred (abstracted) from
Rw into a simpler Abstracted-world (Aw) leaving uamted complications behind.
For example | may decide to ignore air resistarmce tfalling body. Idealisation
simplifies the problem domain still further becaudathematics only deals with
patterns/regularity. For example real lines amapgl in the Aw are transformed into
geometric lines and shapes in this Idealised-wdhd). (The nature of the
Idealisation depends on the kind of mathematicd-usethis case geometry.)

An example is probably helpful at this point. Cidies the DIY problem of
Tiling a Bathroom Floor: a model is needed to datee how many tiles are needed
and where to place them (aesthetically). Abstoaetithe walls of the room are
somewhat irregular, so in order to simplify focuteation on the main area of floor,
away from the edges. A (geometric) grid of squadesalisesthis main area.
Counting the squares solves the first part of tr@blpm and positioning the grid
(translation/rotation) by trial and error for beststhetic effect, solves the second part.
Evidently size of tile and orientation of the gade user-determined parameters. Of
course the regions around the walls have beeneadritbom the model and they need
tiling too, and it may be that “best aesthetic effén the main area is not the optimal
arrangement if the appearance of the edge regsotakeén into account, then the grid
location may be adjusted somewhat (including tltktailsrefinesthe model). The
example is very straightforward but often there raeny false starts and the outcome
may not be a very satisfying model. Making a madaiot a matter of following a
general procedure: one gets better at it withtm@cBut is it a teachable skill?

Idealisation depends on knowing some appropriatthenaatics. The story
goes that when Einstein was developing his thebgeaeral relativity he realised he
needed non-Euclidian geometry- which he didn’t knbwt he knew a man who did.
At Level-3, students know only a very limited rangé mathematics and this
constrains their model making. The curriculum udds very little discrete
mathematics which is quite limiting considering thée of information technology in
our society. With a modest knowledge of set thesidents would be able make
relational data-base models and even investigata daining. However the
curriculum does include some probability and pralstlc modeling can be fun.

A historic example of scientific model development

Arguably, the history of science is the story ottsunodel development processes.
Sometimes these models get refined over many ysamsetimes they prove entirely
inadequate to account for some recently obsenaddarerld phenomenon and a fresh
start is necessary. The kinetic theory of gasesivad several such refinement
stages. The following is a brief overview.

Real-world observationdn experiments with various gases the approximate
relationship P.V/T = constant was observed betweessure P, volume V, and
temperature T.

Model: A gas comprisesmall andperfectly elastic spheraa random motion
at a speed u dependent on T, and P is caused lsplieees impacting the container
walls.

Abstractions small (eliminates complication of collisions angospheres)
uniform speed u (eliminates complication of speistributions)
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Idealisations small (allows V to tend to zero at large P), petly elastic
(energy is conserved in collisions with enclosirey|)

Refined Modelneeded for agreement with more accurate experaheiata
and further insights into the structure of matteSpheres (molecules) have a finite
size; Collisions are not perfectly elastic (shaahge forces between molecules);
Speed distribution among molecules.

Cross-curricula issues

Scientific knowledge is largely a collection of raoor less connected mathematical
models. This immediately raises a cross-currics¢aie between mathematics and
science, to which presumably mathematics shouldenagroportionate contribution.
But how? One possibility is explored in the COMPBABroject (COMPASS 2009)
where parallel but separate threads are explorettucently in science and
mathematics classes. Model making is also relébedesigning and this poses
another cross-curricula issue, this time betweethbtaatics and Design-Technology.
I claim, but space does not allow for elaboratitwat the basic principle of Resign

is very like a first-stage Model. Besignin a particular real-world context requires
extension from this so as to optimise performawcagliability, or cost, or for user
convenience, and this is very like the procesffing a Model.

Insights and Eureka moments

Making an original model is not a smooth proceRational analysis of the problem
domain only takes one so far. What follows, typycas seemingly endless worrying
at the puzzle. In my experience, a sudden jumpnaerstanding delivers the final
insight to end the process, accompanied, in duesepuby a great sense of
accomplishment, a Eureka moment in fact. Pathefsatisfaction seems to come
from being able to state the insight very succin@lmost like a slogan.

World-changing Eureka moments:
Archimedes- a floating body displaces its own weighodel of water; Darwin-
evolution by natural selection; Dirac- two solusomo his equation of quantum
electrodynamics implying the existence of antintadtewell as matter.

Some of my personal insights are:
Stools with 3 legs won’t wobble; when the mortgagte is lower than the rate of
inflation | am being paid to borrow money (if | cg®et a mortgage); insure only
against the hits | can't afford to take; failure iotegrated circuit chips is closely
analogous to radio-active decay of isotopes (lusmthe same mathematics- Poisson
statistics); computer architecture is about traffie-among performance/reliability/
cost/usability (this became the theme for a cowfséectures); a point on a page
printed with a grid of squares is either on a diné/on a point-of-intersection/within
a square (this insight led to a patent application)

Eureka moments for students doing modeling:
My Eureka moments were exciting and have given asérig pleasurable memories.
If every student of modeling could have a Eurekanat it would surely do wonders
for the take-up of Level-3 mathematics.

Conclusions

It is evident from the literature that many math&osaeducators, in Europe and the
US as well as here, are enthusiastic about thenjpait¢hat doing modeling has both
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for motivating mathematics learning and for enhagciearners’ mathematical
knowledge. The author’s personal experienceasiaking a model is an absorbing,
infuriating, and ultimately highly rewarding actiyiand we should surely give Level-
3 learners this experience if we possibly canthenUK, where we have a patrticular
problem of low take-up of Level-3 mathematics, thecess of the AQA Use of
Mathematics AS-level qualification, with its emplsasn modeling, has demonstrated
the potential value of modeling for widening acceB®wever, qualified mathematics
teachers are a scarce resource. In most schodégsa in the state sector, it may be
unrealistic to expect concurrent Use of Mathemasind Traditional Mathematics
streams to exist side-by-side. Perhaps pump-pgrunding, until sufficient take-up
of Use of Mathematics gets established, would Wwaforward.

Learners following the traditional A-level mathematstream would surely
benefit if its applied mathematics units were catee to model-making units. And
there is also the issue, identified in the Intrdduyg of keeping Level-2 mathematics
knowledge alive, and even enhanced, in the casstuafents not specialising in
mathematics at Level-3. With compulsory post-l16hematics under discussion,
perhaps a proposal for all post-16 students to niakke some statistical modeling,
alongside their Level-3 major subjects, would Ineelly.

However, teaching modeling will challenge teachersaadjust to unfamiliar
ways of working. There are issues around methagyplproject work, and teachers’
knowledge. While all mathematics is learned by dpihis not apparent that there is a
general teachable method for building models, mirest with mathematics generally.
And making a model takes longer than solving aitiathl applied mathematics
problem and so almost inevitably is done as proyeotk, and perhaps in teams.
Further, mathematics teachers inevitably lack ttleadith of domain knowledge they
would need to be authoritative mentors across gerarfi modeling problems so that
they must adjust to an unfamiliar more arms-lerrgle as project supervisor rather
than instructor. But mathematics teachers’ respdaaghe challenge of technology-
PC labs turning mathematics into a laboratory stitbgives reason for optimism.

The discussion, above, of modeling’s cross-curadulks, including the place
of mathematical models in science presents ydtdurteform curriculum issues.
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The epiSTEMepedagogical approach: essentials, rationales antdallenges

Kenneth Ruthven, Riikka Hofmann, Christine Howef&tie Luthman, Neil Mercer
and Keith Taber
University of Cambridge

The goal of theepiSTEMeproject is to develop a research-informed
pedagogical intervention in early-secondary physisaience and
mathematics, suited to implementation at scalénénEnglish educational
system. This paper provides an overview of the gegiaal essentials of
the epiSTEMeapproach and their supporting rationales, and tiitkes
some of the main practical challenges encountered.

Keywords: design research, dialogic teaching, eadgecondary school,
improvement at scale, linking mathematics and sence, pedagogical
design

Introduction

The goal of theepiSTEMe(Effecting Principled Improvement in STEM Educatfio
project is to develop a research-informed pedagbgitervention in early-secondary
physical science and mathematics, suited to imphmtien at scale in the English
educational system (Ruthven et al. 2010). The ptdjerms part of the ESRC’s
Targeted Initiative on Science and Mathematics Btoc [TISME] which is
investigating ways of tackling participation andi@wvement gaps in these areas. This
paper provides an overview of the pedagogical ¢sdenf theepiSTEMeapproach
the supporting rationales, and some of the maictioed challenges encountered.

We characterise our work as “re-design” researdhs 1S to highlight that
pedagogical improvement at scale needs to takeuatad the existing state of the
system: notably the people, structures, resouncdspeactices already in place. This
work has been undertaken by a multidisciplinaryvarsity team working closely
with a deliberately wide range of school practigm Against this background, the
project has sought to use the accumulated bodwytdmal and international research
on pedagogy to guide the design of a principled efifiekctive approach to teaching
and learning across the two foundational STEM suibje

Systemic context and systematic research base

For over a decade, systemic improvement effortngl&d has taken place through
the (now discontinued) National Strategies andl ®ntinuing) processes of school
inspection. These have promoted a pedagogy thatbices tightly structured
(inter)active teaching with target setting. Synibesf national and international
flndlngs (Ruthven 2011) on English system perforogasuggests that this model:

has raised content knowledge and skills in mathiesdéut not broader

literacy or functional capability;

has improved neither aspect of attainment in seienc

has raised student valuation of learning eachestlbjects;

has substantially lowered student liking of bothjsats and enjoyment of

learning them.
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Thus the strongly instructional Strategies modeal haet been an unqualified success.
Some degree of pedagogical adaptation is needadiiess a full range of outcomes.
The international research base on effective peglagifers insights into

forms of adaptation that might help. Although impot gaps remain in this literature,
synthesis of meta-analytic studies provides sonearcindications of the relative
effectiveness of certain teaching components, lyoaidated through triangulation
against other types of systematic review (Ruthv@hl® These particularly effective
types of teaching component are as follows.

- Domain-specific enquirgthat poses authentic problems and takes student
thinking seriously) is highly effective as regardftainment in both
subjects and attitude in science (but is underinyated for mathematics).
Co-operative group-works relatively effective as regards attainment in
both subjects and attitude in science but not itheraatics, as long as
students have been properly prepared and actsvityell structured.
Enhanced contex{(in which teaching makes strong links to student
experiences and interests) is particularly effectior science attainment
(but is underinvestigated in relation to attituded for mathematics).

Active teachingis relatively effective in developing content krledge
and skills in mathematics, although it is questideaas regards higher-
order reasoning and functional thinking (but it uaderinvestigated in
relation to attitude, and for science).
It is this last teaching component which dominates Strategy pedagogical model.
Thus, placing greater emphasis on one or both effilst two components listed
above represents the most plausible strategy fore@sing the effectiveness of
teaching in both subjects. The third componentasnising but underinvestigated.

The epiSTEMepedagogical model

The epiSTEMegredagogical model blends the components foune teffiective in the
research synthesis outlined above into a pedadogiocdel that has been further
informed by more specific bodies of US and UK reseaThis model has taken
particular account of well researched US prograchsReys et al. 2003; Riordan and
Noyce 2001) that have been judged “exemplary” oe Hasis of evidence of
effectiveness in multiple sites for multiple subplgtions (Department of Education,
1999). Guided by recent advances in theorising hiegcand learning (e.g. as
synthesised in Bransford, Brown and Cocking 2000sdbl, Schweingruber and
Shouse 2007; Kilpatrick, Swafford and Findell 2fOfnany of these programs
employ a pedagogical model organised around céyeftdfted problem situations,
posed so as to appeal to students’ wider experjgnc@culcate ideas of acting as
mathematicians or scientists, and to develop kegiglinary ideas. Equally, the
epiSTEMe model has been strongly influenced by UK reseamch classroom
discourse and interaction (e.g. Mercer et al. 2@R96) which points to the value of
dialogic small-group and whole-class discussiornnouraging students to talk in an
exploratory way and to examine different pointviefw.

