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Assessing young children’s understanding of multiplication 

Patrick Barmby, David Bolden, Stephanie Raine and Lynn Thompson 
Durham University 

This study is part of a Nuffield Foundation-funded project aimed at 
developing primary children’s understanding of mathematics via the use 
of visual representations. As part of this project, a test of primary 
children’s understanding of multiplication was developed. Although there 
has been research on developing tests of understanding in other 
mathematical topics (e.g. fractions) and in particular for older (e.g. late 
primary or secondary) children, there has been little reported work on tests 
for multiplication for younger primary children. In this study therefore, a 
test of multiplication was constructed based on the range of contexts and 
representations associated with multiplication. The 19-item test was 
administered to a sample of mainly Year 3 pupils (n=272) with a small 
sample of Year 4 pupils (n=18) in 10 primary schools. The age of the 
pupils meant that test questions were read out by the teacher, and most 
were multiple choice items. The data obtained from the test were analysed 
using Rasch analysis in order to examine the reliability of the overall 
measure, and the validity of individual items. Two items were shown to 
have poor fit statistics and were excluded from the analysis. Overall, the 
resulting measure was shown to have a good reliability indicated by a 
Cronbach �  value of 0.79. The analysis of the data was also used to 
examine the progression in difficulty of the different items, and related to 
the progression in children’s thinking in multiplication. Recommendations 
for further improvements in the test are put forward. 

Keywords: multiplication, assessment, primary, understanding, Rasch 
 

Introduction 

For primary school children, authors (for example Anghileri 2000; Davydov 1991; 
Greer 1992) have suggested that multiplication is significantly more difficult than the 
addition and subtraction operations. Anghileri (2000) highlights the fact that 
multiplication, unlike addition and subtraction, is a ‘binary’ operation with two 
distinct inputs for the multiplicand and the multiplier. Nunes and Bryant (1996) 
suggest that “multiplication and division represent a significant qualitative change in 
children’s thinking” (p.144). 
 Another reason for the difficulty of multiplication is the range of situations in 
which the concept of multiplication can arise. Greer (1992) highlights a range of 
different ‘classes of situations’ for multiplication, including equal groups, equal 
measures, rate, multiplicative comparison, multiplicative change and Cartesian 
product situations. Greer (1992) also highlights the range of different external 
representations for these situations. Equal groups and Cartesian product situations can 
be represented by diagrams of equal groups of objects and arrays respectively. Skemp 
(1986) highlights the usefulness of the array representation in showing the 
commutative and distributive laws for multiplication. Anghileri (2000) also highlights 
the repeated groups or sets representation, with children viewing multiplication as 
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repeated addition in their early understanding of multiplication, and then again the 
array which is useful for illustrating the commutative law. The number line can be 
used to represent multiplication (Greer 1992), particularly in relation to repeated 
addition. We can also represent multiplication in a symbolic way. For example, 
Lampert (1986) highlights the importance of ‘computational knowledge’, 
manipulating numerical symbols often according to procedural rules, 
 In terms of assessing understanding in multiplication, we can view 
understanding of a mathematical operation as the connections made between the 
different situations and representations of the operation (Hiebert and Carpenter 1992; 
Barmby et al. 2009). For example in the area of fractions, extensive work has been 
carried out developing assessments of understanding based on the different contexts 
and representations associated with fractions (e.g. Baturo 2004; Charalambous and 
Pitta-Pantazi 2007; Pantziara and Philippou 2011). In the case of multiplication, 
questions examining pupils’ recognition of multiplication in different contexts (e.g. 
Hart 1981) or different representations (Wright, Martland and Stafford 2008) have 
been used. However, unlike fractions, there has been little work carried out on 
developing assessments specifically for pupils’ understanding of multiplication.  
Therefore, this study describes the development of such a test, focussing particularly 
on the testing of younger children (Year 3 in England or aged 7-8).  
 

Constructing the test 

Based on our view of understanding, a 19 item test1 of multiplication was constructed, 
drawing particularly on the research by Greer (1992) highlighting the different 
situations and representations for multiplication. Table 1 below relates the items to the 
different classes of situations. 
 

Table 1: Relating items to different classes of multiplication situations 
 

Class Items 
Equal groups Q2, Q7 
Equal measures Q4 
Rate Q9, Q11 
Multiplicative comparison Q13 
Multiplicative change Q14 
Cartesian product Q16 

  
In addition to these situations for multiplication, questions designed to probe 
children’s computational knowledge were also included (Q5, Q6, Q8, Q10, Q12 and 
Q15). These included two questions (Q10 and Q12) which probed children’s ability to 
use known multiplication facts to derive new facts. 
 

Q10. 25 × 18 is more that 24 × 18. How much more? 

Q12. If you know that 18 × 4 = 72, how would you work out 18 × 3? 

 
Five items designed to test children’s familiarity with different representations of 
multiplication were also included. This included an equal groups diagram (Q17), an 

                                                 
1 The multiplication test is available to download from 
http://www.dur.ac.uk/education/research/current_research/maths/visual_rep/  
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array (Q18), and a number line (Q19) representation. Also included were two items 
(one for equal groups, one for an array) where the representations were screened – i.e. 
the array diagram could only be partially seen, or the equal groups items were ‘hidden 
under cups’. These items were designed to extend children beyond simple counting of 
objects in the representations, and were based on items used by Wright, Martland and 
Stafford (2008). Finally, two items (Q1, Q3) were included as distractor items, 
involving subtraction and division. These items were not included in the analysis of 
data. The test was also referred to as a ‘maths test’ rather than a ‘multiplication test’.  

The majority (12 out of 19) of the items were multiple choice questions with 
four responses to choose from. Two of the computational knowledge questions were 
left open however, and the five representation items asked children to fill in three 
boxes (�  × �  = � ) to denote the calculation being shown in the picture. All of the 
text in the test was read out loud to children in order to take into account any possible 
reading difficulties that they faced. Despite this, it is acknowledged that trying to 
answer questions that were read out to them may have placed some strain on the 
working memory of pupils, particularly for more complex questions, and we will 
examine this issue further in the discussion. 
 

Sample tested 

The project within which this work was carried out aimed to develop Year 3 (ages 7-
8) children’s understanding of multiplication. Children in England are introduced to 
multiplication concepts in Year 2 of their schooling, therefore Year 3 is an appropriate 
time to test their early understanding of this mathematical concept. Children from 10 
primary schools in the North East of England (some including mixed age classes 
including Year 4 pupils) were tested at the start of their school year of 2011/12. The 
schools involved had volunteered to take part in the project. 
 

Analysis of results 

The responses from the tests completed by the sample of children were marked and 
entered into a spreadsheet ready for further analysis. The five representation items 
were given marks in the range 0 to 3, according to how many boxes were correctly 
filled in for these items. The other items were simply marked 0 or 1 for 
incorrect/correct responses. 

This data was then analysed using Rasch analysis. Rasch analysis is a one-
parameter item response theory (IRT) model, in which the probability of a person 
being successful on a given item is modelled in terms of a mathematical function 
involving the difficulty of the item and the ability of the person (Bond and Fox 2007). 
This function is given by the following equation: 
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Pi is the probability of a candidate answering item i correctly, �  is the ability of the 
candidate, and bi is the difficulty of the item. Estimation methods are used to find 
values for person abilities and item difficulties, and these are given on the same scale. 
The Rasch model can be used for dichotomous responses (e.g. right and wrong), or 
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extended to cover more than two responses (Wright and Mok 2004) including missing 
responses. An underlying assumption of Rasch analysis is that the construct that is 
being measured is unidimensional in nature (Bond and Fox 2007). Items that do not 
fit the Rasch model, and may therefore be problematic for measuring the particular 
ability under investigation, may be identified through ‘fit’ statistics obtained from the 
Rasch analysis. In this study, WINSTEPS software was used to carry out this Rasch 
analysis. 
 

Results 

The Rasch analysis revealed two items 
with fit statistics outside the 
recommended range of 0.7-1.3 (Bond 
and Fox 2007). These were Q13 
(involving multiplicative comparison) 
and Q16 (involving Cartesian product), 
and these items were subsequently 
removed from the analysis. The 
resulting set of items were calculated to 
have a reliability of Cronbach �  = 0.79. 
Figure 1 shows the item-person map for 
the remaining items, showing the 
ordering of items (easier items at the 
bottom) relative to the abilities of the 
cohort of pupils sampled. 

Having obtained an ability 
measure for each pupil, and the 
difficulties for the items, equation 1 was 
used to calculate the probability that 
Year 3 pupils in this sample would 
answer each item correctly. The small 
number of Year 4 pupils were excluded 
from this analysis.     Figure 1: Item-person map for the test. 

 
Based on the average Year 3 pupil in the sample having an ability of -0.46 

logits, Table 2 gives the likelihood of correct answers for each item. Items involving 
multiplication with two digit numbers (Q15 – Calculate 14 × 6) using known 
multiplication facts to derive new facts (Q10 and Q12) were most difficult for 
children. Q5 (What is 5 times 2) was the easiest item for pupils. It is interesting to 
note that only 31% of the children were likely to answer Q2 correctly (Six children 
are holding two books each. How do you work out how many books they have 
altogether?). Also, less than half of the Y3 children could interpret representations of 
multiplication including equal groups, the array and the number line. 

In addition to calculating the likelihood percentages, the item difficulty 
measures were used to examine the clustering of items in terms of difficulty. The 
clustering method used by Pantziara and Philippou (2011) was used to identify 8 
clusters of items, based on the separation between items, and accounting for 82% of 
the variance of item difficulty differences. These clusters are represented in Table 2 
by the dotted lines between items, and clearly reflect the clustering of items shown in 
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Figure 1. Other than the separation of the items at the extremes of difficulty in the 
measure, two clusters of items emerge: items Q6 to Q19 (total), and Q2 to Q9. 
 
Table 2: Item difficulties and probability of correct response from sample of Year 3 pupils 
 

Item Item difficulty (logits) Probability of correc t response (%) 

Q15 2.56 4.7 

Q10 1.86 9.0 

Q12 1.21 15.9 

Q9 0.63 25.3 

Q14 0.63 25.3 

Q21tot 0.42 29.4 

Q2 0.34 31.1 

Q19tot -0.19 43.4 

Q18tot -0.28 45.6 

Q17tot -0.3 46.1 

Q20tot -0.43 49.4 

Q4 -0.54 52.1 

Q8 -0.54 52.1 

Q6 -0.71 56.3 

Q11 -1.12 66.0 

Q7 -1.58 75.5 

Q5 -1.95 81.7 

 

Discussion 

The Rasch analysis used to analyse the data obtained from the test showed that a 
reliable, unidimensional measure of young children’s understanding of multiplication 
was developed. The analysis also shows possible areas of development for the 
measure. Two items where the fit statistics indicated that they did not fit with the 
unidimensional measure were Q13 (involving multiplicative comparison) and Q16 
(involving Cartesian product). One possible reason for the lack of fit for these items 
may have been the complexity of the question, in terms of pupils taking in the 
necessary information being read out to them, and the possible strain placed on 
pupils’ working memory. Therefore, in developing this assessment further in the 
future, it will be necessary to assess older pupils with the measure to further validate 
the measure. In doing so, a greater mix of items may be required with more non-
multiplication items so that pupils do not quickly identify each question being about 
multiplication. Also from Table 2, it is likely that only a minority of items would have 
been answered correctly by this Year 3 cohort. Therefore, easier items need to be 
included in the test for it to be more appropriate for the range of Year 3 pupils as in 
this cohort. Finally, looking at the clustering of items, there seems to  be a progression 
in children’s understanding, and a distinction between items, involving simpler 
number calculations (Q6, Q8), relatively straight forward contextualised questions 
(Q4) and interpreting representations (Q17-20), to more involved contextualised 
questions (Q2, Q9, Q14). The latter may be more complex due to the language 
involved (e.g. ‘altogether’, ‘week’). The most difficult items were found to be those 
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involving understanding of manipulation of symbolic calculations (Q10, Q12, Q15). 
These issues will be explored during further refinement of the test. 
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Reflection on Practice, in Practice: The Discipline of Noticing 

Sinead Breen, Aisling McCluskey, Maria Meehan, Julie O’Donovan and Ann O’Shea 
St Patrick’s College, Drumcondra; National University of Ireland, Galway; University 
College Dublin;  Cork Institute of Technology;  National University of Ireland, Maynooth 

This paper outlines the use of John Mason’s Discipline of Noticing by a 
group of university level mathematics lecturers. We describe the aims that 
motivated the study, the challenges we faced in using the Discipline of 
Noticing to reflect on our teaching, and the progress that we have made.  

Keywords: noticing, accounts, professional development. 
 

Introduction 

In the academic year 2010/11, a group of mathematicians in five third level 
institutions in Ireland conducted a study in which each reflected on her own teaching. 
There are many definitions of the term reflection (Hatton and Smith 1995) but we 
endeavored to employ the ideas of Mason (2002) as described in the book 
‘Researching your own Practice: The Discipline of Noticing’.  Each lecturer wrote 
accounts of critical incidents that occurred in her classes, taking care to keep the 
accounts short and as free from opinion and value judgments as possible. 

The National Council of Teachers of Mathematics (2010) recognises the value 
of projects like this for professional development. They identify four core goals of 
professional development programmes for mathematics teachers: to build teachers 
knowledge of mathematics and their ability to use it in practice; to build teachers’ 
capacity to notice, analyse and respond to students’ thinking; to build teachers’ 
productive habits of mind (for example by analysing instruction); and to build 
collegial relationships and structures that support continued learning. Ramsden sees 
“a reflective and enquiring approach as a necessary condition for improving teaching” 
(1992, 5) and believes that understanding how to use the various skills involved in 
teaching well requires constant practice and reflection. Ticha and Hospesova also 
speak of the ‘indispensability’ of competence in reflection, maintaining that  

the development of teachers’ conscious self-reflection on their own teaching and 
systematic pursuance of joint reflection with other teachers and/or researchers can 
promote the teacher’s professional growth. (2006, 129) 

Their project aimed to improve the quality of in-service education, thereby 
supporting the development of competence, of primary school teachers of 
mathematics. They reported that the self- and joint reflection engaged in during the 
project led to shifts in the interest of the participating teachers, in their assessment of 
their own capabilities, and in their evaluations of the process of reflection. 
 

Speer, Smith and Horvathconsidered undergraduate mathematics teaching and 
noted that  

very little research has focused directly on teaching practice - what teachers do 
and think  daily, in class and out, as they perform their teaching work.  (2010, 99) 

In particular, studies which involve mathematicians reflecting on their own 
teaching seem to be quite rare. McAlpine and Weston (2000) describe a reflection 
project involving six professors (three Mathematics Education faculty and three 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 8 

 

mathematicians). The lecturers were interviewed prior to some of their classes, and 
again while watching a recording of the lecture. The study found that the participants 
monitored their actions (before, during, and after class) in order to see if their 
pedagogical goals were achieved. The lecturers used information gained from 
students’ responses to make decisions about teaching strategies. McAlpine and 
Weston (2000) contend that this reflective process of monitoring and decision-making 
builds pedagogical knowledge. 

Jaworski and Matthews (2011) report on a series of seminars called “How We 
Teach” given by mathematics educators and mathematicians in a university School of 
Mathematics. Their intention was not to reveal how mathematics teaching is, but 
rather how those teaching mathematics talk about their teaching within their 
institutional setting. Its focus, in seeking a teaching discourse, was not on the practice 
of teaching per se, but on how the mathematical community expresses its thinking 
about teaching and the design of its teaching. They assert that, thus, the actual practice 
of this research can draw teachers’ attention to alternatives to common practice, 
encourage critical approaches to thinking about teaching, and foster teaching 
development.  

Currently, a team of researchers from the Department of Mathematics at the 
University of Auckland is approaching the end of a two-year government-funded 
research project on professional development for mathematics lecturers 
(http://www.math.auckland.ac.nz/CULMS/projects/).  Their research design draws on 
the theoretical framework KOG (knowledge, orientation and goals) of Schoenfeld and 
on research evidence that collaborative reflection on teaching leads to improvement. 
Based on reviewing video recordings of team members ‘live’ in lectures, the 
perspective of their work is in the spirit  of ‘as others see us’ which both contrasts 
with and complements the ‘in the moment’ perspective of self-reflection expressed in 
this paper. 

Accordingly, in this paper we consider our experience of trying to implement 
the process of the Discipline of Noticing. 

Aims  

As we embarked on this project, we aimed to achieve a number of objectives working 
both on an individual basis and collaboratively. On an individual level, we hoped that 
we would each become more aware of what was happening in our classes, and would 
reflect more deeply on and analyse our own teaching. It was our hope that this process 
of reflection would facilitate the improvement of our teaching by enabling us to 
recognize more easily opportunities to act differently in our classes. We also hoped 
that the group meetings in which we would discuss our accounts with colleagues 
would further inform good teaching practice, as well as enabling the identification of 
various phenomena in undergraduate teaching as we shared accounts and searched for 
similarities and differences between them. 

Methodology 

Each of the authors lectures Mathematics in a different third-level institution in the 
Republic of Ireland and teaches a variety of Mathematics modules in her institution. 
Each endeavoured to write an account of an incident in a number of classes per week 
over the 2010/2011 academic year. This varied from some individuals writing 
accounts for a single module taught, to others writing accounts of all their classes 
each week, depending on the teaching load of the individual and local circumstances. 
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The modules involved ranged from service Mathematics courses for first-year Civil 
Engineers to an Analytic Topology course for Masters students.  

At the outset we agreed to seek ‘brief-but-vivid’ accounts of our teaching 
practice. Mason defines a brief-but-vivid account as  

one which readers readily find relates to their experience. Brevity is obtained by 
omitting details which divert attention away from the main issue. The aim is to 
locate a phenomenon, so the less particular the description, the easier this is, 
without becoming so general as to be of no value….Thus description is as factual 
as possible. (2002, 57)  

While Mason acknowledges that events or situations which stay in our 
memory are usually those to which we have considerable emotional or intellectual 
commitment, he claims that we cannot analyse such events unless we can first be 
clear on what they consist of, as impartially as possible. Thus, we must be able to give 
an account of an incident “without explanation, justification or emotive terms” (2002, 
40). This leads Mason to distinguish between an ‘account-of’ which describes an 
event as objectively as possible, minimising evaluation and judgement, and an 
‘account-for’ which offers interpretation, explanation, value-judgement or criticism.  