The basic pedagogical cycle at the core of épe&STEMemodel has three
phases: exploration, codification, and consolidatiButhven 1989). In the opening
exploratory phase, domain-specific enquiry taskseamployed to stimulate thinking
by students that will support their developmenttarfjet concepts. Dialogic small-
group and whole-class discussion are used in th&se to encourage students to
express their thinking about problem situations emdxamine different perspectives
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on them. During such discussion, the teacher'scgrat role is to support the dialogic
quality of contributions by students and exchangesveen them. The cycle then
proceeds to the ensuing codification phase in wthiehteacher’s role becomes a more
authoritative one of explaining accepted matheroatimentific approaches to the
problem situation. This involves (inter)active teeg which takes account of the
thinking exposed and developed during the earligplogation phase. In the
consolidation phase, students tackle related pmoldguations more independently,
with the teacher’'s role becoming one of checkingdsnt understanding and
providing developmental feedback.

Some further pedagogical principles have guideddésign of topic modules
in each subject. In view of the favourable findinigs ‘enhanced context’ in the
research synthesis outlined above, attention has bazen to conveying a sense of
the wider human interest and social relevance bfesti and topic (including, in
mathematics, its scientific application), and toking relevant connections with
widely shared student experiences and interests.mibdules also take account of
what is known about informal knowledge and thinkirejated to the topic; in
particular, they provide means of deconstructingn@mmn misconceptions. Curricular
prescriptions for the topic have been filled outsiapport the building of strong
conceptual foundations. Finally, in the light ofcearaging research evidence and
emerging policy concerns, we have sought to develmp use of mathematical
reasoning as a support for students’ scientificeustnding.

Scoping a (re)design strategy

A recent inspection survey (OfStEd 2008) has hgitited some major challenges to
systemic improvement in lower-secondary matheméaiod likewise in science). The
following have figured strongly in our experience:

- A narrow focus on accountability requirements imgnachools;

Internal and external pressure towards an objectiveven pattern of
teaching which focuses on immediate markers ofrfigaé progress;

Poor educational quality of many of the curricuklesources available;
Instability of staffing due to shortages of quafisubject teachers and the
low priority that many schools accord to the eadgondary phase;

Many staff teaching areas where their subject-$iggmieparation is weak;
Limited professional cohesion and developmentaaceyp in many subject
departments.

Recognising these challenges, our goal has beeprdeide support for
teachers and departments to work towards a reneeddgogical approach without
significant reorganisation and substantial investmef time. We have devised a
professional development and classroom teachingrviention, of modest scope,
packaged as a viable substitute for, or supplemegmbodules currently widely taught
in schools. We focus on Year 7, the first year @fandary education, as the point
most distant from the inhibiting backwash of ex&#rassessment, and the period
during which teachers are actively shaping new gasfrclassroom participation.

Originally we had hoped to develop greater coortitmabetween the teaching
of the mathematics and science modules, but itkjuizecame clear that persisting
with this aim would deter many teachers and depamtsnfrom participating. Equally,
while we continue to recommend that at least tvachers from a department should
collaborate in taking on thepiSTEMeintervention, with active support from senior
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leadership, so as to build a local community topsupdevelopment of practice, we
recognise that this can prove difficult to achi@aveome departments and schools.

The epiSTEMeapparatus, then, consists of the following comptseAn
Introductory Module has been designed to buildliea@nd student understanding of
the value of talk and dialogue in supporting subjdinking and learning, and to
develop rules and processes that support effedimall-group and whole-class
discussion. Two Topic Modules (in each subject)ehbgen designed to support and
capitalise on such use of talk and dialogue, andngtantiate key pedagogical
principles and processes. (In mathematics, thestul®® are on fractions, ratio and
proportion, and on probability; in science, on Bg@nd proportional reasoning, and
on electricity). All the modules are mediated badeing materials designed to be
educative in the sense of supporting teacher dpretat as well as classroom activity
(Davis and Krajcik 2005), supported (on a real@hljcmodest scale) by a sequence of
two one-day professional development events. Tis &vent focuses on dialogic
teaching and on how the Introductory Module suppitstdevelopment; after teachers
have undertaken the Introductory Module with onehefir classes, the second event
debriefs this experience and examines how the Téfocules in their subject
incorporate the pedagogical principles and procesttheepiSTEMemodel.

In designing modules, we made many decisions istmnd ensure that a wide
range of teachers and departments would find thesudily and robustly usable in
their particular situation. The Introductory Modugatures relatively short activities
that can be used flexibly over a number of lessdhs. Topic Modules provide a full
set of classroom materials which explicitly targetricular objectives. The sequence
of activities within Topic Modules is straightforvely adjustable to lesson length and
pace, and the duration of each module is that &jfgiallotted to the topic. Equipment
requirements are limited to resources known to lokely available and easily usable.
The Teaching Notes support lesson planning, highliggy aspects of activities and
explain the underlying rationale for them, and adwon handling a range of student
responses. Finally, in the light of particular ditfities that we found many teachers
encountering, the classroom materials provide slhffy to support dialogic
processes, particularly the articulation by stusl@ftheir reasoning.

An illustrative teaching activity

To illustrate the epiSTEMe approach more concretalg describe some of the
challenges that teachers encountered in realisjngel will use the example of an
activity that focuses on a simple probabilistic mlodf genetic inheritance. The key
genetic ideas underpinning the model (as shownhenfitst slide in Figure 1) are
introduced through interactive whole-class teachBiyidents are often surprised to
learn of the two earlobe types; typically they shgreat interest in knowing which
type they and their classmates have! The prob#abibspect of the model (as shown
on the second slide in Figure 1) is then introdused examined through two simple
examples. As early as this point it is not unusoasome student to pose the question
of whether attached earlobes will eventually die; dhis is acknowledged by the
teacher to be an interesting question that it neapdissible to address in due course.
Typically, some student asks whether both problemshe second slide concern the
same child or what would happen if they did; threyides a good lead into the
problem that students are then asked to work atially in small groups:A couple
are expecting their first baby. Both parents havai&ed pairing of e and E alleles.
How likely is their baby to have this same pairing?
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Figure 1: The two slides used to introduce the &rppobabilistic model of genetic inheritance.

An important ground-rule for small-group discussienthat students should
try to come to an agreed position; even if they anable to achieve this goal,
honouring it helps to ensure that they engage poihts of view other than their own,
and that they seek to develop an argument in sumfdheir position. Once most
groups have formulated some kind of collective oese, the activity switches to
whole-class plenary discussion of the range of answnd arguments that the groups
have arrived at. This problem is a good one foregatmg dialogic discussion
between students during the plenary. Typicallytiahismall-group work on the
problem creates a situation in which there is arcleeed for further whole-class
discussion, because it has elicited what are gleanrtrasting answers from different
groups. Moreover, each answer arises from a disten@attern of reasoning: an
everyday model of inheritance in which “childrekeaafter their parents” (leading to
a 100% answer) as well as variant patterns of fmbbc reasoning about the
outcome space under the scientific model of gealgfienediated inheritance (leading
to answers of 1/3 and 50%). These three resporemesent, respectively, the
predominant everyday misconception about inhergammf characteristics, the
predominant lay misconception about outcomes impls repeated trial, and finally
the fully coordinated conceptualisation in acceptedhematico-scientific terms.

In the firstepiSTEMeprofessional development event, we employ the @kam
of a plenary session on this problem to examinedhe of the teacher in supporting
and developing dialogic exchange. As a stimulusdiscussion with and between
teachers, we use a sequence of short video epigudtbsthe associated dialogue
transcribed to encourage attention to the finengoéistudents’ mathematical thinking
and the teacher’s participation in the discussidige focus is on “reading” what is
taking place as each episode unfolds so as to statel how students are thinking
and responding, to analyse the quality of dialogiteraction, and to anticipate
accordingly how the teacher might productively shapents and ideas.

Supporting this type of dialogic discussion is #@pect of theepiSTEMe
pedagogical model that teachers have found paatiguchallenging. Because the
epiSTEMeapproach emphasises developing thinking as it§ goasimply securing
performance, it requires many teachers to makeafgignt shifts beyond the received
ideas and habitual reflexes of established prackoe example, a dialogic approach
calls for the teacher to be prepared to give tioejust to multiple and sometimes
extended student contributions, but to contribigitrat are persuasively fallacious or
poorly formulated. Moreover, teachers need to doawa nuanced understanding of
the topic which enables them to support developraéstudent conceptualisation and
reasoning. To sustain productive discussion, thehier must be able to identify and
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interanimate the thinking behind different studesgponses, and steer progression in
reasoning without closing down discussion througérly authoritative intervention.
Our research analysis of this videotaped plenaguesgce (Ruthven, Hofmann and
Mercer 2011) has enabled us to help teachers madteastransition by concretising
the varied ways in which they can support the djialguality of class discussion.
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The investigation of the relationship between caldus students’ cognitive process
types and representation preferences in definite tegral problems

Eyup Sevimli and Ali Delice
Marmara University

This study focuses on the students’ cognitive pesand preference of
representation. We try to find an answer for thetbfem “How do
students’ preferences of the multiple represematichange in definite
integral problems according to type of cognitiveoqass”. The
participants of the study are 26 undergraduateestisdwho enrolled
Calculus I course. The preferences of the studesgresentation
determined by the Representation Preferences Tresbttlzeir type of
cognitive process evaluated with Mathematical Psscdénstrument.
Results show that the participants generally prefaigebraic
representation. The visual type of participant&f@rence tendencies are
influenced by input representations.

Keywords: multiple representations, cognitive procss, definite integral
problem

Introduction

A major problem for higher education mathematicseagch is understanding the
difficulties emerging from the nature of abstrashcepts. In several questions where
the rules, formulas and operations were succegsfyplied, the fact that students
could not comprehend the mathematical ideas bethisdorocess and relate them to
different contexts has been a common problem feearchers (Delice and Roper
2006). This problem might emerge from differentlpem-solving approaches of the
students and the teachers (Schoenfeld 1992). Thst pronitive classification of
these differences is related to whether visuabisais used. Krutetskii (1976)
categorised cognitive processes into three andiditian to the analytic and visual
preferences, drew attention to the existence ambarc processes which use both
preferences together. Analytic learners can easdyk with abstract diagrams and
tend to use verbal-logical components more thanvibgal-pictorial components in
the problem-solving process (Presmeg 1985). Viseatners tend to present the
problems using components they can understand Ilisu@ontrary to analytic
learners, visual learners use the visual-pictac@hponents more than the verbal-
logical components (Aspinwall, Shaw and Unal 20@%armonic learners, on the
other hand, are capable of using both the anadyttc geometric approaches together
in a well-balanced way. This study investigatedistis’ different ways of thinking in
the problem-solving process based on Krutetskil®76) concept of thinking
structures which are called cognitive process typessmeg 2006).

Literature on cognitive process differences includeous studies such as its
role in the problem-solving process and succegsatiem-solving (Lowrie and Kay
2001), its relationship with spatial abilities (Ke/nikov, Hegarty and Mayer 2002),
and its effects on the representation transformagirocess (Haciomeroglu, Aspinwall
and Presmeg 2010). While some studies stated thdergs’ differences in the
thinking process influenced their problem-solviregfprmance, they avoided making
generalisations (Lowrie and Kay 2001). Presmedjenstudies on the visualisation
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process and learner difficulties (1985, 2006), ukedtetskii’'s (1976) classification
and concluded that students struggled more in niagagsual processes than in
managing analytic processes. Some studies repthré¢cnalytic learners were more
successful at problem-solving than visual learnfrean and Clements 1981).
However, this could be related to the difficultyéé of the test and students' prior
experiences (Lowrie and Kay 2001). Learners couwehused visual solution
strategies in order to understand data in the problwhich were new and believed to
be complex, and could have been inclined to usb/tamatrategies for easier problem
types. In other words, the difficulty of the profiecan affect the context and the
representation types can affect the solution giese(Sevimli and Delice 2011).
Therefore, it is necessary to explore the relahgndetween preferred multiple
representation types and differences in cognitikacgsses in the problem-solving
process. Like cognitive process differences, midtigpresentation preferences are
important individual qualities to be considered.|fifile representation theory can be
used to relate concepts to different contexts anddgsign different meanings to
concepts and thus helps to deal with the abstrattirem of mathematics and
contributes to the comprehension process. Deveajopathnologies allow easier
access to multiple representations, and awarerfegaried representations provides
means to state a mathematical idea or relationshihfferent ways. The literature
review reveals that the research is usually relavethe effects of external factors
(curriculum, technology etc.) on the use of mudipkepresentations (Keller and
Hirsch 1998, Kendal and Stacey 2003). The typeepfasentation in the problem
statement and the structure of the problem areiaiportant in the identification of
representation preference tendencies in the probtdwing process (Lowrie and Kay
2001). Thus, when investigating the relationshipMeen cognitive differences and
representation preference tendencies, the struafirthe problem and students’
preference flexibilities should be considered (Gokhd Kaput 1996).

This study was designed using a method that allostedents to choose
different representations to solve definite intégnablems. Therefore, regardless of
students’ problem-solving processes or performandles relationship between
preferred representation and differences in cognprocesses was investigated. This
study is original in its investigation of the cotimeé processes (internal effects)
involved in the definite integral problem-solvingropess through multiple
representations. The research question was “Whewosaing a representation, are
cognitive processes affected by the representatyges used in the problem
statement?” Hence, the effect of cognitive procdgierences on representation
preference tendencies was also investigated instefrthe representation used in the
problem statement. This study is significant inttlawas constructed with a
consideration of cognitive differences in higheueation classrooms and that it was
focused on a research question which examined éhetianship between the
theoretical frameworks of cognitive processes anttipte representations.

Research methods

In this research, each cognitive process type wespded as a case and each case, as
well as the relationship among the cases, was eglas a whole (Yin 1994). The
participants were 37 first year mathematics edanatstudents selected using
purposeful sampling technique which is a non-prditglsampling method. Data was
collected during the spring term of the 2010-20&4d@mic year at a state university.
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All of the participants had taken the course Caisulin the previous term and at the
time of data collection they were taking the couCsdculus Il.

Data collection tools

In this research, two different tests were used tioo different purposes. The
Mathematical Process Instrument (MPI) was develdpe®resmeg (1985) based on
Krutetskii’'s (1976) thinking structures theoretideamework. The participants were
expected to identify their way of thinking duriniget mathematical problem-solving
process. The instrument was used to categorisgattieipants as visual, analytic and
harmonic according to their cognitive process typeshe mathematical problem-
solving process. The instrument also included as@uenaire section with questions
and a Solution preference key that presented diftepotential solutions to each
question. The participants first took the Questaresection and their answers were
analysed. Subsequently, the solution preference Wwag handed out and the
participants were asked to choose the answer thatsimilar to their own solution
method. If their answer was not given in the opiaimey were asked to choose the
option given for original answers. The instrument thigh validity and reliability
scores and it had been frequently used in pricgaret (Presmeg 1985, Aspinwall,
Shaw and Unal 2005).

The second data collection tool was a Represent&ieferences Test (RPT)
which was developed by the researchers. RPT wagndekin order to determine
participants’ tendencies to use different represéris for the definite integral and
was used in earlier studies (Sevimli and Delicel20By representation preference,
the participants were expected to identify the @spntation type which they believed
would facilitate the process of solving a giveniniéd integral problem. The test
consisted of nine items each of which representdifferent objective of the course.
There were input and output representations in esfchhese questions. Input
representations were given as part of the problednoaitput representations were the
ones which the solution of the problem would in€ud

Data analysis

Participants’ cognitive process types were deteeohiny a standard deviation value
added to and subtracted from the average. Thecjpantits were thus grouped into
three categories of visual, harmonic and analyt@meding to their cognitive process
types. On the other hand, each participant's reptesion preference for each
question was analysed separately within categofiesimerical, graphical, algebraic
or mixed. A mixed representation is said to exisew more than one representation
is used in relation to the same question. The eftécdifferences in cognitive
processes on representation preferences was athdlyseding the cognitive process
of each participant and representation type prefefor each problem. The data was
analysed digitally using SPSS and descriptivesttesi.

Results
MPI results

The results of MPI showed that the maximum scorg 2/ the minimum score was 6
and the average score was around 14. Given thatalxanum score in the instrument
was 36, the average score of the participants axasMPI scores were used in order
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to determine the participants’ cognitive procesgesy Consequently, the results
revealed that 27% of the participants were Analy4% were Harmonic and 19%
were Visual.

The case of input representation

The results indicated that analytic participants stiyo preferred algebraic
representations when the input representations vadgebraic (57%). Analytic
participants, who used other representation typ#s similar percentages when input
representations were numerical, predominantly prede algebraic representations
again when the definite integral problems were ¢me=d with a graphical
representation (54%). The participants mostly pretealgebraic representations for
this type of problems and thus the representatipe tn the problem statement was
observed not to influence the analytic type of tipgrants' preference tendencies
much (Table 1).

Representation Preferences

%
Algebraic  Numerical  Graphical Mixed

& | Algebraic 57 9 20 14
T
S | Numerical 35 21 20 24
(7]
[}
3 & | Graphical 54 ; 31 15
Lx

Table 1: Analytic participants’ representation prehces according to input representations

Preference tendencies of harmonic type participadsording to input
representations showed high percentages of algete@aiesentations (Table 2). When
a problem was stated in algebraic or graphicalesgrtations, harmonic participants
predominantly preferred algebraic representatidvisen input representations were
numerical, the preferences changed to numericaPoj4@nd graphical (31%)
representations. This type of participants pretemexed representations, where two
representations were jointly used, to a lesseméxiiéhe results presented in Table 2
in relation to harmonic type participants’ behaviaacording to input representations
indicated that input representations did not diyeeiffect preference tendencies,
algebraic representations were preferred the musttlais type of participants used
numerical representations more.

Representation Preferences

%
Algebraic  Numerical  Graphical Mixed

_S Algebraic 53 2 34 11
T
£ | Numerical 13 40 31 16
()]
[¢)]
*g :15;' Graphical 48 14 21 17
Strx

Table 2: Harmonic participants’ representation @refices according to input representations
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According to MPI scores, representation preferermfesisual participants
who got high scores were shaped by the input reptason in the problem. When
the problem was stated with an algebraic repregentalgebraic (66%); when stated
numerically, numerical (42%); and when stated gicglly, graphical (55%)
representations were preferred more (Table 3} difficult to suggest that a single
representation type was predominantly preferrethim group in general. Participant
preferences changed according to the representgtmmn in the problem and thus
input representations affected preference tendendioreover, given the general
answers to RPT, visual participants were obsergguteéfer algebraic representations
less than the other participants.

Representation Preferences

%
Algebraic  Numerical  Graphical Mixed

S | Algebraic 66 4 20 10
s
S | Numerical 16 42 26 16
0
&)
3 S| Graphical 16 4 55 25
I=Na

Table 3: Visual participants’ representation prefees according to input representations
Discussion

The main research question in this study was mlate the effect of input
representations in the problem statement on leanm@ferences. Harmonic
participants preferred numerical representationgrwimput representation in the
problem was numeric. Otherwise, harmonic and aicapdrticipants were observed
to have similar preference tendencies in relatmrihie input representation and to
prefer algebraic representations regardless ofdpeesentation used to express the
problem. On the other hand, visual participantsf@mrences changed according to the
input representations. Visual participants belietleat if the problem was presented
algebraically, algebraic representation; if presdnt graphically, graphical
representation; and if presented numerically, nicakrepresentation would facilitate
the process more. Furthermore, preferences pataltbke input representations in the
problems were mostly observed with highest pergastafor visual participants.
Kendal and Stacey (2003) also stated that inpuesgmtations in a problem statement
could affect preferences. The fact that the efbtéahput representations were marked
for visual participants in this study revealed thiatuial perception of the problem was
important for these participants. Visual learneddidved that during the mental
manipulation of the visual input, the solution abwlso be visual and their visual
skills influenced their representation preferences.

Analytic and harmonic participants predominantlyefprred algebraic
representations regardless of the input represensatThis indicated that for visual
participants visual perception of the problem wagranimportant in the solution
process. Moreover, for the three types of cognifivecesses, the most preferred
representation type was algebraic representatitve flndings revealed that the
methods and approaches used in the traditionahitgagrocess affected students’
problem-solving behaviour. This study is signifitamthe identification of students’
ongoing solution tendencies. Teachers and programdewelopers should design
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course content and teaching approaches with admnasion for the differences in the
learning environment.
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A data collection process for an embedded case stutbcusing on the teacher-
teaching assistant partnership in the mathematicslassroom

Paul Spencer and Julie-Ann Edwards
University of Southampton

This paper discusses the progress to date of anTNESRC case
studentship project which focuses on the partnprisbiween teachers and
teaching assistants in secondary mathematics otaast The research
background and rationale for the study are expthared the development
of an innovative system of classroom observatiotraok the movement
of the teacher and teaching assistant during mattiesnlessons is
discussed. Examples from the pilot study are enguldy illustrate how
this data tracking system is being used to triasguthe teachers’ and
teaching assistants’ interview responses and igemdiw the teacher and
teaching assistant work collaboratively in the stasm environment.

Keywords: mathematics teachers; teaching assistantslassroom
observation; embedded case study; triangulation alata.

Introduction

The use of teaching assistants (TAs) in secondathe@matics classrooms has been
the focus of a number of studies in recent yeath warying conclusions as to
whether the impact of additional adults in the staesm is positive or negative. The
question of what impact TAs have on pupils’ progreas been, and still is, highly
debated. Whilst, in the past, it has been generatlynowledged that teaching
assistants have a positive effect on pupils’ adnsent, there is little evidence in the
UK on how this is accomplished.

The lack of practical guidance for teachers andhieg assistants on how to
work collaboratively has led to different ways obnking in different schools. It is
this partnership between mathematics teachershamdtéaching assistants that forms
the basis for this NCETM/ESRC funded case studgntphoject which aims to
identify the characteristics which contribute todsran effective mathematics
teacher-teaching assistant partnership.

Previous research in the field has mainly focusedmploying quantitative
approaches to assess the impact of teaching adsjdtais research project employs a
multiple embedded case study methodology, using hQaantitative and qualitative
methods. The case studies focus on three mathaem@acher-teaching assistant
partnerships working in different schools, with thetention of developing
intervention strategies which encourage an effectivorking partnership. The
embedded case study research methods are usedrtxtehise teachers’ and TAS’
informal experiences and ways of working togetlaed to identify the factors which
contribute towards an effective teacher-TA partimgrsGrounded theory methods
provide the means for developing the models ofenurworking practice through the
analysis of qualitative data. An intervention stat will be designed based on these
findings and a trial that involves both teacherd @As will take place.
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The research context

The full time equivalent number of teaching assitt@mployed in secondary schools
in the UK as at November 2010 was 45,400 (Departtn@mnEducation 2011), a
number that has been increasing year-on-year 4i@@é (Department for Education
and Schools 2005), despite recommendations by Hand®he Telegraph 2009) that
the number of TAs should be reduced. Establishihgtumpact these TAs have on
pupil achievement and identifying how TAs can beldged and utilised effectively
is of the utmost importance to the future of the Téle. Although there is a
significant number of TAs employed in secondaryost in England, limited
research has been conducted concerning their dapltty impact and effectiveness.

One of the few studies that considers TAs emplageskecondary schools in
England was conducted by Smith, Whitby and Sha@@4® The report provides an
insight into how teaching assistants are deplogesthools, what impact they have on
teaching and learning, and what attributes, trgimind qualifications they possess.

A study, which has a similar focus to that condddsy Smith, Whitby and
Sharp (2004) is the Deployment and Impact of Supptaff (DISS) (Blatchford et al.
2009) project. Conducted over a 5-year period ptlogect involved multiple strands
of research designed to gather data relating taépdoyment and impact of support
staff. A significant finding of the study, whicha®ved high profile media coverage
at the time (BBC 2009 and Guardian 2009), was that more support pupils
received, the less progress they made in mathesratlgect knowledge.

Whilst the studies conducted by Blatchford et ad &mith, Whitby and Sharp
focused on the impact of teaching assistants onl popgress and attainment, and
how support staff are deployed in schools, Wal€h0%2 and Devecchi and Rouse
(2010) focused more specifically on the teacherpB&nership itself.