The accounts written as part of the project discussed here were shared by 
circulating them to all members of the group approximately every three weeks. The 
group met twice during each semester to discuss the accounts circulated. From a 
professional development point of view, Mason (2002) has reported finding that when 
colleagues have made similar observations which they have “shared, discussed and 
challenged”, then their practices are unlikely to “stay still and stagnate” (90). Thus, 
we tried to spend our meetings “seeking resonance, negotiating similarities and 
differences, locating issues, understandings and possible behaviour to employ in the 
future” (Mason 2002, 90). 

At the end of the academic year, each of the project participants reflected on 
the process of reflecting on her practice through the discipline of noticing and keeping 
accounts. These final reflections provided the data for this paper. The reflections were 
coded and categorised by the first author and the categories were discussed by the 
whole group. 

Challenges and difficulties encountered while applying the Discipline of Noticing 

Implementing the ‘discipline of noticing’ involved challenges in a variety of guises. 
Mason distinguishes between noticing, marking and recording:  to ‘notice’ is to make 
a distinction, though this need not necessarily be done consciously; to ‘mark’ is to be 
able to initiate mention of what you have noticed; while ‘recording’ involves making 
a note of what has been noticed in some way so as to be able to ‘re-mark’ on it at 
some point in the future. Initially it was difficult to stand back sufficiently from the 
act of teaching in order to mark incidents in the class ‘in the moment’. There was an 
uneasy tension experienced in engaging fully in the practice of teaching and allowing 
the lesson to evolve and flow naturally, while simultaneously setting oneself to notice.  
In the initial stages of this project, members of the group reported failing to reflect on 
a particular lesson at all or ‘reflecting on’ their actions following a lesson rather than 
‘reflecting in’ action. At times it appeared that nothing notable at all had occurred 
during class; in fact it sometimes seemed that a mundane lesson provided more time 
to devote to noticing. 

A certain discipline was required to ensure that accounts of what had been 
noticed were written soon after lessons had taken place. Different members of the 
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group experienced different challenges in writing brief-but-vivid accounts of lessons. 
Some found the notion of a brief-but-vivid account difficult to grasp, others found it 
was difficult to be brief while more struggled with writing vividly. While the accounts 
that were written enabled the author of the account herself to remember the event 
described, she sometimes felt that the event may not have been captured sufficiently 
well by the account to allow others to relate to it. It was difficult to decide how much 
detail should be included to ensure others could appreciate or understand the context 
while not including so much as to render it impossible to cause resonance with others.  
Some members of the group felt that the task of writing a brief account was less 
daunting than that of writing an in-depth reflection, and that this made the project 
more manageable. There was also a temptation sometimes to report on what one felt 
the rest of the group might be interested in. While some found the notion of a 
description of an event without defence, explanation or justification appealing, all 
found writing an ‘account-of’ rather than ‘accounting-for’ an incident very 
challenging. Some members of the group initially struggled with keeping emotive 
terms or conjecture out of their accounts. They felt that important features of the 
critical incident described were lost if emotion was not considered in the account.  

It was found that certain contextual factors impacted on the ease with which 
the discipline of noticing was adopted. It appeared to be easier to mark incidents 
occurring with smaller groups than those in lectures with very large groups. The 
regularity with which the lecturer met a particular cohort was also a factor in 
establishing a discipline of noticing and recording incidents. 

Improvements over time 

Despite the difficulties enumerated above in engaging in a discipline of noticing, there 
were some improvements over time. As the year progressed, so did our ability to 
notice ‘in the moment’. Our efforts to write brief-but-vivid accounts of incidents led 
to some success and an increased appreciation of the value of such accounts in 
reflecting on one’s own practice and that of others, and in developing professionally. 
By the end of the year, some of the group reported that the exercise of writing such 
accounts helped them to look at their lessons from a new perspective and to consider 
the situation from the point of view of a student.  The keeping of accounts moved 
these lecturers away from “whining” (Mason 2002, 41) and allowed them to break 
“out of a cycle of frustration with the Grs”(Mason 2002, 9) – grumbling, griping, 
groping, grasping etc.  

Advantages of collaboration 

All members of the group reported that the support of the collaborative group 
undertaking this project was invaluable. The deadlines for sharing accounts provided 
an incentive and motivation to persevere with the project and to establish a regular 
discipline of keeping accounts. The knowledge that colleagues would read one’s 
accounts ensured the effort required to write brief-but-vivid accounts was sustained. 
The group meetings provided encouragement and support in negotiating our way into 
a new discipline of reflection and clarified how the theory may be put into practice. 

Moreover, added to the sense of collegial support invoked by undertaking the 
task together, the fact that the collaboration involved reading others’ accounts proved 
to be most interesting and informative. It was very helpful to have a (formal) forum 
for discussing teaching experiences and this provided an opportunity to learn about 
different teaching styles. From an early stage it became clear that accounts written by 
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one individual struck a chord with other members of the group: we could all relate to 
a situation articulated by one. We felt that this means of pooling experience had 
tremendous potential for our professional development. As The National Council of 
Teachers of Mathematics explains 

Collaboration with colleagues can spark the need for teachers to explain their 
practices and to articulate rationales for instructional designs, helping teachers 
make tacit ideas visible and subject to shared scrutiny and develop deeper, more 
widely shared understandings of student learning. (NCTM, 2)   

Progress towards achieving aims 

The disciplined attempts to notice and record incidents in our classrooms certainly 
helped us to step back from the process of teaching to some extent and to analyse it. 
Issues that may have raised vague concerns for us as lecturers in the past were now 
more clearly articulated in our accounts and it was thus felt that these issues had 
become more tangible in some sense, resulting in our being better able to deal 
constructively with them.  Furthermore, individuals within the group were able to 
identify threads or themes permeating accounts of their own teaching: the account of 
one lesson was often similar to ones written previously. This allowed us at times to 
identify more clearly aspects of our own teaching styles (for example, methodologies 
actually employed in the classroom) and gave us an opportunity to think about what 
we could do differently.  Some members of the group reported putting more thought 
into how they interacted with students and viewing incidents involving students in a 
more measured way. It was also reported that more time was devoted to the 
preparation of classes due to involvement in this study.  The accounts written have 
acted and will continue to act to inform our teaching. 

Conclusion 

In this paper we have outlined our experiences of conducting a reflection project 
using Mason’s (2002) Discipline of Noticing.  We faced challenges when 
implementing certain parts of the discipline, for example when endeavouring to write 
brief-but-vivid accounts-of critical incidents in our teaching. However we recognised 
that Mason’s ideas concerning noticing and reflecting were very useful; the advice on 
writing accounts and the labels that he uses added structure to our reflection process. 
This structure and the collaborative nature of the project ensured that we persevered 
and that the reflective process was a positive experience for all of us. We are 
continuing with the project and have begun the process of identifying themes in our 
own and in others’ accounts. Our objectives for this work are twofold: we would like 
to analyse our own teaching and to improve it; and we would like to investigate the 
practice of teaching mathematics at third level.  
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Relationships between the influences on primary teachers’ mathematics 
knowledge 

Ian Campton and Julie-Ann Edwards 
University of Southampton 

This paper reports on one aspect of a small scale research project that 
aimed to identify areas for improvement in the teaching of mathematics 
through continuing professional development for primary school teachers 
in two schools. The findings suggest an emergent conceptual framework 
of the influences on primary school teachers’ mathematical content 
knowledge. The relationship between these influences reveals a multi-
layered belief system that is well-intended and well-informed at the top 
level but underpinned by less firmly established levels of subject 
knowledge and consequent pedagogical approaches. 

Keywords: primary teachers’ mathematics knowledge, primary teachers’ 
pedagogical mathematics knowledge, procedural and conceptual learning.  

 

Introduction 

The relationship between the quality of mathematics teaching and the subject-related 
knowledge of the teacher is widely acknowledged as an important one. It remains the 
subject of much discussion and various studies continue to illustrate how crucial the 
dependency of good mathematics teaching is upon the subject knowledge of the 
teacher if pupils are to gain a comprehensive understanding in their mathematical 
learning (Williams 2008; Office for Standards in Education Children’s Services and 
Skills 2009). Although such reports continually bring into question the mathematical 
subject knowledge of in-service primary school teachers, little is known about the 
knowledge individuals possess or how it is constructed. This small scale research 
aimed to investigate this knowledge whilst at the same time to identify areas for 
continuing professional development for the teachers involved. 

 The study involved interviewing 11 primary school teachers, from two 
different schools, and focused on three areas: firstly, the content of these primary 
school teachers’ subject and pedagogical knowledge and how it is constructed; 
secondly, the conceptual and procedural knowledge of the teachers, particularly the 
balance between the two and how this impacts upon their content knowledge; and, 
finally, the teachers’ self-perceived continuing professional development needs. This 
paper reports on some of the findings of the first two areas of investigation. 

Knowing and Teaching Primary Mathematics 

The contexts that were used to explore the content knowledge of the participating 
teachers were developed from those of Ma (1999) in her investigation of the content 
knowledge of Chinese and American elementary school teachers. Designed to explore 
knowledge of mathematics and ideas about teaching and learning mathematics, the 
contexts identified how the teachers approached the teaching of a topic, how they 
identified and addressed pupils’ misconceptions, how they created and used models, 
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and how they responded to the unexpected. What is reported here focuses on the 
responses to the first context, identifying the approaches that teachers adopted in the 
teaching of a topic. Interviewees were asked how they teach a written calculation for 
subtraction which involves regrouping, such as 845 - 278. 

A conceptual framework 

The findings allowed a multi-levelled framework to be constructed, which displays 
the influences on primary teachers’ mathematics knowledge and the relationship 
between aspects of this, see figure 1. 
 

 
 
The first level identifies the teachers’ three main beliefs influencing their 

mathematics teaching and supporting their pedagogical beliefs about learning. The 
teachers were fully aware of these aspects and they were very much at the centre of 
their practice. Underpinning these beliefs, at the second and third levels, are aspects 
that describe the resultant ways in which those at the first level are manifested within 
teachers’ belief systems. Teachers are apparently unaware of these aspects. 

The first level 

On the first level are three aspects central to the teachers’ pedagogical beliefs. 
Developing pupils’ confidence, addressing their individual learning styles and 
catering to any natural affinity with number, are all considered by the teachers as 
important aspects of supporting mathematics learning. Providing learners with 
opportunities to achieve success in mathematics was a feature common to all the 
teachers’ pedagogical beliefs which seems to stem from their own experiences of 
learning mathematics. This feature was frequently discussed and was often referred 
back to when answering other questions. 

Another aspect that is prominent in the data, and exists within the first layer, is 
the importance of teaching that addresses the learning styles of the pupils. The 
teachers felt that some teaching models suit certain learning styles better than others; 
for example, they argued that visual learners may prefer the empty number line for the 
purposes of addition and subtraction calculations, whilst the grid method of 
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Figure 1: A conceptual framework of the influences of primary teachers’ subject knowledge. 
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multiplication may suit auditory learners as it emphasises the partitioning of the 
factors to be multiplied, 45 is forty and five. 

The third and final aspect contained within the first level is the perception, by 
these teachers, that some pupils have a natural affinity with numbers. The teachers 
believe that this affinity enables pupils to understand column methods easier than 
their peers. Pupils may therefore choose to use column methods in preference to other 
methods such as the empty number line (ENL) when calculating subtraction or the 
grid method when calculating multiplication. 

These three aspects, at the first level, demonstrate the teachers’ commitment to 
their students. However, the teachers appear to be unaware of other aspects that exist 
as a result of their efforts to maintain these three first level aspects as part of their 
practice. They also appear unaware of how these aspects manifest themselves within 
their own belief system and at the second and third levels of the framework.  

The second level 

It appears that there is one fundamental aspect of these teachers’ pedagogical beliefs 
that enables them to address all the aspects on the first level. All the teachers 
acknowledged that pupils need to be presented with many methods of calculation so 
that, in turn, pupils may express a preference towards a particular method. The 
teachers felt that the choice pupils make depends upon their confidence, learning style 
and their level of natural affinity with number. Providing the opportunity to make this 
choice is central to pedagogical beliefs where aspects of the first level are all 
considered important in the learning of mathematics. What appears to be driving this 
is the firm belief that pupils need a method that they are able to use efficiently. Thus, 
by presenting various methods of calculation, pupils may select the one they can 
understand and use, so if one method cannot be used successfully another one will be 
tried, illustrating a belief which favours preference over prescription. 

In considering the example, 845 - 278, the teachers suggested the use of the 
ENL to avoid the learning of algorithmic procedures that fail to develop 
understanding. However, most teachers recognised that pupils with a natural affinity 
for number are generally able to readily understand column methods and therefore do 
not need to use the ENL. They argued that, with increased practice with the ENL, 
pupils would automatically gain confidence and develop their understanding of 
number and number relationships in such a way to enable progress to the column 
methods, understanding the concepts that underpin them. The belief appears to be 
that, without the ENL experiences, the acquisition of concepts underpinning column 
methods is too difficult. Criticism of this idea that concepts underpinning the ENL 
develop directly into those of the column methods is well documented by authors, 
such as Thompson (2007), who argue that the sequential nature of number associated 
with the ENL is unconnected to the partitioning strategies used in column methods. 

 The teachers demonstrate a lack of awareness of this, drawing heavily upon 
their teaching experiences to highlight their beliefs that this development of strategies, 
within the understanding of written calculation, is correct. What appears to be 
revealed here is a kind of pseudo-learning trajectory within teachers’ mathematical 
content knowledge. They argue for various linear stages of learning through which 
their pupils will progress, although this may not necessarily be the case. 
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Multiple methods of calculation 
The teachers all allowed their pupils to adopt any system of jumps along the ENL, as 
it was felt that, in selecting their own methods, pupils were able to build their 
confidence and explore their own affinity with number. The various jump systems 
described by teachers in the interviews were accounts of teachers modelling them, 
which some pupils then adapted. These jump systems have been combined in figure 2. 
 

 
All these different jump systems are based upon the strategy of partitioning of 

the subtrahend according to the place value of its digits. For example, starting at 845, 
200 will first be subtracted, then 70 and then 8. Two observations are made from the 
analysis of these various jump systems. The first is the level of confusion some 
teachers experienced when deciding how best to ‘cross the hundreds barrier’ when 
subtracting 70 and model this to pupils. Most teachers modelled a jump of 40 
followed by one of 30 as this would get close to the 600 barrier at 605 without 
causing too much confusion for pupils. Only one teacher said that he would model 
‘hitting the 100’ by partitioning the jump of 70 into one of 45 and one of 25, although 
he wasn’t sure if some of his less able pupils would be able to calculate the size of this 
last jump as it involved subtracting 45 from 70, which was the main reason for the 
other teachers to opting for the jumps of 40 and 30 instead. Only then did he begin to 
question the suitability of the model for 3-digit subtraction, particularly with pupils 
who were not ready for it. This realisation that was not apparent in the responses of 
the other ten teachers.  

For one teacher, ‘crossing the hundreds barrier’ problem was solved by 
making seven jumps of 10, whilst another decided that the jumps were too numerous 
and unnecessarily complicated the calculation, suggesting she might model this 
through finding the difference between 278 and 845 by ‘counting on’ or, in this case, 
‘counting back’, see figure 3. The process is less complicated than those of figure 2, 
although the teacher appreciated that, for pupils with little knowledge of number 
bonds to 100, this may not be an ideal solution.  
 

 
Progression in the use of jumps on the ENL was another factor in teachers’ 

pedagogical misunderstandings. According to van den Heuvel-Panhuizen (2001), the 
use of fewer and larger jumps on the ENL represents shifts in pupils’ mathematical 

567 570 575 
(600) 

745 845 645 605 

-100 -100 

-200 -40 -30 

(-45) (-25) -5 -3 

-8 

Figure 2: Various jump systems that may be involved in the calculation 845 - 278. 

278 800 845 300 

-45 -500 -22 

Figure 3: Adaptation of the counting-on strategy in calculating 845 - 278. 
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understanding. The jump systems described by the teachers fail to recognise this. 
They suggest, for example, subtracting 70 in one jump using knowledge of number 
bonds but subtracting 8 through making four jumps of 2. It appears that, in offering a 
multitude of jump systems to pupils, these teachers are unaware of the progression 
within pupils’ mathematical understanding illustrated by the different uses of the ENL 
model (Treffers 2008). Some teachers also commented that the level of understanding 
of lower attaining pupils may mean that they are not able to progress beyond the use 
of the ENL, which they considered perfectly acceptable provided the pupils calculated 
correctly. 

So, in addressing aspects of the first level, aspects of the second are formed, 
comprising the unconnected use of multiple methods which are, in turn, driven by the 
need to solve the problem of ensuring pupils have a method for calculating. 

The third level 

As already highlighted, these teachers held the belief that one essential area of prior 
knowledge for pupils to successfully calculate 845-278 is a competent use of the 
ENL. They claimed that this competent use leads to improvements in pupils’ number 
sense which, in turn, allow the conceptual understanding of column methods to be 
readily achieved. They believed the procedures involved in the algorithms are 
remembered by pupils consequently. Two further areas of prior knowledge were also 
identified by the teachers, namely, place value and partitioning. 

All the teachers discussed how they considered their pupils’ appreciation of 
the value of each digit to be of vital importance. Perceiving a tens digit as complete in 
itself was important, as this, they felt, would avoid the procedural trap of “borrowing 
one from the next column.” However, despite their conscious attempts to avoid 
procedural learning, these teachers weren’t always successful in doing so. 

One teacher, whilst demonstrating her modelling and discussing the problems 
of subtracting 8 from 5 in the calculation 845 – 278, attempted to avoid the 
“borrowing” procedure. Deliberate changes in her explanation to avoid “borrowing 
one” resulted in “taking a ten from the next column to leave 30 and moving this ten to 
the next column, where it could be added to the 5.” The 40 and the 5 were still treated 
as two separate numbers instead of two components of the expanded number which 
could be regrouped into 30 and 15. This made “borrowing” an inevitable outcome, 
significant in this case as this particular teacher was one of only two who outlined the 
importance of pupils being able to regroup numbers differently. 