The research study conducted by Walsh (2005) relresjuestionnaire data
obtained from teachers, teaching assistants andigbpEducational Needs Co-
ordinators (SENCOs) to identify how effective tharticipants feel their teacher-TA
partnership is, and what factors could improve dffectiveness of the partnership.
Devecchi and Rouse (ibid) employ an alternativeraggh utilising an ethnographic
study to gather data which highlights the attrisutdé teachers and TAs and the
aspects of the school environment which encouragefactive working relationship.

The development and implementation of an intereentprogram that
encourages the professional development of teadiarsathematics and their TAs,
improves the effectiveness of the teacher-TA pastip and proactively aids the
cultivation of a deeper understanding of mathersatiould address a number of the
issues and recommendations highlighted in thesequ® research studies.

Rationale for the study

The standards framework for teachers (Training@edelopment Agency for schools
(TDA), 2007) places an increasing emphasis on ffeeteve working relationships
between teachers and teaching assistants in tb&atan.

As mentioned previously, there is little researcidence in the UK on how to
create and sustain an effective teacher-TA pattiersn secondary school
mathematics classrooms. The DISS study (Blatchébrd., 2009) highlights the need
for further research into the work of TAs and aar@ased focus on the training and
professional development of both teachers and TAs.
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Research conducted by Ma (1999) has found thateShiteachers’ deeper
understanding of mathematics is linked to the tamé support they are given to work
collaboratively on the content of their lessonse iecessary sharing of the content of
a lesson between a teacher and a TA in the UKs#aropportunity for developing
such deep subject knowledge, similar to that whilachieved in China through
collaborative planning, thus mirroring the succesgeChina but using established
patterns of working in the UK.

The importance of having a deep understanding ofhemaatics and its
interrelation with pedagogical knowledge has beenognised by Ball (1989)
following a large-scale study of teachers in the O8r study examines how teachers
and TAs work together to determine which charasties of an effective partnership
offer opportunities for developing deep understagdiof mathematics. An
intervention for mutual professional developmentl Wwie developed and trialled,
based on the findings of our research.

The successful implementation of an interventiogatsgy which encourages
professional development is planned to have an ¢pa school and government
policy which will, in turn, affect the way teacheand teaching assistants work
together in secondary mathematics classrooms. Ssfoteimplementation of an
intervention is intended to develop teachers’ add Tmutual deeper understanding
of mathematics which should impact on pupil attanirin the subject.

Development of the Teacher-TA tracking software

In preparation for the pilot study for the embeddede studies, we developed an
observation schedule to record the details of th@lp with whom the teacher and TA
were interacting. However, following a discussioitwMuijs (2011) regarding the
guantitative nature of previous research in thddfiave considered alternative
methods of recording observation data.

Initially, the concept of tracking the movementstioé teacher and TA was
based on recording their respective locations abws intervals during the lesson on
printed outlines of the classroom layout. Althougls method of recording the data
was reasonably efficient, we felt the data wouldnbere readily manipulated and
evaluated if it was recorded as digital images coraputer.

Whilst it was possible to save individual imagesrépresent the respective
movements of the teacher and the TA, the procesdibhg and saving each diagram
was too time-consuming during the classroom obsierva In order to record the
locations of both teacher and TA during the obgewms, it was necessary to
automate the data recording process as much aglgosehe initial version of the
tracking software was a simple design which allowresl user to add the location of
the teacher and TA, save a copy of the image, thedify the teacher and TA
locations and save the next image.

The key components of the software design have irmdathe same in
subsequent versions; however, small changes hare rhade iteratively to improve
the efficiency of the software. These improvemdrage been made to minimise the
time required to record the data, so that a sefficamount of time is available during
the classroom observations for the researcherctwradield notes.

Managing and summarising the data

The locations of the teacher and TA are recordextyeminute; therefore the data
collected from the tracking software comes in tberf of 45-55 individual images,
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depending on the length of the lesson being obderVhese images are collated
within a single Microsoft Publisher document, weébhch page displaying 6 images;
arrows are added to the images to illustrate theements of the teacher and TA (see
figures 1, 2 and 3 below). These images can themsbd to identify any interaction
between the teacher and the TA during the lessdnt@rnriangulate the responses
regarding classroom practice obtained during tterwew phase of the research.

In order to interpret the data further, the classrooutline is separated into
multiple regions; the time the teacher and TA spenedach of these regions is then
calculated and a summary image of the classrootmeus produced (see figure 4).
This summary can then be used to identify whethertéacher and TA work with the
same pupils, the amount of time the teacher andspénd working with different
pupils/groups of pupils and, as with the individualages, can also be used to
triangulate the comments made by the teacher andufig their interviews.

Utilising the tracking software: - examples from the pilot study

To illustrate how the tracking software can be usedriangulate the teacher’'s and
TA’s interview responses, we have identified a naméif comments from both the
teacher and TA which can be supported by the dhtaireed from the tracking

software. During the pilot study interviews, bdime teacher and the teaching
assistant were asked what would usually happentypieal mathematics lesson and
what they felt their role and responsibilities weiiéhin the lesson.

The TA described her practice at the start of éssdn as being “usually spent
very quietly, just looking around, monitoring whdistening; if they’re [the pupils]
not listening, creeping over and giving them a ridd his description of the TA’s
usual practice is highlighted in figures 1 and &jck are the first two images taken
from the results of the tracking software for ofiéhe lesson observations.

The responses from both the teacher and TA cordiuimethat they felt they
had a very good working relationship and an eféecpartnership working together
within lessons. The TA explained how she felt shasva trusted and respected
member of staff and how, in the classroom, bothtdseher and TA would often
briefly discuss the content of the lesson, whagpss the pupils were making and
what issues the pupils were coming across, if @me of these interactions between
the teaching and TA is displayed in figure 3; dgrthe specific lesson in which this
data was obtained, three of these brief discussawisplace.

5 44— 4

2 22
4
3

24 24

i<— 2 ~ 5 44— 22

» 3 K 4
Fig. 1 Fig. 2 Fig. 3

In the interview responses, both the teacher ancgi&ed that the discipline
of the pupils was the teacher's responsibility; boer, both teacher and TA
commented that the TA also plays a significant nolassisting in the management of
pupils’ behaviour. The teacher commented that kids [sic] at the front in this class
tend to be the chatty ones, if anything, and lately don’'t expect her [the TA] to
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defuse that”. The TA commented that she felt shpddeto manage the behaviour of
the pupils by moving around the class, “I don’tdeo sit and work with one person
all the time; | flit about because | think that'shen the disruption starts”. The
movement of the TA around the classroom and thehtrs focus on the behaviour
of the pupils at the front of the class is hightaggh in the summary of the lesson
observation displayed in figure 4.

The teacher and TA both commented on the impogtariche TA moving
around the classroom and working with all the pupiThe teacher stated how the TA
“works with all the kids [sic], basically. If thésea kid [sic] that has been away she
will tend to sort of sit with them and catch them’.uThe TA concurred with the
teacher, stating that she would usually “go round explain things again and help
them [the pupils] on their way and set them off dmapefully give them some
independence and then move on to somebody elsed. simmary of the lesson
observation highlights how the TA usually movesuai the classroom and works
with a range of pupils. Although it appears that thA works with one group of
pupils for a significant amount of time more thdme tothers, the researcher’s field
notes, made during the lesson, comment on oneeoptipils in that group being
absent in the previous lesson. The time spent wgrkiith the pupil, who was absent
previously, supports the comment made by the teagbeut how the TA tends to
work with pupils who have been absent to help tieatoh up with the work.

Teacher: General presence 99
Out of room 0%

TA: General presence 2%
Out of room 0%

5

n.b. Percentages may not sum t
100% due to rounding.

O

Fig. 4: Summary of resdbr teacher and TA tracking during 1 lesson

One of the main factors, identified from the intews, which strengthened
the teacher-TA partnership was the level of trettvieen those involved. The teacher
commented “I trust her subject knowledge; | dor@vé any issues leaving her with a
group of kids [sic]... and | know that whatever slagsswill be accurate”. Similarly
the TA stated “I think we get on very well, and dinests me to know what I'm
talking about”. Although the summary of the teachad TA movements suggests
that both the TA and teacher work with all the fmipn the class, the individual
tracking images highlight how the teacher and TAdtdo work independently,
highlighting the level of trust they have in ea¢hes.

Concluding remarks

The iterative process used to develop the trackiofjware has ensured that the
collection of data during lesson observations ith kefficient and accurate, and the
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use of teacher and TA tracking provides an inneeatlternative to using a more
statically-structured observation schedule to gadlaéa about classroom practice. The
data collected via the software provides an invaiansight into how the teacher and
TA work together in the classroom, whilst also dffg an opportunity to triangulate
data obtained during interviews with both the tes@nd TA.

The tracking software will be utilised during theleedded case studies and
the individual images, illustrating the movementstlee teacher and TA, will be
analysed and summarised in a similar manner teetbbtained during the pilot study.
At present, the use of a Tablet in conjunction Wil software is being considered as
this will minimise the intrusion during lesson obssdions, compared with a laptop
computer, whilst improving the efficiency of tha¢king process.
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An analysis of pre-service mathematics teachers’ germance in modelling tasks
in terms of spatial visualisation ability

Halil brahim Taova and Ali Delice
Marmara University

This study aims to identify pre-service teachepgt®gl abilities and to
explore the effects of these abilities on perforogaimn mathematical
modelling tasks. Following a case study researchrageh, mixed
methods were used for data collection. Participavdse 75 pre-service
teachers studying an MA degree without dissertagiba state university
in Turkey. In order to identify pre-service teadiespatial abilities, data
was collected using a Mental Rotation and Spatial&isation Test. In
order to investigate the effects of spatial ale$iton performance during
the solution process and on the visualisation @®cere-service teachers
participated in modelling activities. Descriptivéatsstics were used to
analyse the qualitative data. Results indicatetl dhmaost half of the pre-
service teachers had high level spatial abilitiegias also found that pre-
service teachers’ mathematical modelling abilittesre not sufficiently
developed, and that their spatial visualisatioritéds were weaker than
their mental rotation abilities. Moreover, the testhat pre-service
teachers who had higher spatial ability also hattebgoerformance in
modelling tasks than the other pre-service teachmied a direct
relationship.

Keywords: mathematical modelling, spatial ability

Introduction

Skills such as interpreting problem situations emtered in daily life and producing
efficient solutions, reasoning and associating oaly be acquired and developed
through mathematics education (NCTM 1989; Baki 3006 order to do that, first,
the idea that mathematics is an isolated sciendehwh distinct from real life and
only used at schools should be abandoned (Ayd 8)200was this idea that led the
way for the modelling approach to mathematics etilicalue to a consideration that
in a classroom based on this idea, traditional eratttics teaching would not develop
students’ skills of applying mathematics to differeontexts (Lingefjard 2006).

Mathematical Modelling

Modelling is the process of defining and explainexgnts or mental organisation of
problem situations, using and constructing vari@ehemata and models when
encountered with a problem situation (Lesh and Da2003). Mathematical
modelling, on the other hand, is a combination athmmatical constructions chosen
to represent some real world situations and thaiogiships among them (Niss 1988)
and in the general sense, it is the process ofenadtically expressing a real world
situation (Kertil 2008). As this process constitutalgorithmic and non-routine
problems which are open-ended and which are clasédyed to a real life context, it
is considered as a more suitable problem solvitigigcfor the aims of mathematics
education (Blum and Niss 1991; Crouch and Hain@5 2ted in Kertil 2008).
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Spatial Abilities

Individuals need visualisation abilities as muchtlasy need the abilities of using
already existing or newly constructed mental mqdsethemata, visual elements,
conceptual images and definitions in order to gatieesolutions to real world events
and problems using modelling. Visualisation playssignificant role in the
development of thinking and mathematical understapdin creating associations
between relationships mentally or on paper durimgblem solving and in the
transition from abstract thinking to concrete thingk and it is an alternative and
powerful resource for learners of mathematics (Rreyl1991; Hazzan and
Goldenberg 1997; cited in Boz 2005 ; Lavy 2006).