For most teachers, much discussion focussed on the dangers of teaching the 
procedures without understanding. What they failed to realise was their modelling still 
focused on “borrowing” rather than the “regrouping” they believed their teaching 
supported. Language used to support this perceived shift in focus, and avoid the 
procedural connotations of “borrowing”, included “steal”, “take off ten and adjust”, 
“move a ten over” and “use a ten from the tens and bring it back”. 

Prominent at the third level, then, is teachers’ content knowledge which is a 
pseudo-conceptual knowledge that leads them to believe that they are teaching 
conceptually and avoiding procedural teaching. It is evident from the interviews that 
most of the teachers are aware of the dangers of relying on procedural teaching, to 
such an extent that they view procedural teaching as a practice to avoid. Yet, there 
appears to be conflict with this belief and their experiences. For example, when 
discussing the use of open-ended tasks in the classroom, most teachers believed that 
pupils first needed to be taught skills, often procedurally, in order to be able to apply 
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these in the open-ended task. This is something with which they appeared somewhat 
uncomfortable, as they felt they should be teaching conceptually.  

Concluding remarks 

The mathematical content knowledge of in-service primary school teachers has been 
described, here, within a multi-levelled theoretical framework where relationships 
between each level are not yet clear. Subsequent analysis suggests that relationships 
between the aspects within each level and between the levels are more likely to form a 
fluid and inter-related web than static successive levels dependent upon those that 
exist above and beneath another.  

Firstly, these teachers are unable to relate successfully the first-level aspects to 
either their second-level pedagogical approaches or their third level mathematics 
subject knowledge. At the second level, the use of a multiplicity of methods by these 
teachers to support students solving calculations is misconstrued as a means to 
mathematical efficiency. A lack of conceptual understanding becomes evident at this 
level. At the third level, the teachers are conscious that procedural learning can lead to 
conceptual learning, as illustrated by Hiebert and Lefevre (1986), but they are not sure 
how to achieve this and they lack sufficient conceptual confidence themselves to 
utilise pedagogical approaches which support this.  

References 

van den Heuvel-Panhuizen, M. 2001. Realistic mathematics education: work in 
progress. In Principles and practices in arithmetic teaching: innovative 
approaches for the primary classroom, ed. J. Anghileri, 49-63. Buckingham: 
Open University Press. 

Hiebert, J., and P. Lefevre. 1986. Conceptual and procedural knowledge in 
mathematics: an introductory analysis. In Conceptual and procedural 
knowledge: case of mathematics, ed. J. Hiebert, 1-27. Hillsdale, NJ: Lawrence 
Erlbaum Associates. 

Ma, L. 1999. Knowing and teaching elementary mathematics: teachers’ 
understanding of fundamental mathematics in China and the United States. 
Mahwah, NJ: Routledge. 

Office for Standards in Education Children’s Services and Skills. 2009. Mathematics: 
understanding the score. Improving practice in mathematics teaching at primary 
level. London: OFSTED. 

Thompson, I. 2007. Deconstructing calculation Part 1: Addition. Mathematics 
Teaching 202: 14–15. 

Treffers, A. 2008. Grade 1 (and 2) - Calculation to 20. In Children learn mathematics: 
a learning-teaching trajectory with intermediate attainment targets for 
calculation with whole numbers in primary school, ed. M. van den Heuvel-
Panhuizen, 43-60. Rotterdam, The Netherlands: Sense Publishers. 

Williams, P. 2008. Independent review of mathematics teaching in early years 
settings and primary schools. London: Department for Children, Schools and 
Families. 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 19 

 

The ‘algebra as object’ analogy: a view from school 

Kate Colloff and Geoff Tennant 
University of Reading 

Treating algebraic symbols as objects (eg. “‘a’ means ‘apple’”) is a means 
of introducing elementary simplification of algebra, but causes problems 
further on.  This current school-based research included an examination of 
texts still in use in the mathematics department, and interviews with 
mathematics teachers, year 7 pupils and then year 10 pupils asking them 
how they would explain, “3a + 2a = 5a” to year 7 pupils.  Results included 
the notion that the ‘algebra as object’ analogy can be found in textbooks 
in current usage, including those recently published.  Teachers knew that 
they were not ‘supposed’ to use the analogy but not always clear why, 
nevertheless stating methods of teaching consistent with an ‘algebra as 
object’ approach.  Year 7 pupils did not explicitly refer to ‘algebra as 
object’, although some of their responses could be so interpreted.  In the 
main, year 10 pupils used ‘algebra as object’ to explain simplification of 
algebra, with some complicated attempts to get round the limitations.  
Further research would look to establish whether the appearance of 
‘algebra as object’ in pupils’ thinking between year 7 and 10 is consistent 
and, if so, where it arises.  Implications also are for on-going teacher 
training with alternatives to introducing such simplification. 

Keywords: algebra; simplification; pedagogy. 

Introduction 

Consideration of the ‘algebra as object’ analogy, in explaining that 3a + 2a = 5a by 
saying that ‘a’ is the object ‘apple’, therefore this reads as ‘3 apples plus 2 apples 
makes 5 apples’ has been explored by a number of authors over the years (eg. 
Clement 1982; French 2002; Kuchemann 1982).  According to Tennant (2009), whilst 
the use of this analogy may get over an immediate classroom obstacle, there are three 
reasons for not using it: 

·  It’s wrong, ‘a’ is never the object apple, in context it is likely to be 
either the cost or the number of apples; 

·  It works in only a narrow band of examples, so needs to be abandoned 
before reaching simplifications such as -2a + 3a and 2a × 3b; 

·  It leads to misconceptions and wrong answers later on, with Clement 
(1982) providing the classic problem: if a university has six students to 
every one professor, and S giving the number of students and P giving 
the number of professors, write down a formula connecting S and P.  
The distractor which arose, which the authors also have frequently 
obtained working with children, trainee teachers and experienced 
teachers, is P = 6S, which makes sense thinking of P and S as objects – 
for every one professor there are 6 students. 

Tennant further gave a series of examples as to how early simplification of 
algebra might be introduced through other means, particularly keeping consideration 
of early algebra as close to number as possible. 
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This research takes the understanding of ‘algebra as object’ further in 
undertaking a small classroom based project looking to see what resources are used, 
and how teachers and pupils at different stages conceptualised algebra as object.  This 
research is reported below. 

Methodology 

The research was undertaken in a large 11-18 comprehensive school with a significant 
number of pupils speaking English as an additional language.  The work was 
undertaken in the context of a masters degree project by the principal author, a teacher 
at the school.  The research consisted of: 

·  An examination of 10 textbooks and 3 electronic resources in use 
within the school that dealt with elementary simplification of algebra; 

·  Group interview of 8 mathematics teachers as to how they approached 
simplification of algebra; 

·  Individual interviews of 35 year 7 pupils asking them to solve 
problems of the form ‘3a + 2a = 5a’ and then explain how they did 
them; 

·  Group interviews with 30 top set year 10 pupils based around an 
activity as to how they would explain early simplification of algebra to 
year 7 pupils. 

The textbook analysis was based on Kuchemann’s (1981) typology of how 
algebra is introduced, with teachers surveyed as to which resources they used 
separately to the interviews conducted. 

The year 7 pupils were chosen at random, by selecting every fifth child from 
the school register.  The year 10 class, which was not normally taught by the 
researcher, was allocated chosen on a convenience basis, with group interviews 
following. 

Results 

Textbook analysis 

Textbooks which had been indicated by teachers as currently being in use had 
publication dates varying from 1955 to 2010.  Of the 10 texts chosen, four went 
straight to algebra with no indication of context, three came through generalised 
arithmetic, two used symbols, effectively using ‘algebra as object’, and one used 
lengths of Cuisenaire rods.  No clear patterns were established between methods of 
introduction and publication date. 

Teacher interviews 

Teachers were firstly shown a number of methods of introducing simplification of 
algebra from textbooks.  Comments were largely based around the number of words 
used in an explanation and the standard of presentation rather than the explanation as 
such.  One starting point shown to the teachers was ‘� +� = 2� ’, which is taken from 
a revision guide (Lindsell 1998) and on the face of it is appealing to an ‘algebra as 
object’ approach.  Some teachers liked the ‘visual approach’ and felt it would be good 
for low attainers, although one teacher did note that it was not ‘numerical at all’ and 
another was concerned that it might be taken to imply eg. that 4 + 4 = 24. 
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When asked directly about the use of the ‘algebra as object’ analogy, all 
teachers were aware that it was ‘not recommended’ although one teacher could not 
articulate why.  Reasons given by others included, “You cannot multiply apples”.  
However, approximately half the teachers involved justified the use of the approach 
when dealing with lower attaining pupils, particularly in lower sets in Key Stage 4.  In 
responding to the question as to how they would approach the teaching of 
simplification of algebra, there was again a clear sense that different approaches 
needed to be taken with different year groups and attainment ranges.  It was 
noticeable also that teachers who spoke out against ‘algebra as object’ methods, when 
asked what they did, described methods, eg. drawing pupils’ faces on the whiteboard, 
which would appear to come under this heading.  This point is discussed below. 

Year 7 interviews 

35 pupils were asked to simplify ‘3a + 2a’ and then explain how they went about it.  
9% of pupils said they guessed or did not know.  A further 9% got the answer wrong, 
with answers including 5, 5aa and 7 which would appear to be consistent with the 
misconceptions arising from an ‘algebra as object’ approach. 

83% of the pupils got the answer right.  Of those, when asked to explain the 
method, 11% said ‘collecting like terms’, with the remainder giving an answer 
approximating to “2+3 then put the ‘a’ back on”.  None of the pupils explicitly stated 
a method which would indicate an ‘algebra as object’ approach. 

Year 10 interviews 

30 pupils working in a total of 8 groups were asked how they would explain 
introductory simplification of algebra to pupils.  Of those 8 groups, 6 gave methods 
which would come under the heading of ‘algebra as object’, with objects including 
fruit, coloured objects and types of sweets. The other two groups went straight to 
algebra, with one stating, “It is just law”. 

When asked about how they would deal with expressions like ‘ab’, a 
considerable amount of confusion took place, with suggestions from those advocating 
a ‘fruit’ approach suggesting that ‘a2’ could be understood as being 2 apples, and ‘ab’ 
meaning ‘apple and banana’, apparently confusing addition and multiplication.  Those 
advocating a coloured object approach suggested that if ‘a’ represented red and ‘b’ 
represented blue then ‘a×b’ could be purple.  

Discussion 

Clear evidence arises from the research that, in the relevant school at least, the 
‘algebra as object’ analogy is present in some textbooks in current usage, and 
teachers’ and pupils’ thinking. 

The suggestion that different methods need to be used for higher and lower 
attainers, particularly that the ‘algebra as object’ with its associated problems is 
permissible when working with lower attainers, would stand in tension with evidence 
(eg. Watson 2002) that pupils deemed lower attaining, given opportunities for creative 
thinking, can indeed rise to the challenge.  One may well consider, however, that with 
the constant pressure on teachers to be achieving higher and higher GCSE and other 
results, the temptation to resort to ‘quick fix’ solutions in the name of training pupils 
to pass examinations irrespective of underlying understanding, that this is an issue 
which will remain with us for the indefinite future. 
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That teachers of mathematics could not always articulate problems with the 
‘algebra as object’ approach, and used themselves methods which would come under 
this heading, points towards the need for on-going professional training on this point 
as part of a larger programme of making algebra accessible and, in introduction, an 
extension of ideas which can be explored numerically, particularly in ensuring that 
methods which avoid ‘algebra as object’ do so comprehensively, rather than coming 
back to it. 

A point of interest within this research is the difference between the year 7 and 
year 10 respondents.  As noted, no year 7 pupils explicitly suggested an ‘algebra as 
object’ approach although, particularly with the wrong answers, it may well be that 
this was underlying their thinking.  It is curious that year 10 pupils did explicitly 
suggest ‘algebra as object’, although their thinking appeared to be that the ‘a’ was an 
added complication which just needed to be manipulated and put back on at the end of 
the answer.  This points to the need for further study in terms of pupils’ 
understanding, as to whether this is a consistent finding in other schools and, if so, 
why year 10 pupils are so more attracted to the possibility.  Allied to this point is the 
need to problematise methods of teaching simplification which do not use ‘algebra as 
object’: from a learning point of view, is it all that different, for example, to refer to 
“2 lots of 10 plus 3 lots of 10” rather than apples? 

Conclusion 

It is clear from the research reported here that there is work, both in terms of 
ongoing teacher training and further research, still required in considering how to 
address simplification of algebra in order to promote good understanding of what 
algebra can do.  The authors would be interested to hear from anybody either with 
teaching ideas or interested in networking on further research. 
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Fractions in context: The use of ratio tables to develop understanding of 
fractions in two different school systems 

Dolores Corcoran and Pamela Moffett 
St Patrick's College, Drumcondra, Dublin and Stranmillis University College, Belfast  

The project seeks to investigate the implementation of a number of 
Realistic Mathematics Education lessons on fractions in two different 
educational systems. Four teacher participants engaged with trialing an 
agreed sequence of lessons from an RME textbook in their own 
classrooms - one Primary 6 classroom in Northern Ireland and three fifth 
classes in Southern Ireland. The teaching of lessons was observed by each 
researcher in her own school system. Nine of the lessons were video 
recorded and short video clips were made of children at work during other 
lessons. Children’s mathematical workings from the lessons were 
collected and analysed. Similarities and differences in teaching 
approaches across contexts were examined with a view to identifying 
some of the supports and constraints experienced by teachers in the 
implementation of these lessons. In this session we propose to report on 
the manner in which three RME lesson contexts provided teachers and 
children with novel ways for thinking about and working with fractions 

Keywords: Realistic mathematics education, fractions, ratio, teaching 

Background to study 

The research reported in this paper is funded by Standing Conference on Teacher 
Education North and South (SCoTENS). The aim of the study is to compare and 
evaluate the possible impact of implementing RME curriculum materials in primary 
classrooms in the North and South of Ireland. The study focuses on two main issues: 
the impact of the curriculum materials on children’s learning, and the support needs of 
teachers using these curriculum materials. A sequence of six lessons from 
Mathematics in Context (MiC) – a curriculum designed according to Realistic 
Mathematics Education (RME) principles for use in American middle schools – was 
chosen as the focus of the study. The six lessons were based on the topic of fractions. 
Drawing primarily on the Transformation dimension of the Knowledge Quartet 
(Rowland, Huckstep and Thwaites 2005) as an analytic framework, each researcher 
analysed the lessons she observed while adopting what we have called an “RME 
gaze”.  

As researchers we acknowledge that these RME materials are ‘new’ and 
therefore “boundary objects” to the teachers concerned (Corcoran 2011). More 
importantly, we acknowledge that teachers are essential stakeholders in the research 
endeavour (Krainer 2011) and sought their participation as “co-researchers” (Wagner 
1997) who met together as a group with us on two occasions to discuss the teaching of 
the lessons and to view and discuss video-clips from each others’ classrooms. This 
paper summarises findings on the children’s responses to some of these lessons in 
which the ratio table is used to organise calculations with fractions, followed by 
comments on the development of mathematics teaching arising from the 
implementation of RME contexts. 
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Key principles of RME  

Use of ‘realistic’ contexts 

At a first glance, the material within the MiC textbooks appears to differ significantly 
from traditional UK or Irish textbooks where real-life contexts may be used initially 
to interest and engage pupils but are usually followed by series of non-contextual 
exercises for pupils to practice the ideas and procedures introduced. Later, 
contextualized problems are given in which pupils are expected to apply the 
mathematics that has been practiced (Ainley 2011). In contrast, the mathematical 
content in the MiC materials is grounded in a variety of ‘imaginable’ contexts. Within 
RME, contexts are used not simply to engage and motivate learners, nor to illustrate 
the applicability and relevance of mathematics in the real world, but also as a source 
for learning mathematics (Van den Heuvel-Panhuizen 2000, 2003). Further, the ratio 
tables for scaling recipes up and down on which the lesson series under research are 
based appeared to provide a context in which the procedures, relationships and 
utilities inherent in the mathematics to be taught are overt to learners (Ainley 2011). 

Use of ‘models’ 

According to the RME approach, ‘models’ are seen as representations of problem 
situations which serve to bridge the gap between informal, context-related 
mathematics and more formal mathematics. Concrete materials, pictures, diagrams 
and even symbols can serve as models. When presented with a realistic context, the 
intention is that the pupil constructs a ‘model of’ the problem situation. Initially, this 
model is context-specific but over time it changes in character, becoming more 
general, until it serves as a ‘model for’ mathematical reasoning on a formal level. 
(Van den Heuvel-Panhuizen 2000, 2003). 

The ratio table model  
The three lessons reported in this paper are taken from the MiC transition unit Some 
of the Parts. This unit builds on pupils’ informal knowledge of ratios and part-whole 
relationships and introduces operations with fractions. Each of the three lessons is 
grounded in the context of a recipe, which is intended to support the development of 
the concept of ratio. Pupils use informal strategies to increase and decrease the 
amounts of ingredients according to the number of servings required. Fractional 
amounts, such as ½ cup, 1/3 teaspoon, play an important role in recipes. Therefore, 
the calculations involve addition, multiplication and division of whole numbers, 
benchmark fractions and mixed numbers. The ratio table is therefore a tool that is 
used to organise these calculations. One advantage of the ratio table is that it provides 
an open structure for pupils to use their own steps when working toward a solution. 
The numbers in the columns can be placed in any order to suit the calculation. 

Project lessons observed in Northern Ireland  

Lesson one 

In the first lesson, a pizza recipe provides a context for introducing the ratio table 
model. The recipe makes 4 pizzas and pupils are asked to determine the amounts of 
each ingredient required for 24 pizzas. A ratio table to show how the amount of one of 
the ingredients will change as the number of pizzas changes is introduced as an 
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example; two further tables showing alternative strategies are also presented.  After 
studying these tables, pupils are asked to complete the ratio table for all ingredients 
(Figure 1).  
 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Ratio table for pizza recipe  
About two-thirds (19) of the pupils completed the table in two stages: 

doubling the first column and then multiplying by 3. Using a similar method, one 
child multiplied first by 3 and then by 2. A further seven pupils multiplied the first 
column by 6. One pupil mistakenly chose to multiply repeatedly by two, although she 
did not apply this rule consistently for all the ingredients. Another pupil appeared to 
be totally confused with the concept of the ratio table and struggled to complete it. 
The multiplication of fractions proved to be the most challenging aspect of this work. 
While the majority of pupils were able to multiply unit fractions by 2, many struggled 
with the next step which involved multiplying non-unit fractions by 3; the 
multiplication of thirds proved even more difficult. Pupil responses demonstrated 
varying levels of confidence in the application of knowledge of fraction equivalents. 
For example, not all pupils chose to simplify the result when multiplying ¼ by 2 and, 
when multiplying ½ by 2, one pupil recorded 1 0/2. Following the lesson, the teacher 
noted that “Ratio alone ok – fraction element confusing.” 

Lesson two 

The second lesson uses the context of a recipe for chicken and tortilla casserole but 
this time pupils are required to use a ratio table to find the amounts of ingredients if 
the number of servings decreases. The recipe caters for 8 servings and pupils are to 
complete the table for 4 servings and then for 2 servings. Once again, the calculations 
involving fractions proved problematic. Although some pupils were able to 
successfully divide halves and quarters by 2, division of thirds and sixths proved 
much more difficult. The class teacher summarised her reflection of the lesson as 
follows:  

Class very quick to ‘half and half again’. Completed activity sheet v. quickly…. 
Overall – pace of lesson seemed v. slow. Plenty of discussion but not enough for 
the pupils to do. Mixing fractions and ratio difficult. 

Lesson three 

This lesson uses a more complicated recipe involving whole numbers, fractions and 
mixed numbers (Figure 2). Pupils used a range of strategies to complete the table. For 
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example, to find the amounts of ingredients required for 10 servings, some pupils 
multiplied 2 servings by 5 while others combined 8 servings and 2 servings or 6 
servings and 4 servings. 
 
 

 
 
 
 
 
 
 
 

Figure 2: Recipe for yoghurt cups 
It was interesting to note that pupils tended to work in a preferred order. Some 

worked horizontally, completing one row at a time. For example, one pupil started 
with the powdered sugar since it involved whole numbers only; progressing to the 
ingredients involving fractions only and finally the mixed numbers. Others preferred 
to work vertically, completing one column at a time. Some pupils worked in a more 
random order, choosing to work with the ‘easier’ calculations first. 

A large proportion of the class relied on their fraction walls to support the 
calculations involving less familiar fractions. The more able pupils relied on mental 
strategies, demonstrating a greater facility with fraction equivalents. However, when 
adding ½ and 1/8, one pupil recorded 2/12. In relation to the calculations involving 
mixed numbers, pupils tended to multiply or divide the whole number first and then 
the fractional part.  

Differing classroom contexts 

Northern Ireland 

The pupils whose responses are reported above were in a mixed-ability Year 7 (aged 
10-11) class – the final year of primary education in Northern Ireland. Over two-thirds 
of the pupils had previously finished working towards the high-stakes tests on 
academic ability which are used to determine whether they will transfer to grammar 
or secondary schools.  The class teacher had over twenty years of teaching experience 
and had been teaching Year 7 for approximately ten years. When asked about her 
perspective on the learning environment in her classroom, she explained that at the 
beginning of the year it is “very assessment and knowledge-centred … and not 
centred on the learner at all.” She blamed this on the fact that the children have so 
many tests to do, with preparation for the high-stakes tests for academic selection in 
the first term for Year 7 dominating the curriculum in upper primary. For this reason, 
she claims that the children: 

have been pushed quite hard probably in Year 6 and moved on without maybe 
really grasping things ... sometimes by Year 7 you realise they don’t have that 
understanding and then you have to go back over things again.  

The teacher from Northern Ireland also conjectured that the pressure of assessment 
has resulted in a mind-set whereby children want to get everything right and this 
poses difficulties for tasks which require pupils to investigate and explore different 
strategies, and to share and discuss their ideas.  
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Southern Ireland 

Three teachers in different classrooms in the south were observed teaching these same 
lessons. An attempt was made to match the schools according to age of children and 
socioeconomic status of families. In southern Ireland, primary schooling continues 
until the children are twelve with the result that the matching classes were all in the 
penultimate year in primary school. The most obvious disparity in context between 
the two educational settings is the difference in emphasis on external assessment. 
During the second of two joint seminars held with teachers and researchers (one in 
Dublin mid way through the research, one in Belfast towards the end) teachers were 
invited to locate themselves and describe their classrooms in terms of perspectives on 
the learning environment (Donovan and Bransford 2005). When the NI teacher 
identified her classroom environment as shaped through an “assessment-centered 
lens”, the three teachers from the south sympathized with the constraints they 
imagined such a focus would place on their teaching. In turn, teachers from the south 
thought their classrooms were more “learner- centered”, and “knowledge-centered” 
(ibid., p. 13). Ironically, since this seminar took place a government circular in the 
South has mandated that children in second, fourth and sixth classes are to undergo 
standardized testing in mathematics from May/June 2012, results of which will be 
made available to parents, school authorities and the inspectorate (DES 2011). While 
this change in the culture of schooling does not apply to the classes (fifth) observed in 
this study it may well bring about shifts in emphases and changes in teaching 
approaches to mathematics, for which these teachers are not yet prepared.  

Teacher A 

Teacher A was the most experienced teacher of the three and appeared very much at 
home with the mathematics. He enjoyed teaching the RME lessons and discussed the 
utility of the ratio-table and its application to a ‘sum’ that the children had met in their 
class textbook. His class had adopted an engaging metaphor based on comparing the 
advantages of a short cut over a roundabout route to the village which became 
common currency for describing different solution approaches to filling in the ratio 
tables. Teacher A projected the pupils’ activity sheets related to the lessons on to the 
white board and this idea was subsequently adopted by the other teachers. He 
extended the task in Pupils’ Activity Sheet 7 which required scaling a recipe for 
Chicken Tortillas down from eight servings to four and then two, by drawing an extra 
column on the white board and inviting suggestions for how it might be further 
reduced to make one serving. Such was the classroom climate that one child then 
suggested that the recipe be further amended to give zero serving, a suggestion 
Teacher A gleefully invited the class to implement. 

Conclusion  

Mathematics teaching is a highly complex endeavour. The forgoing paragraphs 
reporting the responses of pupils in the NI classroom to the mathematical contexts 
presented by the ratio tables offer evidence of a ‘task/results-oriented’ approach in the 
manner in which children engaged with the activities. While the research participants 
in the south embraced the project with equal enthusiasm, there appeared to be 
differences in teaching styles which influenced how the material was presented to the 
children and greater variety in the responses. The research approach fostering “an 
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investigative attitude towards their own practice” (Krainer 2011) could have remained 
at the level of individual teacher and researcher but because of the ‘cross  
border’ nature of the joint seminars interest in comparing practices was heightened 
with increased potential reflection and for developing teaching. There are saliencies 
here with RME movement, an integral part of which is the work of Tussendoelen 
Annex Leerlijnen (TAL) project teams. This Dutch concept translates into 
‘intermediate attainment targets in learning-teaching trajectories’ and involves teams 
of teachers and researchers working together to improve education by “providing 
insights into the broad out-line of the learning/teaching process and its internal 
coherence” (Van den Heuvel-Panhuizen, 2008). Above all, such work is time-
consuming, on-going, involves many people and is considered worthwhile. 
 
This research was made possible by a generous grant awarded by the Standing 
Conference on Teacher Education, North and South (SCoTENS).  
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Teachers of mathematics to mathematics teachers: a TDA Mathematics 
Development Programme for Teachers  

Cosette Crisan and Melissa Rodd 
Institute of Education, University of London  

To address the shortage of mathematics teachers in England, serving 
teachers, qualified in subjects other than mathematics yet teaching 
secondary mathematics, were eligible to participate in a Mathematics 
Development Programme for Teachers (MDPT) commissioned and 
funded by the Teacher Development Agency (TDA). A research project 
was set up to investigate how teachers in our 2010-11 cohort developed 
into mathematics teachers within this Programme. This report indicates 
how (1) learning new mathematics, (2) developing a view on the nature of 
mathematics and (3) teaching mathematics in different ways, contribute to 
a mathematics teacher identity, yet there was a discrepancy between the 
teachers’ espoused confidence in being a mathematics teacher and their 
technical mathematical competence.  

Keywords:  mathematics teachers, community of practice, evolving identity 

Background 

The MDPT was commissioned in order to address the perceived lack of well-qualified 
teachers of mathematics in state schools in England. In particular, as there is  a 
significant number of teachers teaching mathematics in the secondary age range (Y7-
Y11) whose Qualified Teacher Status (QTS) was gained through their being teachers 
of another specialism a ‘Mathematics Development Programme for Teachers’ 
(MDPT) was specifically commissioned for such serving teachers. Participation on 
the MDPT course required that a teacher had completed their Newly Qualified 
Teacher (NQT) year and was employed in a maintained school and teaching at least 
some mathematics to pupils in the secondary age range, had no post 18 mathematics 
or any mathematics teaching qualification (although primary trained teachers were 
allowed to take the course), had the support of their head teacher and had a school-
based mentor to support them. The structure of the course was: 30 days based at the 
university and 10 based in school with specific pedagogical tasks to complete. The 
participating teachers were offered a £5000 bursary on completion of the course 
where ‘completion’ included having at least 80% attendance and an assessment at a 
level of a final undergraduate of 40 CATS credits. Schools could claim for cover on 
the days where the teachers were in the university. On successful completion of the 
course, the teachers were considered to “have gained an additional specialism” (TDA 
2009, 10) in mathematics.  

Various providers in different regions of England offered these MDPT courses 
and had the freedom to design their own curriculum. The curriculum designed by the 
mathematics education team at the Institute of Education, University of London 
deliberately avoided mathematics National Curriculum classifications and arranged 
the MDPT curriculum to cover four broad mathematical content themes: Infinities, 
Uncertainties, Structures and Spaces. Mathematics pedagogical knowledge was taught 
by example, discussion and by setting school-based tasks that were supervised by the 
school-based mentor. 
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A natural question to ask about this TDA-promoted mathematics development 
programme for teachers is “Does this Programme offer a good way to provide more 
mathematics teachers?” Irrespective of the answer to this question, we note that the 
programme has since been decommissioned and a cheaper-to-run subject knowledge 
enhancement (SKE) course is now being piloted for ‘returning’ teachers (TDA 2011) 
that is also available for serving teachers of mathematics who do not have 
mathematics/mathematics teaching qualifications. 

We orientated our research around a central research question that concerns 
itself with mathematics teacher identity in the sense of Grootenboer and Zvenberger 
who argue that “It is essential that teachers of mathematics (at all levels) have well-
developed personal mathematical identities” (2008, 248). Our central question was: 
how do already qualified teachers come to see themselves as mathematics teachers? 

Our MDPT research project 

There were two cohorts, 2009-10 and 2010-11. In the first year tutors for the course 
were surprised both by many participating teachers’ standard of mathematical 
competence and by their affective reaction to standard school mathematics such as 
solving two linear simultaneous equations or working with inverse proportion. We 
wondered how you can function as a mathematics teacher if the thought of solving 
simultaneous equations makes you cry. In algebra particularly there was a lack of 
meaningfulness in their work that we witnessed through their ‘instrumental’ 
application of methods and their displaying defence mechanisms like avoidance, 
talking or requesting explanations to them personally (hand-holding).  

This brought up the very practical question: how can these participating 
teachers develop into mathematics teachers who are fit to teach the secondary age and 
ability (yes, ‘ability’) range? We had 30 days with them over a school year. 

This is why we wanted to collect data more systematically in the second year 
to investigate teachers’ journeys over the course. These journeys are rather individual 
- only one person cried at simultaneous equations - so our orientation was to look at a 
purposive sample of case studies to investigate transitions towards becoming a 
mathematics teacher. 

Case studies 

The 19 teachers participating in the MDPT course were recruited from the London 
area and regions from which it was possible to travel into the capital. The QTS 
specialisms of the ten women and nine men enrolled on the course included 
languages, science and business studies, with the most popular specialisms being 
primary (5) and Physical Education (PE) (5). Four of the participants were from 
overseas, one of whom did his training through an Overseas Trained Teacher (OTT) 
scheme in England and the others used their EU qualifications. 

From the volunteers, we chose a purposive sample of five case study teachers 
each of whom had come via a different training route. It was not possible, given that 
there were fewer than twenty teachers, to get a sample of teachers with variation over 
all the key parameters of their prior training or experience. Variation of the Initial 
Teacher Training (ITT) route was used as sample-defining; this was a judgement 
based on a sense that these different routes represented allegiance to different 
communities of practice within secondary teaching, though other choices of samples 
could have been used (e.g. QTS subject). Some of the biographical details of the case 
study teachers are presented in the table below under their pseudonyms: 
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  Jessie Madeleine William  Nas Lech 

ITT route BA/QTS PGCE Bed Teach First EU QTS  

Subject 
specialism 

Primary 
(PE) 

Primary 
(mathematics) 

PE Citizenship PE 

School phase 
training 

Primary Primary Secondary Secondary Secondary 
  

Prior to course 
taught some 
mathematics for  

10 years 6 months 2 years: 1 
lesson a 
week 

2 years: 1 or 
2 lessons a 
week 

9 years 

% of maths 
teaching during 
the course 

100% 100% 90% 100% 100% 
science 
and maths 

Table 1 
The research took place alongside the course and was subordinate to the course. Data 
of the following types were collected as part of teaching: autobiographical data; a 
‘needs analysis’ (of their mathematics subject knowledge and capacity to diagnose 
pupils’ errors/misconceptions); collection of their: maths work; school-based work; 
mentor feedback; assignments; reflections; observations in university sessions. The 
only purely research-focussed type of data that the teachers were invited to participate 
in was to be interviewed. We had more volunteers to be interviewed than we needed 
and not every course member volunteered. The first interviews carried out at the 
beginning of the course (during the Autumn term) were conducted ‘narrative style’ 
(Hollway and Jefferson 2000) where the teacher was invited to tell his/her story and 
the second interview carried out in July was of semi-structured design (e.g. Brown 
and Dowling 1998) using an interview schedule.  

Theoretical framework 

This research arose from queries about teachers of specialisms other than mathematics 
becoming specialist mathematics teachers through doing a course commissioned by 
the TDA. Hence there was no a priori theoretical framework and part of the research 
work was to choose a theoretical framework in order to address the research questions 
and to explain the suitability of that framework for this context. The MDPT teachers 
were positioned by the job they were doing (secondary school mathematics teaching) 
and they were on the course because (from the ‘outside’) (1) they did not have 
mathematics teacher certification and (2) their headteacher felt that this lack was 
worth rectifying. In an alternative expression, they were on the course because (from 
the ‘inside’) (A) they wanted to learn more mathematics, and (B) they wanted to find 
out about ways of teaching mathematics and incorporate these into their teaching 
repertoire. Because of this dual aspect of why these teachers came to be on the course, 
we sought a theoretical framework that embraced the yin-yang nature of learning and 
participation and theorised such dualities. Such a framework is provided in Etienne 
Wenger’s (1998) Communities of Practice which addresses identity (‘inside’) as an 
outcome of learning within social practices. And social practices are found in 
communities which collectively ‘reify’ aspects of the practices like mathematical 
content and standards. Learning – or developing a meaningful practice - occurs within 
the to and fro of participation and reification. We used the ‘communities of practice’ 
framework to analyse and interpret participating teachers’ reifications and episodes of 
participation. In conclusion we have some remarks about these teachers’ evolving 
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‘mathematics teacher identities’ which arise from their participation in a web of 
communities that relate to their mathematics teaching.  

In the next section, we present a selection of our findings. These are organised 
under themes that came from analysis of the data overall using the communities of 
practice lens. We report ‘horizontally’ across the cases studies, using quotations from 
case study teachers, findings concerning:  
1. participation in learning mathematics: e.g., their approaches to learning 

mathematics;  
2. reification: e.g., views on mathematics as a discipline;  
3. practice: e.g., their reported changes in their teaching practice.  

A selection of findings 

Participation in learning mathematics  

Teachers had different ways of approaching their mathematics learning and thinking 
about mathematical knowledge. For instance, in Jessie’s telling of her learning she 
expresses a view of mathematics knowledge as reified items: “all of a sudden and 
everything that I've got from pockets of knowledge here and pockets of knowledge 
there, just all falls into place” (Jessie, interview 1). This contrasts with Nas who 
expresses perceived limitations in terms of his feelings: “I mean I don’t think maths 
has ever come naturally to me; it was probably my worst subject in school actually. I 
mean in my A levels, it was my lowest A level grade.” (Nas, interview 1). Madeleine, 
daughter and sister of mathematics teachers now in her 40s, gives a stronger 
expression to her feelings about mathematics “A vile, awful subject […] And I just 
never connected – I never connected with maths at all” (Madeleine, interview 1). 
However, William, who like Jessie, was prevented from doing A-level mathematics 
by his school because he got a C rather than a B at GCSE, says “maths I found 
relatively easy” (William, interview 1).  
Indicator of developing mathematics teacher identity 1: Participation in learning was 
motivated by potential application in teaching 

Indeed, ‘understanding a topic’ was typically construed as understanding at the 
same depth their students are expected to attain at a particular grade/level. As Jessie 
explains: “So whereas now I’m using like the Edexcel higher plus book; and I look in 
there and I’m thinking right, I’m doing curved graphs – so I need to go home, I need 
to look at all those equations and then also look at what point a line would intercept 
that curved graph. And I can understand what I have to do, but physically sitting 
down and getting myself to a level where I feel that I can look at a question – and it 
doesn’t matter which question it is - then I could help someone -. ” (interview 1). 

Similarly, Madeleine thinks that if she is secure in a certain piece of work or the 
way that something works, then she can pass that on to her students in a way that they 
feel secure, too. However,  Madeleine is concerned that despite working hard since 
she started the course, covering an enormous amount of mathematical knowledge, she 
will not be “[...] ever going to cover it all. But within what I teach – and perhaps a bit 
further.” (interview 2) she has the inner confidence in the classroom. 