Visualisation, which is a method that allows theisible to become visible
(Zimmermann and Cunningham 1991, 2) can also heatbfis the concretisation or
illustration of abstract thoughts, or the organabf abstract thoughts using visual
elements (pictures, graphics, etc.) through corsaibdn so that they can be easily
perceived by the sense of sight (Sevigtlial. 2008). The most important benefit of
visualisation in mathematics is that it transformngery abstract matter to less abstract
or concrete. This is especially important for tiwdents who struggle to understand
abstract mathematical concepts.

The process of visualisation as part of the probteution strategies in the
modelling task starts with reading the problemestant. The words that express
mathematical terms in the problem or objects thastein reality stimulate the
learner’s subconscious information about the coneegd thus the learner develops
mental images that are accepted as the functiamalainental unit of visualisation
(Gutierrez 1996). The learner interprets these @adgased on prior experiences and
spatial abilities. The learner benefits from thateat of the problem and constructs a
full mental representation of the problem in fragiseusing these images or a partial
mental representation in fragments. The learnensfess the generated mental
representation on paper. A mental and physicabaatihich includes mental imagery
(Presmeg 1986) is thus materialised. The learnestoacts an external representation
of the problem which is now concrete on paper. &after, the external representation
also affects the interpretation of the mental repn¢éation obtained from reading the
problem. Learners’ spatial abilities, which will lesed to interpret images in this
process, are also one of the significant and prentifactors (Delice 2004).

Therefore, this study aims to investigate learnkeng| of visualisation abilities
which are observed when they begin the mathematnzadelling process and the
visual process they go through. Thus the purpodbisfresearch is to find out how
pre-service teachers’ spatial abilities affect thgualisation process in modelling
tasks and as a result how much their abilitiescafferformance.

Method

This study, which aimed to investigate the effeatspre-service teachers’ spatial
abilities on their performance in the mathematmoaldelling process, required an in-
depth understanding of problem solving processelsséiills. Thus the study had a
case study design which is, in its widest sensBnetk as an in-depth investigation
and analysis of a group or event. Participants wszkected on the basis of
convenience sampling where individuals or groups studied as they are. This
technique is a type of non-probablity sampling wihis widely used in qualitative

research (Cohen, Manion and Morrison 2000) and wcisch thorough exploration of
the group or event under scrutiny. The participavdse 75 pre-service mathematics
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teachers pursuing a postgraduate degree (MA witissertation) at the Secondary
School Mathematics Education Department of a staiteersity in Turkey.

Data collected for the study were predominantlylitpteve and the findings
were supported by quantitative data. Multiple mdthand research techniques were
used for data collection. The research techniquere Bpatial Visualisation Abilities
Tests and Modelling tasks. Data were analysed usatggorisation and descriptive
statistics.

In order to identify pre-service teachers spatialitees, the Spatial Abilities
Tests (SST) were administered. The tests were oleeél by Ekstrom, French,
Harman and Derman (1976) and translated into TaysDelialio lu (1996). Spatial
ability is a combination of mental transformationdaspatial visualisation abilities.
Mental transformation ability is identified by ugicard rotation and cube comparison
tests, while spatial visualisation ability is idéied by using paper folding and surface
development tests. These are multiple-choice tesis a single correct answer.
Following the administration of the test, the datas categorised into “correct”,
“incorrect” and “no answer” groups and the scoreeath student was calculated
based on the number of correct answers.

After the SST scores were calculated, pre-sendaehters’ spatial ability levels
(low-average-high) were determined in relationhte tloseness of the mean scores to
standard deviation. Accordingly, pre-service teasheho had scores between 165
and 229 were identified to have a low, between &3d 241 to have an average and
between 245 and 276 to have a high level of spasahlisation ability.

Following the identification of pre-service teac$iespatial visualisation skills,
pre-service teachers were given problem solvingstas line with the model and
modelling approach. The tasks required skills sagldentifying the variables of real
life situations and events using mathematical tinigkand stating the relationships
between these variables using mathematical expressin order to identify pre-
service teachers’ performance in modelling taskssheanswer was grouped and
evaluated into categories of “correct”, “partiatigrrect”, “incorrect” and “no answer”
based on their ability to find the result. For thaluation of the answers, an answer
key was prepared beforehand which, for each probldentified which answers
would be accepted as correct, partially correctoirect or as no answer. The
descriptive analysis of the data and their perga#are presented in detail according
to spatial abilities.

Findings

Quantitative and qualitative data obtained fromghaly is presented in this section.
Spatial ability levels of the participants (low,easge, high) and their mathematical
modelling skills are identified and the data iscdissed.

Data analysis indicated that 44% of pre-servicehtees had a high, 22% had an
average and the remaining 34% had a low level afiapability. Thus, almost half of
the pre-service teachers had a high level of dpsdtiaty.

An analysis of pre-service teachers’ answers toetiod tasks demonstrated
that 41% gave correct (CA), 22% partially correRA] and 29% incorrect answers
(IA), while 8% of pre-service teachers could nategany answers (NA).

When pre-service teachers were compared in termthesf performance in
modelling tasks according to their spatial abiitiéFigure 2), the percentage of
incorrect answers given to the modelling tasks t®rgervice teachers who had low
spatial ability (%41) was higher than that of tlikep pre-service teachers (%28 and
%23). The percentages of correct answers to theelinagltasks by students who had
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an average and high level of spatial ability web&5and 52%, while the percentage
of correct answers to the modelling tasks by preise teachers who had a low level
of spatial ability was 41%. 24% of pre-service teas who had high spatial ability,

17% of those who had an average level and 14% asfethvho had a low level of

spatial ability gave partially correct answershe tmodelling tasks. It is worth noting

that there were pre-service teachers who couldanstver the modelling tasks only
among the pre-service teachers who had low siibdy .
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Figure 2: Performance in modelling tasks accordingpatial ability

Discussion

Given the data obtained from the modelling tasks;service teachers’ performance
was, in general, insufficient. Following the refamon of the high school
mathematics curriculum, pre-service teachers apea®rd to be intrinsically and
extrinsically motivated to inquire and interpret; think censoriously and relatively;
and to make use of the knowledge and abilities tiese at the needed stage of their
activities such as problem solving. Thus, the pernce in such activities, which
assess skills that support the constructivist aggrp was expected to be better.
Moreover, mathematics pre-service teachers’ pedooe in the modelling tasks
cannot be claimed to be good based on the factctira¢ct answers had the highest
percentage. Partially correct answers should assa@dnsidered. When pre-service
teachers could solve part of the task, but coulddecide what to do afterwards, it
meant that they neither gave an incorrect nor aecbranswer. This increased the
importance of the percentage of correct answerd,aanthis was less than half, it
indicated that pre-service teachers modelling perémce was not developed
sufficiently.

Due to the fact that the modelling tasks were opmthed and had non-routine
characteristics, pre-service teachers had to temukstheir already existing didactic
acceptance, which has a significant dominance obl@m solving skills. In other
words, for the modelling tasks, when the problens wat understood, in order to
choose correct mathematical operations, pre-sete@ehers had to perform beyond
consulting key words or similar problems that weoéved before, using each number
and data given in the question to find the answdrthinking that each problem given
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by the teacher was a problem that could be anddbd solved (Reusser and Stebler
1997). This could be the most important reasorwfioy pre-service teachers’ level of
performance in the modelling task was insuffici@dertil 2008). Modelling tasks,
which are contextually related to real life and evhirequire an integrated use of
various skills such as visualisation and algebagerations in the solution process,
can be perceived as an area in which pre-servamhées had difficulties in applying
their knowledge. Pre-service teachers’ attemptsoastructing the abstract (mental)
or concrete (drawing on paper) problem were obsknvéhe solution processes. This
suggests the potential contribution of their spatilities.

Less than half of the pre-service teachers wereddo have a high level of
spatial ability, whereas more than one third h&alalevel of spatial ability. The fact
that pre-service teachers had three levels of (haglerage and low) spatial ability
indicated that pre-service teachers could deveiep spatial ability during their past
experiences and educational life. Moreover, it atsophasised how pre-service
teachers projected their spatial ability into thatimematics teaching and learning
process and how they could use it in understandimd) making sense of problem
solving processes and mathematical concepts. $patral abilities were observed to
have a directly proportional relationship with th@erformance in the modelling
tasks. Pre-service teachers with low spatial godit modelling activities had the
lower success at performance. The reason of thightntie their inability to utilise
their visual abilities together with abstract/mattagical concepts to approach the
solution process of modelling activities from drifat perspectives. The fact that the
pre-service teachers who had a high ability coutijegt it to their performance can
be explained by their ability to apply their proaeal skills, which would lead them to
the solution, by combining the problem that theyéhaonstructed mentally and on
paper and their mathematical skills. Yet, givernt #igghtly less than half of the pre-
service teachers with high ability levels gave ectranswers, the need to use
visualisation skills in modelling tasks is alsodgrounded.

Conclusion and Further Research

Mathematical modelling tasks provide critical evide on mathematics pre-service
teachers’ current situation. Pre-service teachen® wbserved to have difficulties in
mathematical modelling and interpreting real lif@i@ions using their mathematical
knowledge. Therefore, teacher education shouldudel objectives to improve
mathematical modelling skills and skills that woudhable them to construct
mathematical modelling tasks. Modelling conceptegfions-tasks, which could be
accepted as applications of adapting mathematiosaidife situations and which are
also emphasised by the constructivist approachyldhze incorporated in the lessons
by identifying techniques and categorising pre-®erweachers according to their
spatial abilities.

Given that pre-service teachers who had a highadility performed well in
modelling tasks, activities that will increase #iglity to use mental visual-pictorial
components could be used in classes. This emphlasiseeed to focus on activities
to support the development of visuality and vissidlls. For example, an ability to
use algebra/symbols and their integration to viskglls can be studied.

Another important finding is that visualisation lglyi and performance in
modelling tasks are directly proportional. This gests that more and variety of
practice that aims to develop the ability to int#grthese two skills in problem
solving activities should be incorporated in thectang learning process.
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Impact of the Mathematics Lesson Structure reformm Seychelles on pupils’
achievement

Justin Valentin
King's College London

This paper draws on secondary achievement datdesutibes the pupils’
achievement during the first years of a mathematieching reform.
Cross sectional analyses of the data showed no owaprent in
performance during the first years of the refornawdver, during the
same period, variations in the pupils’ scores redudhe fact that it is
difficult to make claims about impact of reform the absence of
experimental data, findings reported in this pdpere become a rational
to extend these analyses beyond the descriptivistgta to include data
from other sources.

Keywords. Mathematics lesson structure, achievement, mathesnat
teaching reform, Seychelles

Introduction

In 2003 in Seychelles, the Ministry of Educationcided that improving pupils’
learning in mathematics be one of the main priesiin its five-year plan (Ministry of
Education, 2003). The decision followed claims ofak pupils’ achievement in
mathematics (Khosa, Kanjee, and Monyooe 2002; Minisf Education 2003;
Trencansky 2002; Valentin 2003). A Mathematics WgkGroup (MWG) was
mandated to spearhead all improvement activitiesirat the subject. A systemic
project, the Improving Pupils’ Achievement in Mathatics (IPAM) project, was
incepted. A school survey conducted in 2004, withidence from informal
interactions with teachers suggested teaching asatka requiring improvement
(Benstrong, Theresine, and Albert 2004). Stimuldtgdhe three-part lesson structure
from the National Numeracy Strategy in UK (DfEE 839as analysed in the
Leverhulme project report (Brown, Askew, Rhodes,akt 2003), the MWG in
Seychelles initiated a mathematics teaching imprmré reform, known as the MLS
— the Mathematics Lesson Structure. Elsewhere gf\iml 2011) | have described the
reform along with findings relating to the teachémspression during the first years.
The reform is underpinned by the assumption thathers’ processes determine
pupils’ achievement in the classroom (Darling-Hamoh@®000). This paper reports
on the analysis of two secondary datasets, an etfa of the pupils’ achievements
before and during the early years of the reform.