 

Reification of mathematics  

In interviews, in their assignments and in class presentations, the teachers talked about 
their changing of views of mathematics towards that of more useful or more real: for 
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example, “Through completing this course I feel I’ve moved on from viewing maths 
as a pure subject that is learnt in classrooms to seeing mathematics as something that 
has endless applications.” (Nas, final assignment). 
Indicator of developing mathematics teacher identity 2: Experience of reification of 
mathematics was conceptualized as contributing to teaching 
 ‘Pascal’s triangle’ came up several times during the course and the teachers 
increasingly welcomed unexpected appearances of this ‘triangle’ with delight and 
humour; they also remarked about uses of this piece of mathematics for teaching. 
Similarly, Lech’s change in view is expressed in a mathematical metaphor 
“[previously I was] only looking at maths in 2D, very flat.” (interview 1). Several 
months later he says “And knowing about different learning styles, and having to have 
to read and research … gave me a completely different perspective on just, on what I 
previously thought maths was - as being two plus two equals four. So that’s the third 
dimension I’ve got now.” (Lech, interview 2) 

Practice of mathematics teaching 

During interviews, oral presentations and informal conversations, the teachers were 
able to exemplify ‘new’ pedagogical approaches (i.e. approaches other than teaching 
by showing worked examples) that they had used in their own classrooms.  
Indicator of developing mathematics teacher identity 3: Nexus of communities 
(Wenger, op. cit. 158) was considered beneficial in teaching mathematics 

Coming from a humanities background, Nas considered his strength was “[in 
removing] the language barriers and being able to represent it [maths] in other ways, 
which would mean students will understand it.” (Nas, interview 2) Nas liked teaching 
citizenship lessons because he could make those lessons very engaging about real life 
issues that directly affected the students “I felt much more kind of comfortable 
teaching more humanities subjects than maths and doing those kind of interesting, 
engaged-in discussion and investigation based things in humanities subjects. But I 
mean that’s changing; I'm definitely changing and I think NRich is like brilliant in 
providing those sort of resources.” (Nas, interview 2). In Wenger’s terms, Nas is 
reconciling different forms of memberships (to the subject specific teaching 
community, and now to the maths teaching community). Nas’s knowledge of 
pedagogical approaches developed and acquired before starting to teach mathematics 
are ‘brought’ into the mathematics classroom. This helps him to maintain his 
citizenship teacher identity, while also entering the mathematics teaching community.  

Conclusion: towards a mathematics teacher identity 

In the second interview one of the questions was “to what extent do you now see 
yourself as a maths teacher?” While every interviewee responded positively, their 
replies were nuanced differently, for example: “So I actually feel that I can say that I 
am a maths teacher, rather than PE playing at maths. Feels good.” (Jessie), whereas 
William proudly told us that “[…] my first subject as of the 1st of September when 
the qualification comes through will be the first subject as maths.” And Lech says 
“Yes, definitely; I couldn’t go back to teaching PE definitely. I am a maths teacher, 
yes; that’s how I see myself.” The issue of ‘the qualification’ was significant to 
several others in the class; the actual phrase “desperate to get it” was used by (at least) 
three of the teachers in the whole group. This certification gave them formal 
membership of a community of mathematics teachers in England. This offered career 
benefits, since mathematics will always be on the curriculum, whereas, for example, 
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citizenship might not: “So I thought it was quite important that I actually had another 
subject that I could teach, and maths is obviously a very stable subject. So almost as if 
in an insurance kind of way I wanted to move into maths as well.” (Nas, interview 1). 

This gift of membership with completion of their MDPT course gives rise to 
the questions about the quality of this membership. They have the badge and they are 
pleased to wear it but is that enough? Analysis of their mathematical and math-
pedagogical work and the mock GCSE paper they sat in June showed that these 
teachers still lacked fluency with mathematics and were far from having secure 
subject knowledge. In particular, bar one or two of the 19, their algebraic 
manipulations skills were no better than GCSE grade B, and in some cases this is an 
optimistic appraisal. However, such teachers claimed that their experiences of finding 
mathematics difficult to learn was helpful with respect to the practice of teaching as 
they were in a better position to relate to pupils’ difficulties than those teachers for 
whom maths learning came easily: “But I think being of a decent enough standard to 
teach maths, and sharing those frustrations, or understanding where those difficulties 
arise, helps me to relate to the students and get over those problems.” (Nas, 
interview1) 

In Wenger’s terms, these teachers negotiate their contribution to the practice 
of mathematics teaching community. They are aware of their limitations and instead 
of positioning themselves as outsiders (as they do not have a strong mathematical 
background), they focus their attention on the meanings that really matter to them: 
their struggle with mathematics gives them a special insight into understanding 
pupils’ difficulties with mathematics and this privileged viewpoint offers them access 
to participating and contributing to the mathematics teaching profession. 
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Individual Differences in Generalisation Strategies 

Rebecca Crisp1, Matthew Inglis1, John Mason2 and Anne Watson2 
1Mathematics Education Centre, Loughborough University 
2Department of Education, University of Oxford 
 

We report a study which investigated how mathematics graduates and 
engineering undergraduates studied sequential tables of values with the 
aim of deriving a function. By recording the eye-movements of 
participants as they tackled this task, we found that there were substantial 
individual differences in the strategies adopted by participants. However, 
these strategy choices appeared to be unrelated to both the mathematical 
background of participants, and their success rates. 

Introduction 

A common activity in school mathematics is to derive a function from a sequential 
table of values like that shown in Figure 1.  

Given a table of values with two columns, n and f(n) (where n runs 
sequentially from 1), there are two general strategies one might adopt to determine the 
function f. First, one might try to determine a connection between a particular n and 
f(n), and then evaluate whether it holds for other values of n. An alternative strategy 
would be to look for a relationship between values of f(n) and f(n +1). The first of 
these strategies entails predominantly horizontal shifts of attention, whereas the 
second involves mostly vertical shifts of attention. Strategies might be combined. It is 
assumed, in such tasks, by setters and solvers alike that the data 
points reveal a well-behaved function that follows a rule rather 
than (a) discrete points or (b) polynomials of a higher order than 
can be determined from the given data. 

Numerous studies have shown that school students find 
it hard to shift from deriving a term-to-term recursive formula to 
identifying the relation between data pairs (e.g. Martinez and 
Brizuela, 2006; Warren, Cooper and Lamb 2006). Some eye-
tracking studies have investigated how students coordinate 
multiple representations to understand functions (San Diego et 
al. 2006; Andra et al. 2009). The focus in these studies is on 
coordinating representations rather than the necessary shift from 
term-to-term relationships to pairwise relationships.  We 
decided to use eye-tracking data to see how novice and 
experienced mathematicians coordinate what can be learnt from 
the vertical aspects of such tables and the horizontal aspects, 
using on-screen presentations of tables of values only. Our aim 
was to derive insights into how information is sought and 
processed in typical tabular layouts.  

Here we report a study which sought to answer two questions. First, are there 
individual differences in strategy choices when tackling such problems? And second, 
if so, are these differences associated with participants’ mathematical backgrounds, or 
their success at tackling these problems? 

 

Figure 1. An 
example of a 

generalisation task 
used in our study. 
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Relevant eye tracking studies 

Eye-tracking has been an area of research since the 1960s, and more recently is 
important as a component of studying human-computer interaction. For our purposes 
the basic belief required is that the study of eye movements can provide an insight 
into problem solving, reasoning, mental imagery, and search strategies. Most of the 
published research addresses how people attend to images and text whose only 
purpose is to research trajectories and duration of gaze for interface design purposes. 
For example researchers might want to answer questions such as whether visual data 
is stored in visual or encoded forms, by timing fixations on objects to be recalled or 
recognised. In our study all data were numbers, so encoding time would only be 
affected by the participant retrieving characteristics of that number or constructing 
relations between that number and those seen previously.   

Another area of study is about the delaying effects of visual ‘noise’.  Findings 
from these studies might be informative about our subjects’ initial engagement with 
the screen, but do not give information about any deliberate cognitively-guided 
trajectories and fixations which might arise from meaning-making processes in a 
fairly familiar environment. It also provides support for some basic assumptions, i.e. 
that the longer the fixation on an on-screen object, the more attention is being paid to 
it and the more processing being done with it; and more fixations might indicate a less 
efficient visual search (Poole and Ball 2006; Just and Carpenter 1976). 

Our research is not about objects but about relations between objects. These 
relations are being mentally constructed as conjectures and then, presumably, tested, 
adapted and verified using further data. We would expect, based on our experience as 
mathematicians and teachers, that the accumulation of data would have an influence 
and, what is more, in our study we expect eye-movement to have significant 
deliberate control, probably overlaid with other forms of visual searching. The items 
we offer subjects are not to be compared to a remembered bank of items, but to be 
acted upon and encoded in certain ways and the further stimuli sought to compare to 
those relations by generalisation. Shifts between positions are taken to indicate 
searching, while fixations are taken to indicate processing (Goldberg and Kotval 
1999) with larger shifts being more likely to indicate searching than being attracted by 
visual proximity (Goldberg et al. 2002). 

Poole and Ball’s (2006) summary of the eye-tracking research indicates that 
most studies do not consider semantic correlation, i.e. the construction of meaning, 
associated with gaze. For example, regressive saccades (movements between fixation 
positions) are taken to indicate a processing difficulty, whereas in our study a 
regressive saccade could be for mathematical verification or to start a new line of 
enquiry. Therefore we decided what to measure by thinking about what is necessary 
mathematically in order to collect essential information to identify a function, i.e. 
vertical comparisons of function values and horizontal comparisons of data pairs, with 
possibly particular searches for special cases which might yield useful information. 
Success in such tasks might depend on looking for difference patterns, identification 
of constants, recognition of number characteristics, recognition of growth rates, and 
so on. Gould (1973) observed that the vertical field of view appeared to be more 
limited than the horizontal field, so we can assume that use of vertical data-seeking in 
our study requires deliberate effort. Within-subject variation is known to be high in 
any tracking tasks (Poole and Ball 2006) so we can assume that any within-subject 
consistencies are due to mathematical processing.  Changes between vertical and 
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horizontal trajectories of gaze are known to indicate shifts of attention (Cowan, Ball 
and Delin 2002). 

All eye-tracking studies produce vast amounts of data with small numbers of 
participants and tasks, so our pilot had to be efficient. We therefore limited it to linear 
and quadratic functions, with two examples each of ‘easily recognisable’ and ‘less 
easily recognisable’ functions, eight functions in all. A multiple-choice post-event 
questionnaire was used to collect information about past experience and self-reports 
of the strategies they had used, but we are aware that these self-reports might be 
influenced by subjects’ conscious knowledge of mathematical methods rather than 
about subconscious searching habits or actions induced by the task layout (Just and 
Carpenter 1976, 459). This report excludes consideration of these data. 

The study 

To address our questions we asked 16 participants (8 mathematics graduates 
and 8 first year undergraduate engineering students) to solve eight generalisation 
problems of varying difficulties. Participants solved the problems while their eye-
movements were recorded using a Tobii T120 remote eye-tracker, producing a real-
time non-intrusive measure of the locii of participants’ attention (e.g. Poole and Ball 
2003). Of the eight problems tackled by participants, four involved linear functions 
and four quadratic functions. Two of each category were chosen to be easily 
recognisable and two were chosen not to be easily recognised: 
 
 

 
Eye-movements consist of a series of fixations (short periods where the eye is 

at rest) followed by extremely rapid saccades. During saccades no information can be 
processed, so it suffices to consider fixations when analysing attention location (e.g. 
Poole and Ball 2003). Eye-tracking data was in the form of strings of position codes 
which show where on the table the subject looked and for how long, over the entire 
time it took them to construct a formula or to give up. 

Typical data string (the timing data are in milliseconds): 
B C B b c c B C C A B B 
83 500 116 1082 350 849 266 216 183 500 150 350 

 
We coded each fixation in the dataset as falling into one of 13 areas of interest 

(AOIs): each cell in the table was an AOI, as was the rest of the screen. In analysing 
this data we assumed that shifts between fixations would be more informative than 
fixations themselves, because subjects would be trying to identify relations between 
cells rather than individual cells. We counted the number of transitions between each 
pair of AOIs for each person on each problem. We then summed the number of 
horizontal transitions from n to f(n), and expressed this as a percentage of the total 
number of horizontal transitions plus vertical transitions (all transitions within the 
right-hand column of the table). This value, denoted H/(H+V), represents a measure 
of participants’ dominant strategies: a value close to 1 indicates that the participant 
almost always used a horizontal strategy, a value close to 0 indicates that they almost 
always used a vertical strategy. 

 Quadratic Linear 
Easily recognised n2 

(n + 2)2 
2n + 1 
n + 5 

Not easily 
recognised 

n2 – n + 1 
n(n + 1) 

4n – 5 
3n + 7 
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In the remainder of the report we answer our two initial questions. First, we 
investigated whether there were individual differences in strategy choice. To 
investigate this issue we subjected H/(H+V) values to a by-items one-way Analysis of 
Variance (ANOVA), with participant identity as the factor. We found a significant 
main effect of participant, F(15,105) = 6.061, p < .001, indicating that there were 
substantial between-individual differences in strategy choices. Mean H/(H+V) values 
for each individual, together with standard errors of the mean, are shown in Figure 2. 

 

 
Figure 2: Mean H/(H+V) values for each participant (M represents participants with mathematics 
degrees, E represents undergraduate engineering students). Error bars show ±1 SE of the mean. 

 
Second, we investigated whether participants’ strategy choices varied 

systematically by problem-type, mathematical background or success-rates. We first 
subjected H/(H+V) values to a 2×2×2 ANOVA with two within-subjects factors 
(quadratic/linear and recognisable/unrecognisable) and one between-subjects factor 
(mathematics/engineering). As shown in Figure 3, none of the main effects or 
interactions reached significance, indicating that there appeared to be no relationship 
between a person’s mathematical background, or the problem-type and their strategy 
choice. We had assumed, from our own experience with such tables, that the 
proportion of horizontal and vertical moves might differ between novices and experts.  

In the early stages of our analysis we re-categorised subjects as 
successful/unsuccessful to distinguish between the eight participants who managed to 
find 7 or 8 functions and the eight who succeeded in fewer than 7 cases. We then 
repeated this analysis but replaced the group factor with this split-half success factor. 
Again, no main effects or interactions reached significance. 

To summarise these findings, we found that there were substantial and 
systematic individual differences in strategy choice during generalisation problems. 
However, these strategy differences appeared not to be related to participants’ 
mathematical backgrounds, their success at solving the problems or the type of 
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problem they were solving. An obvious question emerges: what does determine what 
strategy a participant adopts when tackling such problems? 

 
Figure 3. Mean H/(H+V) values by problem-type (Q-quadratic, L-linear, R-recognisable, U-
unrecognisable), and mathematical background (M-maths degree, E-engineering u/g). Error bars show 
±1 SE of the mean. 

Future work 

Further analysis of this data will be undertaken to identify the presence of strings of 
fixations which might indicate the collection of particular data, such as special values, 
or repeated passes between the same two points, or dwelling on particular positions. 

To search for more information about strategies for using data to generalise, 
we intend to remove first the vertical component of movement by randomly 
presenting data as ordered pairs, and then to remove the horizontal association of n 
and f(n) by presenting f(n) values as horizontal sequences. We emphasise, however, 
that we are not suggesting that eye-tracking can present the whole story of such 
generalisations. 
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Approaches to Learning of Undergraduate Mathematicians 

Ellie Darlington 
University of Oxford 

The approaches to learning (ATLs) adopted by undergraduate students 
have been heavily researched, particularly since Marton and Säljö (1984) 
first wrote of a deep/surface approach dichotomy. Using this terminology, 
a study was conducted which aimed to research the ATLs of first-year 
undergraduate mathematicians, specifically relating to what these are and 
the ways in which the students themselves perceived them to have 
evolved over time. The results revealed that an overwhelming majority of 
undergraduate mathematicians at Oxford University adopt strategic ATLs, 
which they claimed were due to the nature of university study. It was 
established that it was in fact the nature of their specific course that 
resulted in this approach, as the nature of the new mathematics being 
studied, assessment demands and question formats in their department 
were contributing factors. In this article, I shall detail the findings of the 
quantitative research conducted using the ASSIST (Tait, Entwistle and 
McCune 1998) questionnaire. 

Keywords: undergraduate, approach to learning 
 

Approaches to learning 

Approaches to learning are defined by Diseth and Martinsen to be the “individual 
differences in intentions and motives when facing a learning situation, and the 
utilisation of corresponding strategies” (2003, 195). The most common distinction 
which has been made in the literature is that between a deep and a surface ATL. A 
crude distinction could be made as follows: 
 

Approach Deep Surface 
Intention Understanding Memorisation 
Strategy Seeking comprehension Rote learning 

Table 1 – Distinction between deep and surface ATLs. 
 

Deep approaches are characterised by learning strategies that focus on meaning, 
directed towards understanding by critically relating new ideas to previous knowledge 
and experience (Ramsden 1983). In mathematics, this should see the learner making 
connections between particular mathematical topics and methods and being aware of 
relationships between them in terms of their roots and their uses. Conversely, surface 
approaches focus on memorising information without considering its implications in 
relation to other knowledge (Trigwell and Prosser 1991). Such an approach has the 
potential to jeopardise success if what is learnt by rote is forgotten or cannot be 
adapted for use in solving unfamiliar, non-standard questions (Novak 1978) because 
the concept loses any sense of meaning. 
 It should be noted, however, that whilst a deep ATL is perhaps more desirable, 
it does not mean that it is always the most successful approach for every student 
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(Lonka, Olkinuora and Mäkinen 2004). Furthermore, the memorisation techniques 
characteristic of a surface approach may be implemented as techniques for a deep 
approach (Entwistle 1997). In mathematics, this may involve the rote memorisation of 
a definition in order to be able to fully understand subsequent reasoning or the 
application of a theorem or procedure. 
 The notion of a deep and surface ATL was written about at a time when 
various other dichotomies were mooted. For example, Ausubel (1963) contrasted 
meaningful and rote learning, Pask and Scott (1972) compared holists and serialists, 
and Skemp (1976) famously wrote of an instrumental versus a relational 
understanding. 
 However, it seemed that for the purposes of this study, these dichotomies 
lacked a certain something. Specifically, they lack an awareness of appreciation of 
how a student may adopt approaches and methods synonymous with both the deep 
and surface approaches in order to achieve the best academic outcome. Those with a 
strategic approach to studying have been described as using this combination based 
on “a competitive form of motivation… combined with vocational motivation within 
an achieving motivation” (Entwistle and Tait 1990, 171). Hence, it has been asserted 
that one may be both a deep and strategic learner or a surface and strategic learner but 
with deep and surface being mutually exclusive because “it is not possible to focus 
and not to focus on meaning at the same time (Diseth and Martinsen 2003, 196). 
Those with strategic ATLs are very organised and manage their time in order to 
achieve as highly as possible, playing “the assessment game” (Entwistle, Hanley and 
Ratcliffe 1979, 366). Consequently, it has been claimed that such an approach may be 
prompted by the demands of academic institutions (Biggs 1978). 
 Various correlates have been found between ATLs and contextual factors. It is 
possible to group these into one of four categories: 

1. Personality: From analysing quantitative data, Diseth (2003) suggested that 
unstable extroverts have a greater propensity towards adopting what may be 
considered to be inappropriate study methods than their stable introvert 
counterparts. Students with surface approaches have been found to have lower 
self-concepts as learners, with those who have an inclination towards deep 
approaches tending to be more confident with a greater self-motivation to 
learn (Dart et al. 1999). 

2. Teaching: It appears from the literature that the relationship between ATLs 
and pedagogy is reactive, with each influencing the other. A preference for 
particular approaches results in students preferring certain courses, teaching 
styles and assessment methods (Entwistle and Tait 1990; Trigwell and Prosser 
1991). Furthermore, students have been found to adapt their ATL to suit the 
pedagogy and teaching on offer (Eley 1992). 

3. Assessment: Students have also been found to make adaptations according to 
assessment demands, with a perceived excessive workload causing students to 
regress to surface approaches (Ramsden 1983; Trigwell and Prosser 1991). 

4. Attainment: A deep ATL has been found to result in higher attainment and 
the converse with surface approaches, with positive relationships between 
attainment and strategic approaches suggesting that they achieve their purpose 
in being a means towards good grades (Diseth and Martinsen 2003; Ramsden 
1983). 
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Method and sample 

The Approaches and Study Skills Inventory for Students (ASSIST) (Tait, Entwistle 
and McCune 1998) was used as a means of collecting quantitative data relating to 
students’ ATLs. Unlike other options available, the ASSIST incorporates the 
inclusion of the strategic approach to studying into its questions, and has a wider 
theoretical base (Speth, Namuth and Lee 2007) with good reliability and validity 
(Entwistle, Tait and McCune 2000) and test-retest reliability (Richardson 1990). 
 It is a 52-item Likert scale, self-response questionnaire which asks 
respondents to show their level of agreement with particular statements regarding the 
way in which they learn. Each statement relates to only one of the three ATLs 
between which the ASSIST distinguishes – deep, surface and strategic.  
 105 first-year undergraduates from the University of Oxford Mathematical 
Institute completed the ASSIST in order to help to answer two research questions: 

1. What ATLs do undergraduate mathematicians typically have? 
2. Do any significant relationships exist between groups (e.g. gender, age)? 

 
In addition to the standard questions asked by the ASSIST, a number of additional 
statements were made in order to further probe the situation for mathematics students, 
as the questionnaire is not subject-specific. 
 The sample comprised 46% of the cohort, with gender distribution and 
numbers on joint honours courses representative of the year group. Students were 
reached through direct contact in a lecture for a compulsory course where they were 
given paper copies of the questionnaire, as well as online in order to reach the 
students who were not present. It was thought that students who failed to attend the 
lecture may have displayed particular characteristics which may have skewed the 
results; specifically, students who failed to attend may have done so because they 
were struggling with the course, found its content too easy, were disorganised, or 
were disillusioned, for example. One could assert that any of these possibilities may 
result in a learner having a greater propensity towards a particular ATL. 

Results 

Analysis of the ASSIST revealed a strategic ATL to be the most commonly adopted 
by the participants, with 76% scoring most highly on this scale. This was followed by 
16% scoring highest on the deep scale and 8% on surface. 

Women scored significantly higher on the surface scale (p<.05) than their 
male counterparts. However, there was no significant difference in the number of 
students who scored highest on one particular scale. Furthermore, no significant 
differences were identified between course of study and approach. 

The mathematics-specific supplementary statements yielded responses as 
follows: 
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Practising example questions is the best way to 
prepare for examinations. 

81 12 7 - 

I cannot do proofs on my own so I memorise 
and reproduce them. 

3 28 33 p=.025 
strategic 

When constructing proofs, I try to find similar 
examples and edit those into a proof for the 
theorem in question. 

88 9 3 
p=.002 

strategic 

Table 2 – Results from mathematics-specific statements in the ASSIST. 

Discussion 

The results of this research appear to be rather encouraging in the sense that only 8% 
of participants displayed signs of primarily adopting surface ATLs. Average scores on 
each scale were 69.03 on strategic, 58.69 on deep and 45.94 on surface ATLs. These 
findings appear to be in line with Diseth and Martinsen’s (2003) study which used a 
similarly-sized sample of psychology undergraduates. As here, the highest average 
score was on the strategic scale (M=70.59) and the lowest on the surface scale 
(M=41.18). Equally, a study by Speth, Namuth and Lee (2007) found strategic 
approaches to be the most commonly used. However, Ramsden (1983) found only 
slight differences in the average scores of students in science, social science and the 
arts, neglecting mathematics and its particular and unique challenges. Since very few 
studies have used the ASSIST in this capacity, so it is difficult to ascertain just how 
typical the responses collected here are of the greater undergraduate population, let 
alone undergraduate mathematics population as it has yet to be used on such a sample. 
 The only gender difference identified in this study was between average scores 
on the surface scale. Men averaged a score of 42.22 and women 50.60, consistent with 
other studies of this kind (Severiens and Ten Dam 1994). One may attribute this to 
women often requiring more external help and reassurance (Lotwick, Simon and 
Ward 1981), having poorer self-concept as learners (Dart et al. 1999) or their greater 
tendency to experience mathematics anxiety (Betz 1978). This is a concern since 
women aspire to a deeper understanding of mathematics than men (Solomon 2007). 
However, they have also exhibited signs of hiding failures in this area to avoid 
embarrassment (Solomon 2011), perhaps leaving them susceptible to adopting study 
approaches which permit this. 
 The additional mathematics-specific statements in the questionnaire revealed 
how memorisation might play a role in undergraduate mathematics. It has been 
widely suggested that rote learning and memorisation in undergraduate mathematics 
has a negative impact on attainment and understanding and, here, it can be see that 
this may be consistent with a strategic ATL. It is not necessarily that a student 
memorises and reproduces a proof because they cannot possibly do it another way; 
rather, they may choose this as the easiest means by which they may best answer a 
question demanding that they prove the Intermediate Value Theorem, for example. 
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Conclusion 

Whilst much research in this area is based in the 1970s, it is still of interest in 
considering learning in higher education and may contribute towards shedding light 
on the undergraduate mathematics experience. The results of this study suggest that 
most first-year undergraduate mathematicians at Oxford University adopt strategic 
approaches to studying as defined by the ASSIST. The exact reasons behind this are a 
matter for further research, as is the question over whether they exhibit a marked 
change in their habits between studying A-level mathematics and undergraduate 
mathematics as the content of these two levels of study are often remarked as being 
markedly different and demanding of different skills and understanding. 
 The results of this study have limitations, as any research conducted on 
students at Oxford University may be considered atypical of the wider population –  
these students were subject to the highest entry requirements, with additional 
examinations and interviews to ensure that they were best-prepared for this level of 
study. However, such findings will surely still be of interest to educators at other 
institutions who are interested in the experiences of their students, the challenges 
which they face, and the means by which they overcome them, if at all. The 
questionnaire proved to be a useful instrument to make distinctions which were borne 
out in the mathematics-specific questions and provide a basis for further research 
questions about the relationship between ATLs, athe nature of the subject and the 
Oxford course. 
 More generally, it is possible that students adopt different ATLs with different 
types of mathematics. For example, more computational, applied courses have the 
potential to demand more surface ATLs than analysis, as the emphasis on 
understanding certain elements of the mathematics is different in each course. 
Therefore, there is room to wonder what mathematics students were mentally 
focussing on when choosing their responses on the Likert scale on the ASSIST. 
 Students of all backgrounds and abilities are afforded the opportunity to study 
independently at university, so it is important for all educators to be aware that there 
is a chance that they will have students who approach their learning in ways which 
may not be in the best interest of their intellectual development of understanding, 
even if they perform well in assessment. For us to enjoy the economic benefits that 
each cohort of graduating mathematicians has to offer, it is essential that those within 
it fully understand and appreciate what they have learnt and can put their skills and 
knowledge into practice. 
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Evaluating the impact of a Realistic Mathematics Education project in secondary 
schools  

Paul Dickinson*, Susan Hough*, Jeff Searle** and Patrick Barmby** 
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Over the past 30 years researchers at the Freudenthal Institute in the 
Netherlands have developed a mathematics curriculum and a theory of 
pedagogy known as Realistic Mathematics Education (RME). This 
curriculum uses realisable contexts to help pupils to develop 
mathematically. In 1991, the University of Wisconsin, in collaboration 
with the Freudenthal Institute, started to develop a middle school 
curriculum based on RME called ‘Maths in Context’. A related 
Mathematics in Context (MiC) project was carried out in England in 2004 
to 2007 at Manchester Metropolitan University (MMU) with Key Stage 3 
pupils. This initial pilot project was evaluated by Anghileri (2006). In 
2007, the ideas behind the project were extended to include Key Stage 4 
pupils, particularly those studying towards Foundation GCSE 
Mathematics, and given the project title Making Sense of Mathematics 
(MSM). MSM has been running as a pilot project in some Manchester 
schools since 2007. Both these projects were recently evaluated by 
Durham University, with revaluation of test data from the original MiC 
project using Rasch analysis, interviews with teachers from both projects, 
and observations of the RME approach in lessons. This paper presents the 
findings from the Durham University evaluation, and discusses the impact 
of RME on both pupils and teachers. 

Keywords: realistic mathematics, secondary, understanding, Rasch 
analysis 

Introduction - Background to RME 

Realistic Mathematics Education (RME) is an approach to teaching utilised in the 
Netherlands and developed over a period of thirty years. Based on the work of 
Freudenthal, and developed by researchers working at the Freudenthal Institute, the 
approach is significantly different to the approaches used in England in a number of 
respects. Here we focus on three of these; the use of context, the use of models, and 
the notion of progressive formalisation. Prior to working with RME, most of our 
teachers used contexts as a means of providing interesting introductions to topics, and 
then for testing whether or not pupils could use their knowledge to answer 
‘applications’ questions. Under RME, however, context is seen as both the starting 
point and as the source for learning mathematics (Treffers 1987). This role of context 
is seen as crucial in order that pupils continue to make sense of and stay close to their 
mathematics. Moreover, a particular context is selected not because of its ‘real 
worldness’, but because of its richness in giving rise to a variety of solution 
procedures and reflecting within it the mathematical structures that are being worked 
on (Gravemeijer 1997). It is being used not for application but for construction 
(Fosnot and Dolk 2002).  
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Theoretically, models are given the role of bridging the gap between informal 
understanding connected to ‘reality’ on the one hand, and the understanding of more 
formal systems on the other (van den Heuvel-Panhuizen 2003) Some models are 
immediately recognisable as such (double number line, ratio table), while others 
would often be attributed a different label in the UK (repeated subtraction, 
reallotting). Coming to recognise the importance and the role of these models has 
been crucial for both teachers and researchers involved in the project. For the models 
to be useful they must be flexible enough both to emerge initially from the context 
(often as little more than a picture of the context), and also to support mathematical 
development. The model should also allow a ‘way back’ to the original source so that 
students can continue to ‘make sense’ of their work as it becomes mathematically 
more sophisticated. In seeing how models bridge the gap between the formal and 
informal, the work of Streefland (1991) is crucial. He made the distinction between a 
‘model of’ and a ‘model for’. In brief, this means that in the beginning a model is seen 
as being very close to the contextual problem (the reality), and then later on the model 
is generalised so that one can reason mathematically. The process of using a model to 
solve a particular problem is known as ‘horizontal mathematisation’, while that of 
using the model to make generalisations, formalisations etc. is known as ‘vertical 
mathematisation’. While both are important, it is, in our experience, relatively rare to 
see the latter taking place in the UK classroom.Clearly teachers want students to be 
able to understand formal methods and procedures and RME does not shirk this 
responsibility. Teachers are always aware of the need for pupils to develop 
mathematically, and to become more efficient and mathematically more sophisticated 
over time. What RME does do, however, is offer a very different story of how 
students and teachers work towards this aim. While formal notions are there, they are 
seen as being ‘on the horizon’ (Fosnot and Dolk 2002) or the ‘tip of the iceberg’ 
(Webb, Boswinkel, and Dekker 2008). If teachers are not to teach formal procedures, 
however, they must be given an alternative, and materials based on RME provide this. 
Within the ‘main body’ of the iceberg are a range of informal representations and pre-
formal strategies which students work on and develop. These are not only seen as 
desirable but as essential under RME - it is through these that students are able to 
‘make sense’ of formal mathematics, and the time invested in such activities 
substantially reduces the time we currently use to constantly re-teach and practice 
formal methods and procedures (Webb, Boswinkel and Dekker 2008). 

The projects carried out and the evaluation 

The Mathematics in Context (MiC) project was carried out in England from 2004 to 
2007. This involved using the Mathematics in Context materials originally developed 
in the USA for International Grades 5-8. They were trialled with Key Stage 3 pupils 
in 12 Manchester schools and in a limited number of schools in other parts of the UK. 
The MSM project used materials produced by researchers at Manchester Metropolitan 
University in collaboration with the Freudenthal Institute in Utrecht. The materials 
were aimed primarily at Foundation Level GCSE students in years 10 and 11 and 
have been extensively trialled in schools in the Manchester area. 
 In 2010, Durham University was asked to re-evaluate both the existing results 
from the MiC project, and also the more recent work from the MSM project. The 
methods used for the evaluation are detailed below. 
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Evaluation methods 

The evaluation carried out by Durham University researchers involved a mix of 
qualitative and quantitative methods. 

Looking at the qualitative methods first of all, the transcripts of interviews 
with teachers who had participated in the original MiC Project 2004-2006 were 
reviewed to highlight the emerging issues from the project and using the RME 
approach in the classroom. Teachers had been interviewed at several stages during the 
project. Further interviews were conducted in the evaluation by Durham University. 
These interviews were conducted mostly by telephone but included one face-to-face 
interview and were conducted with teachers who are currently using MiC and/or 
trialling the MSM materials. These teachers had done their initial teacher training at 
MMU and had been introduced to the RME approach there and/or had undertaken 
professional development in using the RME approach at MMU. The interviews used a 
pro-forma covering a range of aspects of the RME approach. The interviews aimed to 
discern these teachers’ experiences, their views and any issues involved in using the 
RME approach. In total, thirteen interviews were carried out. These interviews were 
enhanced through observation of some of these teachers using the RME approach in 
their classrooms with pupils and also by interviewing some of their pupils. 

Quantitatively, as part of the MiC Project in 2004-06, some Year 7 pupils who 
had been taught through the RME approach were assessed on a range of problems. 
The same assessment test was also given to a similar number of pupils who had not 
experienced the RME approach, to act as a control group. As well as solving the 
problems, the pupils were also asked to explain their strategies for solving them. 
Correct and incorrect results were coded (1) and (0) respectively, but also 
explanations were coded in the following way: No explanation (1), Incorrect 
explanation/diagram (2), Reasonable diagram (3), Correct explanation (4), and 
Correct explanation and diagram (5). The results were reanalysed in the current 
evaluation using Rasch modelling, comparing both the number of correct solutions 
and also the quality of the explanations of the strategies adopted. 

Rasch analysis is a one-parameter item response theory (IRT) model, in which 
the probability of a person being successful on a given item is modelled in terms of a 
mathematical function involving the difficulty of the item and the ability of the person 
(Bond and Fox 2007). The Rasch model can be used for dichotomous responses (e.g. 
right and wrong), or extended to cover more than two responses (Wright and Mok 
2004) including missing responses, and also allowing for differing numbers of 
responses on different items. This so called partial credit analysis estimates not only 
the person ability and the overall item difficulty, but also provides estimates for the 
difficulty thresholds between scoring categories. These thresholds should increase in 
an ordered manner, in line with the ordering of the scoring categories (Bond and Fox 
2007). Otherwise adjacent categories should be combined and reanalysed. Therefore, 
Rasch analysis, using WINSTEPS software was used to confirm the ordering of the 
categories for the explanation. It was subsequently found that category 3 (Reasonable 
diagram) and category 4 (Correct explanation) needed to be combined and was done 
so for further analysis of the results. With the collapsed categories, the estimated 
reliability of the measure of student ability using all of the questions with 
explanations was Cronbach �  = 0.79, above the conventional value for reliable 
measures of 0.7. The measure of pupil ability using these items, with the explanations 
accounted for, was therefore considered to be a reliable measure. 
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Results 

Looking firstly at the results from the reanalysis of the quantitative data, Table 1 
shows the percentages of the project and the control group getting particular items 
correct. As can be seen, students in the project group were more likely to get each 
item correct except for Q4c (note that these were the labels used in the test – no 
question 3 was included). We can also look at the quality of explanations as 
categorized above (Table 2). In each case, the project students were more likely to 
provide higher quality explanations. 
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Calculating the overall student abilities using the Rasch Analysis, the average 
measures (in logits) for the project and control groups are given in Table 3. 
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Group Mean Std. Deviation 
Control -1.37 .66 
Project -.69 .65 

 
Using independent samples t-test, the difference in means between the two groups 
was found to be significant at the 1% level (p < 0.001), with the project group 
students having a higher average ability value. In terms of effect size, the difference 
between the two groups corresponded to an effect size of 1.05 or a difference of over 
one standard deviation in favour of the project students. Cohen (1969) categorises 
effect sizes of 0.3, 0.5 and 0.7 standard deviations as ‘small’, ‘medium’ and ‘large’ 
respectively. The difference between the two groups could therefore be considered to 
be very large. 