Lesson Structure

The specific teaching process which MLS reform $ébug improve is the teachers’
lesson structure. Schmidt, Jorde, Cogan, et aBg)jl8ontend that lessons within a
country generally take a common form. The term att@ristic pedagogical flow is
coined to describe the general pattern of lessdres marticular country (Schmidt,
Jorde, Cogan, et al. 1996). CPF springs from daai@dn of practices and cultural
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values of education (Biggs 1998). If lesson patternlesson structure in the
Seychelles’ context — is a result of teachers’ erpee, values, and socialization, and
if this lesson pattern can permeate a system, ithsnpossible to interfere with a
country’s pedagogical flow. The MLS reform attentpthat. Its consequences are yet
to be established. The whole notion of lesson &ireas in the MLS reform relates to
coherence and encompasses sequencing. Instruatmreence is defined as linked
events and the meaningful discourse reflectingdtenectedness of topics, which
benefits students’ learning of mathematics (Ched bn 2010). The use of the
metaphor, “a good mathematics lesson is like aystodicates the significance of
coherence in developing lessons (Hiebert, Stigled Manaster 1999). The lesson is
organized such that each sequence of events wgitiastbecomes interconnected such
that the ‘story’ gets a beginning, a developmenteading, and a consistent theme
that runs throughout (Fernandez, Yoshida, and &ti§p92). Using story as the
metaphor also entails that lessons have climaxcahdrent storyline (Shimizu 2009)
— two features which were often missing in the elleconduct of mathematics
lessons in Seychelles prior to the reform (Bensgtrdimeresine, and Albert 2004).

In this paper, | draw on secondary achievement datd | present a
description of the pupils’ achievement before andrd) the early years of the reform.
The nature of the data makes it possible to condrads sectional analyses of the
pupils’ achievement. Now I turn on to describe dlagasets used for this paper.

Data and analysis

| analysed secondary data from the SACMEQ Il anddéita archives. SACMEQ
(Southern African Consortium for Monitoring Educetal Quality) is an association
of fifteen Ministries of Education in Africa workintogether on improving different
aspects of education using research evidence. Uhdeauspices of the International
Institute of Educational Planning in Paris, SACMBEQs carried out three major
surveys in its member states. The SACMEQ workscareprehensively described in
(Murimba 2005). The SACMEQ data are relevant irs teiudy in that the two
mathematics surveys in which Seychelles took pamewdone before and after the
reform, hence, permits comparison of pre and pefsirm achievement patterithe
data set provides an opportunity to study the iceiahip between MLS reform and
pupils’ achievement. For this paper, | computedcdpsve statistics for the two
mathematics achievement datasets. | conducted AN@WAthe results. Then |
worked out the percentages of pupils attaining eemtmpetency level. Lastly, |
compared the pupils’ performance on the commonstefithe two tests.

An overview of the test construction

The SACMEQ tests were constructed by the natiooatdinators representing each
member country. To ensure content validity, thericula of the different countries

were reviewed and common topics were identifiecbldeprint was developed and
items were written on the basis of the common ggtnally one test, common to all
participating countries, was prepared. The teduded “overlapping” items selected
from the earlier SACMEQ studies (Ross et al. 1988) the IEA’s Third International

Mathematics and Science Study (TIMSS) (Mullis e28i01).
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Results of the analysis

The first analysis compared the basic descriptietissics of SACMEQ Il and Il
data. Since MLS became mandatory in May, 2006 aAdCMEQ Il was
administered in October 2007, | have reason toridesthe pupils’ achievement of
the third SACMEQ administration as post reform h&ag outcomes. The SACMEQ
[l mathematics test was equivalent to SACMEQ Htthence their results could be
compared. SACMEQ Il test consisted of 63 items SACMEQ Il consisted of only
49 items. The decision to add or remove items an tdsts was made by the
SACMEQ coordinating centre based on their analyslegupils’ perfornance in
SACMEQ II. Of the 63 items of the SACMEQ Il, 47 igresenting a total of 75%)
were repeated on SACMEQ Il test. The 49 itemSACMEQ Il means that 96% of
its items were items of SACMEQ IlI. This allows csasectional analyses to be done
on the test results. The number of candidates wdito SACMEQ Il and Il
mathematics tests are 1484 and 1480 respectively.

The mean of SACMEQ Il test was 47.96% and standkndation 16.84.
These two statistics for the SACMEQ Il tests afe36% and 14.78 respectively.
Numerically both the mean and the standard dewviahave gone down in the
SACMEQ Il results (see Table 1). ANOVA conducted the two sets of scores
suggests that the mean for the 2007 result wadisegntly lower than the 2000 mean
[F(1, 2962) = 7.54, p < 0.01). Comparison of vamias of scores using the coefficient
variation indices show that the value went dowmfr86% to 32% suggesting that the
group became more homogeneous after the reformffiCieret of variation is the
ratio of the standard deviation to the mean andumierically useful to compare
variations among groups with different means.

Matching the items of the two tests and compariaiy titem difficulty indices
(item means) revealed that, a) of the 47 items comto both the SACMEQ Il and
SACMEQ III, 26 (55%) items of the SACMEQ II testcha better mean than items of
SACMEQ Il test. The means were common for onl{18%) of the items. This
implies that the 2007 cohort did better on only 3@%he common items.

Analysis of the nature and content of the itemsvbich the 2007 cohort was
better than the 2000 cohort revealed that the itemdd be grouped into three
categories mainly. The first category were the fdieation items such as, identifying
properties of shapes and smallest numbers fromTliss category consisted of items
which generally do not require mathematical mardpahs to work out the answer.
The second category contained matching and gragdings. Here again there was
little mathematical computation or manipulation ohxed. The third category
included items which required some elements of adatfn but could be done in
one step.

A similar item skill auditing was done on thosemte onto which the 2000
cohort was better. The items functioned at a higlognitive level. They included
items requiring the pupils to: read and interprgipdps; convert units of measurement
and fractions; apply rules to solve problems; amhgute solutions using no less than
two steps. In a third analysis | compared the peege distribution of students over
the eight comptency levels of numeracy. The follayesults were obtained: i) the
percentage of pupils at the lower levels (1 anda?) decreased from 2000 to 2007; ii)
in 2007, the percentages of pupils attaining tipdewel (7 and 8) have decreased; and
i) only 31.3% of the pupils have achieved Levebibbetter in SACMEQ 11l results.
Findings reported in this paragraph can also badon Table 1.
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Descriptions SACMEQ I SACMEQIII
2000 2007
No. pupils 1484 1480
Mean (%) 47.96 46.36
Standard deviation 16.84 14.78
Coefficient variation (%) 35 32
Percentage pupil at Level 1 2.6 1.9
Percentage pupil at Level 2 20 15.9
Percentage pupil at Level 3 24.2 24.5
Percentage pupil at Level 4 19.7 26.4
Percentage pupil at Level 5 13.8 14.4
Percentage pupil at Level 6 13.3 13.2
Percentage pupil at Level 7 5.0 2.4
Percentage pupil at Level 8 1.4 1.3

Table 1: Basic statistics for the three tests

Discussion and conclusion

The findings indicate that while pupils’ achieverhehowed no improvement during
the early years of the reform, variations in theifsli scores decreased over the same
period. This leads me to claim that the methoceathing advocated in MLS tends to
bring pupils together. In UK, where the idea ofunohg a lesson structure in school
originated, it was observed that such prescribetthaaeof teaching to some extent did
push up achievement a little bit (Brown, Askew, Ibtt, et al. 2003). MLS case in
Seychelles did not improve achievement during Hréyeears. However, while in the
Seychelles’ case a decrease in variation was oddettve national numeracy scenario
in UK showed an increase in variability of scorBsofvn, Askew, Millett, et al. 2003)

On the basis of the evidence presented in thisrpaman argue that some
aspects of the MLS approach to teaching can beppropriate teaching strategy to
deal with mixed ability teaching — an approach whis gaining prominence
following findings from local research in schoolse¢te 2005). Here | use the term
some aspects of the MLS since data which | havelation to teachers’ enactment of
the reform revealed that some components of thermefare not being used as
expected (Valentin, 2011). This observation may atsply that the needs of some
pupils, in particular, the top performers, are being taken care of. Observation of
classes which | did in a different phase of theaesh showed that in many instances
the pupils’ tasks were not challenging. This stoggns more spaces for research into
the teaching of mathematics in Seychelles undeiMtib® regime.
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To what extent might role play be a useful tool fotearning mathematics?

Helen Williams
Roehampton University, London and Marlborough Priygrn&achool, Falmouth

The work discussed here forms the beginnings of Rh{p research,

investigating the mathematical potential of rolaypin a primary school

where a role play area is chosen by the childrem fReception to Year 6,
and is assigned for mathematics. Currently | anectthg and analysing

video- and audio-taped data collected as a nonejgamt observer in a

Y4 classroom with two groups of childen of eighaigeof age. Susequent
to each observation, selected video clips are wedewith the children.

The focus of my research is currently 1) whethesrehis there any
identifiable mathematics happening; 2) the levelirafolvement of the

participants; and 3) how what is happening reltieshat else is going on
in the classroom. Some broader educational thereearising from the

data and are outlined here, including the beneiitd disadvantages of
using video, reproposal, exploratory talk and thle of metacognition in

learning mathematics.

Keywords: role play; visually stimulated recall; reproposal; metacognition;
exploratory talk.

Introduction

| have been carrying out observations in a clagsrao the town primary school

within which | currently work, of seven 8-year-otthildren in the Autumn term of

their Year 4, whilst engaged in dramatic role ptisigned to engage them in an
independent mathematics task. The seven childrea baen identified by the class
teacher as slightly below average in their mathemalagttainment, as defined by
National Curriculum attainment levels (DfEE 200Bhr one hour each week, each
mathematics group is divided into two smaller gapd timetabled for half an hour
on a computer mathematics programme and half anihdbe role play area. In this

way, every child in the class has an opportunityvtwk in a smaller group on the
independent role play task.

Initially, potential mathematics tasks are discdsseith the class and
subsequently designed by the teacher as open-emdtd the opportunity to be
differentiated by outcome. The task is often retdrrto later that week, or the
following week, thus allowing the children to taekkome mathematics over an
extended period, or engage in the task with theefiteof thinking or ‘review’ time,
built in by the teacher each week.

The term ‘role play’ can encompass socio-dramday pnd fantasy play and
incorporate plot and story lines. Garvey calls tpiay type ‘play with social
materials’ (Garvey 1977, 79) and sees it as aatdie of a child’s growing notions of
their world. My working definition of role play isvalking in another’s shoes’. The
subject area of my research straddles the pedagfognthematics teaching and that
of early years. My area of focus is how play andhamatics might interact in a
classroom. The mathematics curriculum as experteigea group of children in a
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primary school classroom at a particular pointimnet— what they do, what they say,
their identities and perceptions. | am speakingnfepsocial constructivist viewpoint,

where learning is understood as social activityisTlesonates with the approach to
teaching mathematics integral to the MathematiakeénCity initiative, a professional

development collaboration between the Freudentigtltite in the Netherlands and
New York schools (Twomey Fosnot et al 2001a) whaahematics is taught by

engaging children in active investigation of whHagyt term ‘realistic’ problems.

Some methodological issues

Before recording these sessions on videotape laggd to the class that | was
involved in some research to see if role play helpeem do and understand
mathematics. A couple of the children (C and SeeHaeen particularly interested in
what | am doing and have questioned me about wdygtdns to the video tapes, who
sees them and why | am writing down everything they.

(In all excerpts that follow contributions are nuenéd consecutively from the
beginning of the observation; [...] indicates mgsor unheard speech; / a pause; and
/l a longer pause)

EXCERPT OF REVIEW TRANSCRIPT: GROUP 2, OBSERVATIQN

179 Sc How did you get all that there?!
180 HW | typed it all up there! It took me ages!

Subsequent to my transcription of each observatibaemes are identified
using a grounded theory approach ( ). I identify film snippets
for the class teacher to use with the whole clasgflect on the mathematics taking
place and for myself to use with my sample of sesf@itdren. These selected video
extracts of themselves in the role play area foha lbasis of an in-depth, semi-
structured interview. These ‘review sessions’ andi@recorded and subsequently
transcribed they take place approximately one vediek each observation.

The aim of these diagnostic interviews are for meayét a better picture of
what might be going on in the children’s heads &nklelp unpick what they perceive
as having learned from the role play. This approatpresenting something the child
has done or said for them to comment on, drawstiorukated recall (Lyle 2003, in
Griffiths 2011) and reproposal (Parker 2001). L{ite Griffiths 2011, 64) describes
stimulated recall as:

. an introspection procedure in which (normallyideotaped passages of
behaviour are replayed to individuals to stimulageall of their concurrent
cognitive activity.