Looking at the qualitative results, the interviews with teachers in the current 
evaluation showed they are enthusiastic about the RME approach, and believe in its 

  Group 
Question Control Project 

Q1a 4.2% 17.0% 
Q1b 2.0% 20.8% 
Q2a 8.2% 32.7% 
Q2b 34.7% 55.1% 
Q4a 39.5% 40.8% 
Q4b 16.3% 32.7% 
Q4c 2.3% 0% 
Q4d 39.5% 63.3% 
Q4e 37.2% 44.9% 

    Quality of explanation 
Question Group 1 2 3 or 4 5 

Control 6.3% 79.2% 10.5% 4.2% 
Q1a 

Project 6.4% 57.4% 25.5% 10.6% 
Control 20.4% 69.4% 10.2% - 

Q1b 
Project 8.3% 52.1% 39.6% - 
Control 38.8% 49.0% 12.2% - 

Q2a 
Project 18.4% 44.9% 20.4% 16.3% 
Control 6.1% 63.3% 24.5% 6.1% 

Q2b 
Project 6.1% 38.8% 24.5% 30.6% 
Control 30.2% 53.5% 16.3% - 

Q4a 
Project 34.7% 38.8% 26.5% - 
Control 55.8% 37.2% 7.0% - 

Q4b 
Project 46.9% 30.6% 20.4% 2.0% 
Control 55.8% 44.2% - - 

Q4c 
Project 44.9% 44.9% 10.2% - 
Control 27.9% 44.2% 23.2% 4.7% 

Q4d 
Project 12.2% 26.5% 42.9% 18.4% 
Control 41.9% 32.6% 23.3% 2.3% 

Q4e 
Project 34.7% 20.4% 24.4% 20.4% 
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philosophy. Some teachers noted that they find that the RME approach is a natural 
way for children to learn mathematics. They emphasised that it is essential that 
teachers understand the philosophy and are trained in the use of the materials, 
highlighting that “you can’t just pick up the books and use them; it will not be 
effective”. These teachers believe the RME approach develops a deeper 
understanding of mathematics in their pupils than more traditional methods. 

Teachers reported that the contexts in the problems and related activities 
interest the pupils and so engage them in a lesson. Their pupils experience a range of 
activities, including practical work and discussion. Discussion at various levels in 
which pupils share their ideas, in pairs, in a group or as a whole class is an essential 
part of the RME approach and can occur several times during a lesson. The various 
contexts enable pupils to make links in mathematics through recognising the use of 
the same models in different contexts. Teacher noted that using RME encourages an 
intuitive approach, in which pupils can visualise problems and try things out for 
themselves and think about different approaches to a problem, rather than having a 
teacher demonstrate an algorithmic technique, which pupils then practice, probably 
with little understanding. Teachers compared the procedural nature of the traditional 
approach and its dependence on memory with the RME contexts and the models that 
evolve from them, noting these provide building blocks that pupils can fall back on, 
but also recognise they can use them in a new problem solving context. Teachers 
noted that the RME approach also gives pupils the confidence both to share their 
solutions with others and also accept that their solution may be incorrect. 

Teachers noted that it may take several lessons for pupils to internalise the 
models they work with, but once they do they can understand how these models can 
be applied in a variety of contexts. This was contrasted with the more traditional 
approach and the need to move onto the next topic. Some schools where the RME 
approach is being adopted had rewritten their scheme of work for Key Stage 3, to 
reflect an integrated problem solving approach to mathematics rather than one with 
specific topics and teaching time allocated to them.  

Teachers find that pupils are generally receptive to the RME approach and are 
more positive about mathematics compared to those who are taught by traditional 
methods. This was reinforced in the observed lessons where pupils were seen to enjoy 
working together to solve the problems and sharing their strategies and solutions with 
each other.  

The transcripts of interviews with teachers who participated in the original 
MiC project showed teachers then had much the same views about RME as the 
current interviewees, some of whom were the same teachers. 

Discussion 

One outcome of this study is the exemplification of the use of Rasch Analysis to 
enhance the information that can be gained from pupils’ assessments in mathematics. 
Not only was the analysis used to quantify the quality of the explanations provided by 
the pupils in the test, but was also used to confirm the validity of the codings used to 
categorise the explanations in terms of them being separate, distinct categories. 
Callingham and Bond highlighted the lack of use of methods such as Rasch analysis 
in mathematics education research, and also the possibilities it provides in bridging 
the “qualitative-quantitative divide” (2006, 2). This study has further illustrated the 
potential of Rasch analysis in mathematics education research. 
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The qualitative data provided by the interviews with teachers serve to explain 
why RME had such an impact on the test results of the project pupils in comparison to 
the control pupils. The contexts that are used can raise pupils’ interest levels and 
enable them to bring their own ideas and intuitions into the classroom. These are then 
shared, discussed, and developed. This progressive development towards more formal 
procedures means that they ‘stay connected’ in the minds of the pupils; too often in 
more traditional approaches, pupils ideas are replaced by the formal, with the result 
that such procedures are remembered and then, all too often, forgotten. This, together 
with the amount of discussion in lessons, seemed to raise the confidence levels of 
pupils. This has the effect of making pupils more willing to ‘have a go’ at problems 
and also improves their ability to articulate mathematically. With this increased 
articulation, we also see the development of pupils’ explanations 

In addition, the recurrence of familiar mathematical models in different 
contexts (for example, the number line and the ratio table) provides a structure for 
pupils and allows them to see connections between different curriculum areas. There 
is also an emphasis on visualization and activity which contrasts with more traditional 
approaches which teachers report as all too often being auditory and numerical. 
Teachers report seeing pupils using drawings and models not just in the classroom, 
but also in tests and examinations, and even in questions where no drawing was 
specifically required. This use of drawings and models, in addition to the above 
willingness to provide explanations, seemed to support the project pupils in the 
explanations asked for in the assessment given to them. 
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What are the factors that influence the frequency of mathematics register in one 
linguistic code than in another? 

Danyal Farsani  
School of Education, University of Birmingham  

This study is to draw attention to some of the significant factors that have 
increased the frequency of English mathematics register by both 
classroom teacher and learners in a bilingual Farsi/English mathematics 
lesson. The extent to which code-switching occurs does depend on the 
speaker’s linguistic proficiency. The students who were more fluent in 
English were more likely to respond in English, and the ones who were 
more fluent in Farsi responded in Farsi most of the time. This study 
reveals not only that being communicative competence in a particular 
language can dominate the conversation in that specific language, but also 
how the written mode can influence the verbal counterpart. 

Keywords: heritage bilingual learners, code-switching, mathematics 
register. 

Introduction and background of the study 

Throughout my classroom observation in a bilingual (Farsi and English) mathematics 
lesson in a weekend complementary school, I observed that English and Farsi are 
valued equally and are used interchangeably among learners and the classroom 
teacher, for example in group discussions. I argue that this complementary school is a 
bilingual community of practice (Creese, Bhatt and Martin  2007) where the teacher’s 
and learners’ language choices contributed to the negotiation of meanings in the 
mathematics lessons. Complementary schools are community education institutions 
(Creese, Bhatt and Martin 2007) where both learners and teachers have a greater 
access to the range of linguistic resources which “seem to offer a window onto a 
multilingual England [which is] often hidden from the view of policy makers in 
mainstream education” (Blackledge and Creese 2010, 11). 

Analysis of the incidents  

During the bilingual talk in this Iranian complementary school mathematics 
classroom, there appeared to be a high degree of code-borrowing in Farsi from the 
English mathematics register. Code-borrowing is often referred to as an intersection 
of single words or short phrases within a sentence in another language (Rasul 2009). 
Mathematical operations and technical terms such as ‘times’, ‘to the power of’, 
‘squared’ as well as both cardinal and ordinal numbers were likely to be in English. In 
other words, the English mathematics register seems to take over from the Farsi 
mathematics register on these occasions. The English language seemed to pervade the 
technical terms and expressions within a mathematical domain and Farsi was left to 
encompass the vernacular form of communication. 

Below are some different examples from my fieldnotes which illustrate some 
examples of code-borrowing where English words are used for mathematical terms. In 
my transcript conventions, T = Teacher, B = Boy, G = Girl, [� ] = my comments and 
translation, Italics = Farsi transliterated into English, Normal font = English language. 

1) T1: ‘Three cube’ mishe chand?   
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[What is three cubed?] 
2) B2: khob, man ‘take away’ kardam ‘two’ ra as ‘eight’ 

[Well, I took away two from eight] 
3) G3: bebakhsid, ino bekham ‘inverse’ bekonam, chetori anjam bedam? 

[Sorry, how can I inverse this one?] 
4) T1: oon ‘two prime numbers’ ha chi hastand ke ‘product’ eshoon mishe 

‘ninety-one’? 
[What are the two prime numbers whose product is ninety-one?] 

5) T2:  ki midoone esme in ‘angle’ chiye? In che no ‘angle’ hast? Chiye 
bacheha? [Everyone says] ‘reflex angle’.  

[Does anybody know what is the name of this angle? What kind of 
angle is this? What is it guys? ‘Reflex angle’.] 

 
I have obtained fieldnotes from 16 hours of classroom observation, 

interactional data from video recordings (12 hours) and interview transcripts. All 
qualitative data for the purpose of analysis can be coded and manipulated 
quantitatively (if necessary) in a variety of ways (Trochim 2006). Quantitative 
descriptive analysis is an act of recognising features of the text quantitatively. By 
using this method, I could identify the proportion of Farsi or English mathematics 
register in a recorded conversation in a bilingual lesson. I randomly chose a 45 minute 
video excerpt from a bilingual mathematics classroom with English text and numerals 
and identified the ratio between the English and Farsi versions of number words, other 
technical mathematical terminologies and ordinary speech (see figure 1). 

Figure1:  
A bilingual mathematics lesson at the complementary school with only English numerals 

English 
number 
words 

Farsi 
number 
words 

Mathematical 
operations in 
English 

Mathematical 
operations in 
Farsi 

Ordinary 
English 

Ordinary 
Farsi 

Total number 
of words 

11.5% 1% 7% 0.2% 45% 35.3% 100% 
284 21 175 4 1104 847 2455 

In that specific bilingual classroom, Farsi number words and technical register 
constituted just over one percent of the classroom talk whereas English mathematics 
register including number words constructed 18.5% of the total bilingual talk. This 
imbalance between the technical registers was not reflected on the vernacular usage of 
language. The difference of using the vernacular form of language was not as 
significant as it was for the technical ones. Farsi and English in this lesson appeared to 
be in a diglossic relation (García 2009), where there are functional differentiations in 
language usage.  

The level of a heritage bilingual learner’s linguistic repertoire 

Through my classroom observation, ethnographic fieldnotes and video recordings in 
the complementary school, I became aware that British-Iranian learners have different 
proficiencies in their linguistic repertoires. They all have learned English/Farsi 
through different sources (e.g. some at home with their parents and others in an 
institutional setting) and at different times in their lives. Language acquisition for 
native speakers starts at home, and most of the language skills are completed at a 
certain age, whereas for heritage speakers the level of language competency and 
literacy is not fixed and varies from one person to another (Sedighi 2010).  
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My research participants had different ‘linguistic proficiencies’ which they 
have acquired in various ‘age groups’ and ‘motivational backgrounds’ with respect to 
acquiring their desired language proficiencies. Proficiency in a language affects the 
ability to solve problems (Saxe 1988) and one’s proficiency in a language can be 
identified and reflected in their daily recitations routines through, for example, one’s 
exposure to media sources or their engagement with printed media. Another challenge 
for Persian heritage bilingual instruction is lack of suitable textbooks and printed 
materials (Sedighi 2010). The lack of inadequate bilingual mathematics textbooks and 
materials creates a tension to teach mathematics bilingually, where the dominant 
written mode influences the tendency to speak in that specific language. Therefore 
due to the lack of appropriate material used in a bilingual weekend school, English 
textbooks which are taught at mainstream schools have substituted for the bilingual 
(English and Farsi) textbooks.    

In one of my video recordings (13/03/2010, 24:15), I became aware of a 
possible pattern and trigger to code-switching, whereby someone who is 
communicative competence in a linguistic code tended to switch the ongoing flow of 
classroom talk to that particular linguistic code. In one specific lesson, teacher (T1) 
and learners were engaged with a question to find an unknown angle which was 
drawn on the whiteboard. B3, for whom Farsi is his most dominant language, 
described the process of how he has obtained a numerical value for the unknown 
angle in Farsi. When B3’s explanation finished, B4, for whom Farsi is his fourth and 
least dominant language, took his turn. B4 switched away from Farsi mathematics 
register and said “aslant angle-es acute angle hast. Acute, kamtar as ninety degree 
bayad bashe” [That angle is an acute angle. It has to be less than 90 degrees because it 
is an acute angle]. B4 has drawn across his linguistic resources and as a result he  
engages with a wider audience (Blackledge and Creese 2010). Moreover, it is in the 
bilingualism of the lesson that the message is conveyed (in two languages).  

Every learner enters this weekend bilingual school with “different degrees of 
language competence. This could influence how much children benefit from 
mathematics instruction” (Saxe 1988, 47). In general it could be possible that heritage 
bilingual learners’ inability to express certain lexical or technical vocabulary could 
cause to code-switch (Polinsky 2008) or code-mix (Rasul 2009) to manage the 
problem of ‘lexical access and retrieval’ (Polinsky 2008). 

When and why do learners switch to English when they are confronted with 
mathematics register?   

In the examples that I have provided in the ‘analysis of the incidents section’, English 
mathematics register was used throughout the whole conversation during bilingual 
lessons and many other number words were expressed through the medium of English 
by both learners and teachers. Farrugia (2006) found that a great deal of interchanging 
between Maltese to English in Maltese mathematics classrooms is as a result of 
stating subject-specific terms or mathematics register. The Maltese mathematics 
register has not been developed as much as the English mathematics register. 
Moreover, sometimes the Maltese equivalent for technical mathematical terms does 
not actually exist, as in the case of the mathematical expression ‘square root’ 
(Farrugia 2009) and that is when and why English is employed by interlocutors in a 
mathematical discourse.  

Farsi unlike many other languages such as Setswana (Adler 2001), Maltese 
(Farrugia 2006), Somali (Staats 2009) and Chichewa (Kazima 2007), has an extensive 
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mathematics register. Farsi at one stage “was a purely Indo-European language” 
(Menninger 1969, 116) and most of the mathematical registers that are employed in 
English language nowadays are derived from Latin, Greek and Indo-European 
languages (Schwartzman 1994). There are at least a few equivalents in Farsi for 
‘multiplication’, ‘hypotenuse’, ‘perpendicular’, ‘exponential’, etc., and there exists a 
full system of number words in Farsi. This code-switching and code-borrowing has 
not come about due to Farsi’s lack of a mathematics register. 

Research by Jones and Martin-Jones (2004) has shown that a bilingual (Welsh 
and English) teacher in a mathematics classroom was observed to switch from Welsh 
to English when referring to numbers and calculations. The frequent occurrence of the 
direction of switch from Welsh to English can be seen as a “sociolinguistic traces of a 
period when all children learned mathematics through the medium of English and 
when English predominated in the financial transactions of adults” (ibid, 62).  

On a different ground, Clarkson (2006, 212) has shown even with competent 
bilinguals who had relatively high competencies in both their languages (English and 
Vietnamese), the nature of code-switching in their mathematics lessons “appeared to 
be largely unconscious and unplanned”. 

This evidence led me to accept that the lack of register in Farsi was not the 
main trigger to switch from one linguistic code to another. Going back through my 
fieldnotes and video recordings, unexpectedly I realised that all numbers on the 
whiteboard were written in one code, English, which perhaps influenced the same 
verbal code. Questions and instructions on the paper were all written in the medium of 
English, including homework papers. This fact led me to believe that the written 
system could have had an influence on the spoken counterpart. 

 

Further investigation and results of the study 

Farsi numerals are written completely differently in comparison to the numerals that 
are employed in England known as ‘Arabic numerals’. For example, ‘72 ÷ 2 + 50’ is 
in the form of ‘��  ÷ �  + �	 ’in Farsi. It is ironic that the so-called Arabic numerals are 
not widely employed in the most Arabic countries (Pimm 1987): instead what is 
employed is more or less the same as Farsi numerals. Therefore, not to confuse 
ourselves, I will use Farsi numerals to refer to numerals that are employed in Iran and 
‘English numerals’ to refer to the numerals that are employed here in the UK. 

I was curious to know whether solving a series of arithmetic questions using 
different numerals, namely English and Farsi numerals could influence the 
correspondent verbal counterparts. I followed a key participant in his home 
environment and examined to what extent a written mode influenced the spoken form 
in that specific linguistic code. I presented him with two papers. The first paper was 
written purely in English, including the numerals. In the second paper, both the 
instructions and the numerals were written in Farsi. I then asked him to say out loud 
the ways in which he solved the questions (see Figure 2 for English and Figure 3 for 
Farsi).  

 
 
 
Figure 2: 

Solving arithmetic through the medium of English with English numerals only 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 57 

 

English 
number 
words 

Farsi 
number 
words 

Mathematical 
operations in 
English 

Mathematical 
operations in 
Farsi 

Ordinary 
English 

Ordinary 
Farsi 

Total number 
of words 

31 0 16 0 0 0 47 
 
Figure 3: 

Solving arithmetic through the medium of Farsi with Farsi numerals only 

English 
number 
words 

Farsi 
number 
words 

Mathematical 
operations in 
English 

Mathematical 
operations in 
Farsi 

Ordinary 
English 

Ordinary 
Farsi 

Total number 
of words 

8 23 5 7 0 0 43 
In figure 2, Farsi mathematics register appeared not to have a verbal 

application when there was no visual (written mode) presented in Farsi. In figure 3, 
the combination of Farsi number words and mathematical operations which were said 
in Farsi constituted thirty words out of the total forty-three words and appears to exist 
a correlation between the written mode and the spoken form. O’Halloran (2009) 
speaks of how mathematical symbolism, language and visual images can be combined 
together in a process of meaning making. Different numerals such as Farsi or English 
numerals have a visual modality. A mode that is “socially shaped and culturally given 
resources for meaning making” (Kress 2009, 54). Heritage bilingual learners with a 
Persian background have access to two modes, that is, two different mathematical 
symbolic notations that are available as semiotic tools (O’Halloran 2005).  

Conclusion 

What I have shown in this study is the extent to which a written mathematics text 
constructed using a natural language, influences the spoken counterpart in that 
specific language. For example, in figure 2, when the instructions were given through 
the medium of English only with English numerals, it had a very strong effect on the 
spoken part. Moreover, when the instructions were given in Farsi with Farsi numerals, 
there appeared an increased frequency in Farsi mathematics register and in Farsi 
number words with fewer English mathematics register.   