This has echoes of the structure of observe, docturaed re-propose
approach used in the pre-schools of Reggio Emitey (Abbott and Nutbrown
2001). In reproposal adult observers note a shedepof child’s speech, choosing a
time to read this back for the child to enlarge with no adult interpretation or
additional comment. Parker (2001) describes rezaipas:

Reproposing children’s talk enables children to axp on their theories and
extend them. This process often shows childrenttieit ideas and thoughts are

valued and can be shared and discussed. It regsfdaheir previous learning and
develops them further. (p 91)

It is within these review sessions that childrewehanade statements about
how they learn, as well as what they are learnmtheir role play. Reproposal and
stimulated recall appear to be fruitful in provakimeta-cognition in these children.
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Benefits and disadvantages of using video-recordirig general and aFlipVideo
in particular

The FlipVideo recorder is the size of a mobile telephone and lbanset up
unobtrusively on a small tripod. | sit near theerglay with a note book for the
duration of the play. AnPod Nanois used to record the sound from a different
position in order to catch speech when the childrave. Both of these pieces of
equipment make it easy to transfer recordings tolapyop for transcription and
subsequent viewing with the children. The childhave seerilipVideo cameras in
use in school, and were fascinated by itRed. It became obvious affected what
happened, but this could be interpreted as a digirafor the better, as on a number
of occasions, a child drew another child’s attamtio the camera and pulled them
back on task. In addition, they seemed on occadmie ‘in role’ for the camera —
performing the mathematics! This raises the questiowhether, and in what ways,
role play, or indeed any mathematical activitydierent when an adult is near, or
children perceive they are being observed. Sylval €1980) found that having an
adult nearby increased complexity of nursery chiits play.

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 2

2 Sc [to HW] Give me thumbs up when it's on
3 HW No, that's OK, it's all right
4 Sc Give me thumbs up [...]' S, S!

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1

124 S Is this gold?

125 Sc Yeah! Of course it is. Be sensible now. Besible and don't
mess around

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 2

58 Sc Go on, let’s not mess around
59 S OK]both turn back to sheet]
60 Sc Of course, of course. Now then, what’s séwvees five?

Metacognition: Layers of learning

One advantage of using and reviewing the film teaterged, was evidence of
children making meta-cognitive statements as thewed the film of the role-play.
For example:

EXCERPT OF REVIEW TRANSCRIPT: GROUP 2, OBSERVATIQN

14 HW What were you working out?

15 F ‘Cos, and like, ‘cos Sc said we needed toamk lat that time so |
was getting the clock ready for that time, so wien

16 HW You were trying to find 21 on the clock?
17 F Yeah and I'd go like that

18 Sc Because before we did that we doing our freemd the clock
and we were going earlier, then we realised thateint in fives, so we had to
realise that one of those in the middle must haaenht, so we had to work out
the exact one

19 HW Hmm. Because 21 doesn’'t come when you asatiy in fives?
20 Sc No, so we had to really work it out as a grou
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And later in that interview:

a7 S It's quite good to do it again, and you caaftd you can like do
the stuff you, like, mistakegic)

48 Sc Yeabh, it's a lot better if you don’t make sstake a second time,
so then you learn something from the first time

49 HW I think you were quicker the second time

50 F Hmm, because we knew what to do

Here both boys, Sc and S, make statements abaittivdy understand
about how they learn (as a group) and the role istakes, based on observing
themselves working on setting an analogue clockhertime 15.21. The class teacher
reviewed the same clip with the class and askedulestion “What good learning can
you identify?” In addition to responses identifyitige content of the mathematics, the
children’s replies included the following: “Workirlgke a proper group and listening
to each other”, “Asking questions to find out iethwere right”, and “Figuring out
and talking to each other”.

Perhaps it is the case that visual reproposal meffection on how they learn.

Some findings: when should Hemy put to sea?

The role play setting, a floating artist’'s studias decided by the children, based on
the class focus for the term, a local history tofbarles Napier Hemy (1841-1917)
was a local artist considered to be one of thestingarine artists of his generation. He
had a boat fitted out as a studio, where he cobstiwve and make studies of the sea
at first hand. For the first task | observed, thddren were given a section from a
tide timetable and were asked to use this to degttEn it would be best for Hemy to
put to sea. Immediately there was evidence of kildren engaged in jointly making
sense of the task, interpreting data by readingtehend graphs, comparing and
estimating times, switching between 24-hour to ®8+¢h clock, as well as
communicating information and ideas. This task sskmathematically rich.

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1

10 F So, we have to leave at high tide

11 Sc By 8.36, by 8.36

12 F Yeah, but why would you want to go out at tigis that p.m.?
13 S No

14 F Is that a.m.?

15 Sc 8.37 | think, 8.36

16 F 8.36, 8.35

17 Sc 8.30

18 F Yeah

And a little later:

33 Sc So do you know when 15.21 shows up? At 1528 have to
leave before 15.21 otherwise we’'ll get stuck

32 F [with tide chart] No, 15.21

33 Sc Yes, we have to lealseforethen[points to time on chart]

see, 15.21 low tide

34 F We have to leave, we have to get back by [....

35 S For the fishes. When | go out at high tide’shavhen the fish
come in. So if you want to go fishing, so if yowhdo be back by high tide

36 F Wait, wait, | need to see when 1%hisad in hands, counts on her
fingers]
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37 Sc Iknow it's high tide now, let's get going S, S, S, yauready
enough to leave yet?

38 S No

39 Sc No, | know, we're sailing on the sea

40 F 3!

41 S [pointing to chart]No! 15

42 F Yes lknow but that's 3.21 in the afternoon

As | have accumulated my observations, it appdaat ot all tasks appear
immediately mathematically rich, however whatevse task, every review session
has evidence of children vocalizing their awareeessf how they are learning. In
addition, all tasks observed have demonstrated guential for exploratory talk as
described by Barnes (2008). Barnes describesthes af ‘learning talk’ as hesitant,
used by the speakers to sort out their ideas, whkighhat appears to be happening in
the transcribed observations.

If there does not appear to be much mathematicgroeg in the observed
role play even when this is planned as a mathenidtisk, then what can we do about
this? Maybe there is some mathematics related @t vakes place in the play, that
can happen a step away. Can we identify this andwea make some mathematics
take place by tweaking something? This is a themaenlcurrently exploring. For
example, using a shared resource or informatiowedsas a recording sheet seems
key in forcing the children to make sense togetiighe task and to reach some sort
of joint conclusion.

Role play?

Viewing the video footage it is debatable whether thildren are engaging in ‘role
play’ or simply in a task that is linked to the egblay theme. Perhaps it is the case
that the role play scenario offers an opportunity thildren to tackle some
mathematics that is accessible and that “makes hwmase” (Donaldson 1978). This
is one theme | wish to pursue further - role ortgmd play as releasing children to
take part in mathematics without fear of failure exposure. On the other hand,
maybe the focus on problem solving temporarily ddes the imaginative play?
There is certainly some evidence of the mathemadind the play occurring at
different times. On this occasion, after decidiampfly on the best time to set to sea,
the three children then played out roles of beingea:

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1

177 S Is that all you want to write Sc?

178 Sc That's all we need to. [....] F, shall weogib to sea?

179 S I'll lower the anchor

180 Sc No higher, bring the anchor. Wwowering the anchor stops us
181 S Does it?

182 Sc Yes

183 S Ok, ok, rulers are anchifsey mime together pulling anchor — a

ruler — up. F watches]

184 S [hopping on one footpDh! My toe! Ow! Oh my toe!

185 Sc Did you hurt your togRops too]

[S mimes moving anchor, re-drops it and some hgpmsumes by both boys]
186 S Ow, that hurt my to¢All laughing]

187 Sc Right! Let’s go. Are we ready? Let'’s go ffig}) let's go fishing
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188 S OKJS casts imaginary rodl've caught a pike [...] it's a massive
one

Some further themes: the role of a story

Further themes emerging are how a child’s idendtyd how they feel about
mathematics, affects how they use the role playodppity — to opt out or engage?
And whether activities need to be returned to meorfor the mathematics to emerge.
Watson and Mason have referred to asking studenthifee examples of something
as it is often only by the third that they will peshing the boundaries (Watson and
Mason 2005). Rogers and Evans write of the neges§iextended, periods of role
play in order for Reception children to developraaves (Rogers and Evans 2007).
The three role play tasks | observed culminatea atass auction of Hemy’s paintings
(seascapes painted by each member of the class)e T$1a sense that the previous
role play activities prepared for the auction, véhehildren acted in role as treasurers,
bank tellers, auctioneers and bidding customens avget amount of money to spend.
With a story linking the mathematical activitied)et class teacher has felt the
mathematics work has been centered, the auctiow tgll the separate activities
together into a final performance.
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Mathematics teachers make statistical inference bad on the distribution of
sampled values

Kai-Lin Yang
National Taiwan Normal University, Taiwan

The study presented in this paper illustrated plaaracteristics
underlying mathematics teachers’ alternative urideding or
misunderstanding of confidence interval (Cl) - tethconcepts. Firstly we
developed assessment instruments to explore teaah®terstanding of
Cl-related concepts. We found that mathematicshexacknew mean,
variance and some properties of a random variablgt a Cl for a
proportion measures, and the relationships betwsample sizes,
confidence level and the width of a CI for a prdjor. In addition, they
were able to calculate a CI for a proportion. Hogrevthey did not
integrate their understanding of a random varisperopriately when
estimating a parameter for a random variable, addndt transfer their
understanding of Cls for a proportion to Cls fomaan. One critical
characteristic underlying their thoughts was thHayt made statistical
inference mainly based on the distribution of sadplalues.

Keywords: confidence interval, mathematics teacheistatistics

Introduction

Due to the relevance and importance of statisiidalence, many countries include a
basic study of statistical inference in their czuta of high schools (around 16- to 18-
year-olds). Taiwan senior-high-school mathematiggiculum has included many
statistical topics, e.g. median and quartiles, maahstandard deviation, populations
and samples, sampling and statistical inferencei@ty of Education, Taiwan 2008).
Under this statistical curriculum which emphasizess on simulations and data
analysis, we found most of the mathematics teadm@ds negative attitudes towards
statistical learning and teaching (Yang 2011).

Teachers may share the same misconceptions aguthents. For example,
teachers encounter conceptual obstacles as tleag@tto conduct, or make sense of,
hypothesis testing (Liu and Thompson 2009). In\aeke paper, Sotos et al. (2007)
find few researchers have studied misconceptiongeraing Cls which are one
fundamental concept of statistical inference. Theppse of this study specifically
focuses on misunderstanding of Cl-related condagits by mathematics teachers.

Meaning of confidence intervals

Gardner and Altman (1986) summarized tG# present a range of values, on the
basis of the sample data, in which the populat@ne for such a difference may lie.
A CI produces a move from a single value estimatieh as the sample mean, to a
range of values that are considered to be plaufablthe population. The width of a
Cl based on a sample statistic depends partlysosté@andard error, which counts on
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both the standard deviation and the sample sizetelles on the degree of
“confidence” that we want to associate with theul@sg interval as well.

Suppose that in a study a random sample of 400thwgtaders from ten
senior high schools was selected to estimate tleeage national college entrance
exams (NCEE) score of all twelfth graders in Taiwamd the average for the sample
was found to be 300 with a sample standard dewiatib60. A 95% CI for the
average NCEE score of all twelfth graders in Taiwgafrom 294 to 306. Put simply,
this means that there is 95% confidence rather tmamce that the indicated range
includes the ‘population’ mean. In a statisticats® the Cl means that if a series of
identical studies were carried out repeatedly diferdint samples from the same
populations, and there is about 95% chance thatptpulation mean would be
included among these Cls for the population mean.

After learning Cl-related concepts, mathematicshess are supposed to have
an understanding of what Cls and confidence legtelsiot say. Referring to Moore
(1995), we cannot claim that we have 95% probagbihtit a proportion lies within
this Cl because no randomness remains after we dreavparticular sample and
construct one particular level Cl from it. The trpeoportion either is or is not
between the CI. Thus, probability is replaced bwfictence. We can claim that we
have 95% confidence that a proportion lies withiis tCl which is calculated by a
method that gives correct results in about 95% lafge number of repeated random
samples of the same sample size.

Misconception of confidence intervals

Literature from research on statistical cognitiord application suggests statistical
inference concepts are commonly misunderstood umests and even misinterpreted
by researchers. Cumming, Williams and Fidler (20fodind a deep misconception
concerning the question “What is the probabilitattthe next replication mean will
fall within the original 95% CI?” An internet iesgtigation in which researchers
were asked to answer this question suggestea tmajority of the researchers held a
misconception that the original 24 CI will capture about 19 of replication means
of the samples. This misconception is consisterh whe law of small numbers
intuition of understanding sampling variability (8s et al. 2007). After searching the
studies related to misconceptions of the CI concgptos et al. found that only one
study concerning undergraduate psychology and ggatudents’ understanding of
Cls related to the p-value concept, Fidler (20@udents’ misconceptions of Cls
detected by Fidler include (1) Cls are a range latigible values for the sample
means; (2) Cls are a range of individual score¥;Q3 are a range of individual
scores within one standard deviation; (4) The winlta CI increases as the sample
size increases; (5) The width of a Cl is not a#ddby sample size; and (6) A 90% CI
is wider than a 95% CI for the same data. The miseptions (1), (2) and (3) are
related to what a ClI measure. The misconceptiops(® and (6) are related to
relationships between confidence level, width araim@e size. The highest
percentage of students, 73%, held misconceptionMBconceptions (1) to (6) are
less related to the interpretation of a confiddegel.

Referred to Garfield and Ben-Zvi (2008), other marsmeptions include (1) a
confidence level refers to the chance that thenCludes the sample mean; (2) a
confidence level refers to the chance that the ladipn mean will be between the
upper and lower limits of the CI; (3) a confideriegel refers to the percentage of
data included in the CI; (4) a wider ClI means lessfidence; (5) a narrow ClI is
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always better regardless of confidence level. Irm,suwve have found that
misconceptions of Cls are related to the coverimgmmng of Cls, factors influencing
the width of a Cl, and the meaning of confidenaele.

Method

Two confidence intervals are calculated for two gke® from a given population.
Assume the two samples have the same standardidevaad that the confidenc
level is fixed. Compared to the smaller sample, ¢befidence interval for the
larger sample will be:

D

(&) Narrower (correct)
(b) Wider

(c) The same width

(d) It depends on the confidence level

Figure 1. One item for assessing understanding®frCStone et al.’s study

Suppose there is a population of test scores arge,| standardized exam for
which the mean and standard deviation are unknokwo different random
samples of 50 data values are taken from the ptpoladne sample has a larger
sample standard deviation (SD) than the other. Edcihe samples is used to
construct a 95% confidence interval. How do yownkhihese two confidenceg
intervals would compare?

(a) The two samples would produce identical valieeghe lower and uppef
bounds of the two confidence intervals.

(b) The confidence interval based on the sampli e larger standard
deviation would be wider. (correct)

(c) The confidence interval based on the sampkh tie smaller standard
deviation would be wider.

(d) The two confidence intervals would have thesavidth because they a1e
both 95% intervals.

Figure 2. One item for assessing understanding ®ffCARTIST

Although there are some instruments for measuriogcepts related to
statistical reasoning (e.g. Garfield 2003), statdtinferencge.g. delMas et al. 2007)
and statistical understanding (e.g. Stone et &9pdew instruments are specifically
focused on the CI concept. And ‘knowing-that’" knedde is different from
‘knowing-to’ knowledge (see Mason and Spence 1999). exemplary item for
measuring knowing-that knowledge is shown in figireand an exemplary item for
measuring knowing-to knowledge (Stone et al. 208%hown in figure 2 (ARTIST
2011). However, the item in figure 2 requires toifl@roved because alternative (a)
and (d) can be inferred by each other.

In order to investigate mathematics teachers’ @étiere understanding and
misunderstanding of Cls, we firstly develop compiaedy complete and reliable
instruments for assessing Cl-related concepts aedthem as a tool for collecting
teachers’ thoughts. Cl-related concepts are rafetoebinomial, normal, sampling
distributions and Cls.

Twenty four in-service mathematics teachers wetmgpa graduate course in
introduction to statistics. After Cls were tauglyt & statistician, they were asked to
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answer the test items individually and then to ussctheir answers in class. We did
not intervene in their discussion except askingrnthe explain their thoughts more
clearly. After their discussion, the applied statian would tell them correct answers
and ask them how they think about the answers.t&ixhers were conveniently
selected to interview for further clarifying theinderstanding during the discussion.
Three types of data were obtained: videotapeseoflibcussion, written materials, and
audiotapes of the interviews.

The data analysis did not aim at examining therexi@ which teachers hold
misunderstanding but investigating mathematics hieat thoughts of Cl-related
concepts. Thus, we decided to explore qualitatiaéa dvithout a pre-determined
theoretical or descriptive framework (Yin 1994). eTtanalysis was guided by
questions concerning teachers’ incorrect answers taeir thinking about their
incorrect answers.

Result and Discussion

In this paper, we revealed one underlying reasonctwhesulted in
mathematics teachers’ misunderstanding of Cls. Tikatsome teachers made
statistical inference mainly based on distributiohsampled values.

The first type of thoughts was the confusion betwdlee distribution of
samples and the distribution of a random varialblee item, in figure 3, asked
teachers to find the maximum likelihood estimatbthe population parameter, the
proportion of red balls to all balls. Some teache#so were able to correctly
understand three general properties of a randonablar misunderstood the most
likely estimate for the proportion as the mode lbése sample proportions and
answered (A). These general properties referredhéodistribution of a random
variable, the expected value of a random variabid,a sample of a random variable.

The number of red and blue balls in one bag washonéred. Jon randomly dre
twenty balls in this bag, and recorded the numibeed balls. After repeating thi
act ten times, the recorded numbers were 2, 6, 4066, 18, 4, 8, 6. Whic
number of red balls in this bag is most likely?

(A)30 (B)35 (correct) (C)60 (D)70
Figure 3. An item related to binomial distributions

The mathematics teachers did not integrate theeptiep into estimating a
parameter of a random variable. We agreed thamthe#e of the sample proportions
could be considered as an alternative method imat& population proportion in
some cases. However, we were also concerned whetiedrers distinguished sample
proportions from the population proportion, andtiaentified the observations as the
estimates from ten samples instead of ten datahwisze representative of part of the
population.

The second type of thoughts was the confusion katwiee distribution of a
random variable and the distribution of a samp¢isic. The item, in figure 4, asked
teachers to identify a 95% level CI for a populatroean, the mean height of female
college students. Some teachers ignored the sasipde and used the standard
deviation to estimate the bounds of the 95% levelRdssman and Chance (2004)
mentioned that this error may come from learnemsyétfulness of dividing the
sample standard deviation by the sample size. ®cdhtrary, we found they failed to
transfer their understanding of Cls for a propartio Cls for a mean, and mistook the
standard deviation as the standard error, althdgghg able to correctly calculate a
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confidence interval for a proportion and understegldtionships between “standard
errors and confidence level”, “sampling errors dne length of Cls”, and “sample
sizes and sampling errors” (or Cls, confidence IBv&his implied that they needed
to integrate procedural and descriptive knowledgt idiscriminating between

“standard deviations and standard errors”.

In a university, twenty five female students weaadomly selected. We found
that their average height was 160 cm, and the atdndeviation was 10 cn.
Which statement is correct based on the data? (enaybre than one corre¢
statement)

—

(A) (156 cm, 164 cm) is a 95% confidence intenal the average height of g
the female students in this university. (correct)

(B) (140 cm, 180 cm) is a 95% confidence interval the average height of all
the female students in this university.

(C) About 95% of all the female students’ heiglrs &ithin (156 cm, 164 cm).

(D) If one randomly selects twenty five female €otb in this university, the
probability that their average height will be withiL56 cm, 164 cm) is 0.95.

Figure 4. An item related to interpretation of ddahce intervals and levels

Reflective Remarks

A coherent understanding of statistical inferenotaiés integrating ideas of sample
representativeness and sampling variability to aeasbout population parameters
(Rubin, Bruce and Tenney 1991). In contrast, matigs teachers may tend to focus
on one sample data or sampled values that justupeothe particular outcome, and
assess probabilities by the propensities of théqodar sample or samples at hand.
Accordingly, it is suggested that teacher educatotdd notice how to shift teachers’
attention to the discrimination between the disiitn of a random variable where a
sample comes from and that of a sample statisticlwhonstitutes the base of
statistical inference by relating their focus o tistribution of sampled values at
hand to the theoretical distribution of a sampégistic.

Acknowledgement

This study arose from research supported by theh&tScience Council of Taiwan
(NSC 98-2511-S-003-009 —M).

References

Cumming, G., J. Williams, and F. Fidler. 2004. Regtion, and researchers’
understanding of confidence intervals and standenat barslUnderstanding
Statistics3: 299-311.

delMas, R. C., J. Garfield, A. Ooms, and B. Cha20€.7. Assessing students’
conceptual understanding after a first courseadtissics.Statistics Education
Research Journa (2): 28-58.

Fidler, F. 2006. Should psychology abandon p-vahuesteach Cls instead?
Evidence-based reforms in statistics educatvaceedings of the seventh
international conference on teaching statistics

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 172



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011

http://www.stat.auckland.ac.nz/~iase/publicatioif3E4 FIDL.pdf(accessed
October 1, 2011).

Gardner, M. J., and D. G. Altman. 1986. Con denueivals rather than P values:
estimation rather than hypothesis testiBgtish Medical Journak92: 746—
750.

Garfield, J. 2003. Assessing statistical reasorfhtgtistics Education Research
Journal 2 (1): 22—38.

Garfield, J., and D. Ben-Zvi. 200Beveloping students’ statistical reasoning:
Connecting research and teachiidew York: Springer.

Liu, Y., and P. W. Thompson. 2009. Mathematicscheas’ understandings of
proto-hypothesis testing.edagogies! (2): 126-138.

Mason, J., and M. Spence. 1999. Beyond mere kmgslef mathematics: The
importance of knowing-to act in the momeatucational Studies in
Mathematics38: 135-161.

Ministry of Education, Taiwan. 2002010 senior high school mathematics
curriculum guideline
http://mathcenter.ck.tp.edu.tw/MCenter/Center/Celnstline.aspXaccessed
October 16, 2011).

Moore, D. S. 1995The Basic Practice of Statistiddew York: W. H. Freeman.

Regents of the University of Minnesota. 20B6sessment Resource Tools for
Improving Statistical ThinkingATRIST).
https://app.gen.umn.edu/artist/resources.htadcessed September 19, 2011).

Rossman, A. J., and B. Chance. 2004. Anticipatmyaddressing student
misconceptions (paper presented at ARTIST Roungli@bhference,
Appleton, WI).
http://www.rossmanchance.com/artist/proceedingsimas. pdf

Rubin, A., B. Bruce, and Y. Tenney. 1991. Learrabgut Sampling: Trouble at the
Core of Statistic?roceedings of the Third International Conference o
Teaching Statisticed. D. Vere-Jones, 1: 314-319. ISI Publications i
Statistical Education, Dunedin, New Zealand.

Sotos, A. E. C., S. Vanhoof, W. Van den Noortgate] P. Onghena. 2007. Students’
misconceptions of statistical inference: A revieiit@ empirical evidence
from research on statistics educatiBducational Research Reviénv98—
113.

Stone, A, T. Reed-Rhoads, T. J. Murphy, and Pnifrie. 2009. Use of item
response theory to facilitate concept inventoryatiggmentProceedings of
the Research in Engineering Education Symposium.
http://rees2009.pbworks.com/f/rees2009_submissidmpdf (accessed
October 1, 2011).

Yang, K. L. 2011. Exploring Taiwan Senior High Soh®eachers’ Conceptions
about Statistics Education (paper presented aflhivel Asian Conference on
Education, Osaka, Japan, 27-30, October, 2011).

Yin, R. K. 1994 Case study research: Design and meth@usl ed. Beverly Hills,
California: Sage.

From Informal Proceedings 31-3 (BSRLM) available at bsrim.org.uk © the author - 173