Based on the findings of this study I am interesting to investigate further 
research to know whether other languages with different orthography systems (such 
as Chinese numerals) influence their correspondent verbal counterpart (e.g. in a 
bilingual Chinese/English mathematics lesson). Moreover, to what extent the concept 
of ‘conformity’ among bilingual learners in a bilingual lesson can influences the 
bilingual talk. 
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Portuguese pre-service elementary teachers’ knowledge of geometric 
transformations: an exploratory study. 

Alexandra Gomes 
CIEC/IE – U. Minho 

No one questions the fact that teachers’ knowledge plays a crucial role in 
teaching. Research on teachers’ knowledge indicates that content 
knowledge is influential on instruction. Even though there is plenty of 
research on teachers’ knowledge of number and operations, the same 
doesn’t happen with geometry. In Portugal, a new mathematics 
programme for elementary school introduces geometric transformations 
from 1st grade. Since this is a rather new topic in the elementary 
curriculum, it seems important to understand what knowledge (future) 
teachers have on the topic. In this paper we present findings from an 
exploratory study, conducted with future elementary teachers designed to 
evaluate their knowledge on geometric transformations.  

Keywords: Teachers’ knowledge; Content knowledge; Geometry; 
Geometric transformations.  

Introduction 

It seems almost evident that every teacher who has to teach mathematics needs 
adequate mathematical knowledge. For elementary school teachers this knowledge is 
critical since they play a crucial role in introducing children to basic but fundamental 
mathematical ideas and initiating a process of mathematical learning, with every stage 
highly dependent on the previous. Assuming that elementary mathematics is 
fundamental mathematics in the sense defended by Ma (1999), then the only sensible 
path to take seems to be to guarantee solid and efficient mathematical knowledge in 
future teachers. However, there is evidence that teachers, in particular elementary 
teachers, do not possess the necessary knowledge to teach mathematics effectively 
(e.g. Brown, Cooney and Jones 1990; Ponte, Matos and Abrantes 1998). The case of 
geometry is particularly “worrying”. Teachers do not seem to possess the geometric 
knowledge necessary to teach geometry efficiently. 

In Portugal, geometry gained ground and visibility with the mathematics 
curriculum reform of the 1990’s. Currently, new curriculum guidelines in Portugal 
(DGIDC 2007) give a prominent place to geometry, pointing to the importance of the 
development of visualization and spatial reasoning, as the main purpose for teaching 
geometry. Of particular interest is a change in relation to the previous programme that 
consists of the initiation, in primary school, of the study of different geometrical 
transformations, first intuitively and then with increasing formalization. 

About teachers’ knowledge 

For more than 30 years, teacher knowledge has been attracting the interest of 
researchers. Shulman and colleagues developed one of the most influential works 
concerning teachers’ knowledge. In particular, referring to content knowledge (CK) 
for teachers, Shulman (1986) considers three categories: (a) subject-matter content 
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knowledge (SMK), (b) pedagogical content knowledge (PCK) and (c) curricular 
knowledge. The notion of PCK is of particular importance since it recognizes that this 
type of knowledge is exclusive of the teacher and different from the kind of 
knowledge necessary for a mathematician.  

Much work has been done ever since, clarifying and redefining different 
categories of teachers’ knowledge. Ball (1990), in work conducted with primary 
school teachers, considers that the understanding necessary to teach mathematics 
encompasses both substantive knowledge of mathematics and knowledge about 
mathematics. Askew et al. (1997) found that the more effective/competent teachers 
have a better understanding of the inter-connections among mathematical concepts. 

Almost all studies agree that teachers’ knowledge is essential for teaching and 
that the lack of knowledge seems to compromise teaching and therefore learning. Ma, 
for instance, refers that: “Limited subject matter knowledge restricts a teacher’s 
capacity to promote conceptual learning among students” (1999, 38). Also, an 
adequate knowledge to ensure effective teaching of mathematics depends not only on 
a solid mathematical knowledge but also of the nature of that knowledge. 

Recent studies have been directed towards a practice-based theory of 
knowledge for teaching (Davis and Simmt 2006; Turner and Rowland 2008). 
However, only few have attempted to measure the real influence of the different 
components of knowledge. The Michigan group (Hill, Rowan and Ball 2005) seems 
to have been the first one to successfully address this issue and their work gave the 
first conclusive evidence of the importance of teachers’ mathematical knowledge in 
their teaching.  

Baumert et al. (2010) investigated the significance of teachers’ content 
knowledge and pedagogical content knowledge for high-quality instruction and 
student progress in secondary-level mathematics. One of the findings of their study 
was that PCK is of key significance for students’ mathematical progress. Also that 
both CK and PCK deserve special attention in teacher training and classroom practice 
since the deficit in CK may compromise the development of PCK and consequently 
have negative effects on instruction and student progress. 

In summary, it seems adequate to claim that CK plays a crucial role in 
teaching and, even though it is not sufficient to ensure efficient teaching, it is certainly 
necessary and therefore worth of further investigation. 

Geometry  

Geometry (…) is full of interesting problems and surprising theorems. It is open 
to many different approaches. It has a long history, intimately connected with the 
development of mathematics. (…). What is more, geometry appeals to our visual, 
aesthetic and intuitive senses.” (Jones 2002) 

While it is recognized that the study of geometry is very important since it contributes 
to the development of visualization, critical thinking, intuition, problem-solving, 
proof, among others, geometry remains a poor area of research when compared with 
other fields of research. Nevertheless, findings from research have revealed many 
deficiencies and errors in teachers’ geometric knowledge (Jones, Mooney and Harries 
2002; Gomes 2004). Apparently, teachers do not possess the geometric knowledge 
necessary to teach efficiently. 
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The study 

In Portugal, new programmes for elementary school mathematics (DGIDC, 2007) are 
just starting to be implemented (school year 2010/2011). In these new programmes, 
an important role is assigned to geometry and especially to geometric transformations 
(GT). Since this is a rather new topic in the elementary curriculum, it seems important 
to understand what knowledge (future) teachers have on the topic. Therefore, our 
research question is: What do pre-service elementary teachers (PSET) know about 
geometrical transformations? Our aim is to identify and describe the 
difficulties/mistakes PSET have/make concerning geometric transformations. 

Methodology 

We developed a questionnaire concerning three GT, translation, reflection and quarter 
turn rotation, with one question for each GT (25 items in total). PSET were asked to 
draw the result of a given transformation. In order to access Reflection and Rotation 
we adapted some items from the Concepts in Secondary mathematics and Science 
(CSMS) project. For translation, we designed six items to address this transformation.  

The participants were 66 female Basic Education Degree2finalist students. The 
questionnaire was answered during a regular class. These PSET already had five 
semester courses (25 ECTS) in elementary mathematics, one of which focused on 
geometrical transformations. They hadn’t any course on didactics of mathematics yet. 

Analysis and results 

All answers were classified under four categories: “Correct”, “Acceptable” (not 
accurate enough to be considered correct), “Typical error” (common wrong answers) 
and “Wrong” (clearly wrong, random answers). 

Concerning translation 
In the 6 translation items, the median of right answers was only 44%, with the 

first item being the lowest – only 33% right answers.  

Item 

1a  1b  1c  
1e  

PSET (% correct) 33 60 50 36 

Table 1 – some items on translation and percentage of correct answers given by PSET 
 
As we can see, the items with more correct answers were when the vector was 

horizontal or vertical and the flag was oblique.  On the other hand, the item with more 
mistakes was the first one, which is with a horizontal vector and also a horizontal flag. 
This is unexpected in the sense that we tend to consider translations with horizontal 
(or vertical) vectors as easier and as we can see, that is not always the case. It is also 
interesting since it shows how a rather small change leads to such different results.  

We considered, for translation, the category “typical error” divided into 3 sub-
categories: A, B and C. Error A means that students move the object considering an 
                                                 
2 In Portugal, in order to become an elementary school teacher (children aged 6 to 12), one has to take a 
3 years degree in Basic Education and then take a Master Degree. 
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extreme point, so that the gap between the object and its image corresponds to the 
vector. This error happens more frequently in items where the vector is horizontal or 
vertical. In item 1b, also with horizontal vector, this error isn’t visible since even with 
this wrong reasoning, the answer will be right. This is significant because it shows the 
importance of diversifying the tasks and also how right answers can be deceiving. 
Error B means that students moved the object to the endpoint of the vector. Error C 
means that students moved the object keeping it parallel and with the same size and 
orientation as the original but without considering the vector. We considered this a 
mistake because it shows that even though students do not cope with translation the 
majority seems to be aware of some properties of this transformation, namely that it 
preserves length, orientation and parallelism. 

 
Error A Error B Error C 
1a                20% 1f          5% 1d      30% 

   

 
Table 2 – examples of errors in Translation and the percentage of each one in the items. 

Concerning reflection 
Given that reflection is one of the most used isometries it may come as no surprise 
that more than 50% of the answers were right for almost all items. Within reflection, 
PSET coped more easily in items involving a single point rather than a line or flag. 
Also, the performance was slightly better when the reflection line is either horizontal 
or vertical. The grid doesn’t seem to have any sort of consequence.  

Table 3 presents some items, the percentage of right answers given by PSET 
and the results from CSMS test on the same items (with 15 years old children). 

 

Item 
 

2b 

 

2c 

 

 
2g 

 
 

 
2h 

r

 

 
2i 

r

 

PSET 74 71 91 36 21 
CSMS 83 82 65 33 41 

 
Table 3 – items on Reflection and percentage of correct answers given by PSET and CSMS 

 
Comparing the results from PSET with those of CSMS we notice that they are 

very similar.   
We identified two typical errors. Error A means that the image is drawn 

parallel to the object but not horizontally nor vertically aligned. This error only 
appears in 3 items, all related with reflecting an object on a slanted axis. Error B 
means that that the image is drawn parallel to the object and either horizontally or 
vertically aligned. This error is more frequent and particularly relevant in items 2h 
and 2i.  
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Error A Error B 
   2h         8%      2i        11%    2h      24%   2i         32% 

    

Table 4 - examples of errors in Reflection and percentage of this type of errors in the items.  

Concerning rotations 
This GT appears to be the one where students have more difficulties. Only when the 
centre of rotation was on the object was the percentage of correct answers above 50%. 
A grid doesn’t seem to be helpful. Table 5 presents some items, the percentage of 
right answers given by PSET and the results from CSMS test on the same items (with 
15 years old children). 
 

Item 

3a 

 

3b 

 

3e 

 

3h 

O

 

3i 

 
3j  

PSET 85 67 61 9 12 15 
CSMS   91 77 71 24 25 21 

 
Table 5 - items on Rotation and percentage of correct answers given by PSET and CSMS 
 

These results are quite similar to the ones on CSMS test, although in some 
cases a bit lower, especially in 3h.  

We considered only one type of typical error, which refers to answers where 
PSET transformed correctly the slope of the object (vertical into horizontal and vice-
versa) but incorrectly positioned endpoint of the object.  Table 6 shows examples of 
these errors together with the percentage of this type of answers both from PSET and 
CSMS (PSET results/CSMS results).  
 
     3i         14% /  8%      3j       6% / 7% 

  

 
Table 6 - examples of errors in Rotation 
 

This error seems to indicate that some students are aware that if the object is 
vertical/horizontal its image, by quarter turn rotation, will be horizontal/vertical. 

Concluding remarks 

This study shows that these PSET don’t seem to be prepared to teach geometric 
transformations. Although they already had contact with the subject, they still 
revealed several difficulties in all studied GT. The results concerning reflection and 
rotation were similar to the ones achieved by 15 years old students in the CSMS test. 
As for translation, we found some difficulties that make us wonder about its apparent 
simplicity.  
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More research is needed on the geometrical knowledge of pre-service 
elementary teachers. In particular, it would be interesting to find out the impact of 
pedagogic training in their knowledge of this topic.  
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Movement, language and mathematics: an interplay on the journey towards 
confidence with formal notation 

Dave Hewitt 
School of Education, University of Birmingham 

A mixed ability group of 21 9-10 year old students were taught over a 
three lesson period using the software Grid Algebra. They gained 
considerable confidence with reading formal algebraic notation over this 
time and a key feature was the blended space created whereby the notation 
could be read in terms of physical movements on a grid as well as 
mathematical operations. Three episodes from the lessons are discussed 
which exemplified the changing dynamic between movement, language 
and mathematics. 

Keywords: algebra, technology, notation. 

Background 

Students have many difficulties with algebra , which often relate to students trying to 
understand and work with formal notation. MacGregor and Stacey  find that students 
do not find it easy to express relatively simple mathematical operations and 
relationships in formal notation. Expressions can be viewed as something which needs 
to be carried out rather than objects in their own right with concatenation resulting as 
a consequence . Gray and Tall  defined proceptual thinking to be that which enables 
someone to have the flexibility to see an expression both as an object and as a 
process. 

Wilensky (1991) suggests that the level of abstraction is not so much about the 
notation but about someone’s relationship with that object. As such algebraic notation 
does not have to feel abstract for students as it will depend upon their relationship 
with it and that will initially be related to the context within which it is introduced. 

Study 

The study was carried out with a group of 21 mixed ability 9-10 year olds in a 
primary school in the West Midlands. Prior to the study the students had not met 
formal notation nor have they used letters within an algebraic context. They were 
taught over three lessons using the software Grid Algebra3 mainly as a whole class 
with an interactive whiteboard. There were occasional pen and paper worksheets 
based upon the software work and on two occasions the students went into a computer 
room to work in pairs or individually on computer generated tasks from the software. 
The teaching style was one were nothing was explained, instead there was extensive 
use of questioning and creation of various tasks. The lessons covered number 
activities, the creation and reading of expressions, the introduction of letters, 
substitution, inverse operations and solving equations. The original aim was to see 
how students responded to the particular visual and kinaesthetic nature of the software 

                                                 
3 Grid Algebra is available from the Association of Teachers of Mathematics. 
(http://www.atm.org.uk/shop/products/sof071.html)  
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and how this affected the way in which they engaged with learning formal algebraic 
notation and solving linear equations. 

It should be noted that I wore three hats in this study, that of teacher, 
researcher and also designer of the software.  

The software 

Grid Algebra is based upon a multiplication grid with the one times table in row one 
and two times table in row two (the grid can continue with other rows but only the 
first two rows are shown in Figure 1). A particular feature is that movements can be 
made between cells on the grid, dragging one number (or indeed letter) either 
horizontally or vertically. Horizontally, will result in either an addition or subtraction; 
vertically will be either multiplication or division (see Figure 2). 

 

        
Figure 1: the grid is based on multiplication tables         Figure 2: some movements made on the grid 

 
Expressions can be built up through a series of movements and any particular 

number or expression can be rubbed out. Letters can be placed on the grid and moved 
as well resulting in similar notational expressions being created. There are many other 
features of the software but only those necessary for this paper are included. 

Framework 

Fauconnier and Turner  talk about the notion of a blended space where two or more 
input spaces are blended together to make something different which helps develop a 
new emergent structure. Edwards  offers the example of a number line which brings 
together the knowledge of numbers and the imagery and knowledge of a geometric 
line. These come together to form a number line which has properties not found in 
each of the others individually. 

I use this notion of a blended space to consider how movement, language and 
mathematics come together in the students’ learning of formal algebraic notation 
working towards the solving of linear equations. Movement concerns the journeys 
made on the grid using the software; language concerns both the formal notation 
provided by the software as a consequence of the movements made, and also the 
verbal language used in the classroom; and mathematics concerns the arithmetic 
relationship between numbers in the grid and the issue of order within an expression. 

I will look at just three episodes within the three lessons. These are significant 
in terms of the dynamic between movement, language and mathematics. The three 
episodes indicate how a blended space was created and how this assisted with gaining 
confidence in reading formal algebraic notation. I do not attempt here to describe all 
aspects of the lessons nor how students ended up solving linear equations , only some 
key dynamics which lead to students gaining confidence with formal notation. 

Episode 1: Introducing notation 

The students had been involved in a number of activities which helped them become 
familiar with the structure of the grid but which had not involved movement. 
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Movement was first introduced when considering the connection between numbers in 
the same row. This introduced addition and subtraction, such as moving from 2 to 3 in 
row 1 would result in 2+1 being shown in the 3 cell (see Figure 2 above). 
Multiplication by two was then established as a movement downwards from the 5 in 
row one to the 10 in row two (see Figure 2) and the class were asked what would be 
the opposite of this, going from the second row back to the first row. They were clear 
that it would be dividing by two. So, with the pen on the 8 in row two, I asked what it 
would say if I moved upwards to the 4 above it in row one. They replied it would be 
eight divided by two. I then made that movement which resulted in 8

2
 appearing in the 

4 cell. There was a few seconds silence followed by some students saying “Fraction” 
or “It’s a fraction”. The students’ reaction to the sight of 8

2
 was indicative of the fact 

that they had only met the use of a division line within the context of fractions and 
had previously used the ‘÷’ symbol for division. This meant there was a new reading 
of the division line in terms of division as well as being part of a fraction. This was an 
example of students seeing 8

2
 as an object and needing also to see it as a process, 

which is the opposite of what is usually reported with students seeing expressions in 
terms of processes to be carried out and needing also to see an expression as an object 
. The fact that the students had said it would be eight divided by two in advance of the 
movement being carried out started their learning of 8

2
 as a way of expressing 

division. The mathematics was established first: what the operation would be. The 
notation came second so that the mathematical meaning was already present and 
could be placed into that notation. This created an initial conflict as they had a 
different meaning already established for8

2
. However, the lesson continued with them 

being asked to chant “eight divided by two” as the relevant parts (8, dividing line and 
2) were pointed to. This seemed to help them continue from then on in reading the 
division line as division in all future expressions. 

The mathematics came first in all new movements so that students established 
the meaning for an expression before it appeared. Only when the meaning was 
established was the movement made and the notation seen. This helped also establish 
other notational issues such as brackets being used when multiplying an expression 
and the non-appearance of a multiplication sign; also the position of an addition or 
subtraction sign following a division. 

Notation was initially read in terms of mathematical operations. However, the 
expressions were created through movements and as such the notation was also seen 
as representing particular movements. This began to set up a blended space; that of 
interpreting notation in terms of both mathematical operations and movements on the 
grid. 

Episode 2: re-creating expressions 

At the end of the first lesson, students went to a computer room and worked either in 
pairs or individually on computer generated tasks which were part of the software. 
These tasks involved being given an expression and having to re-create that 
expression through movements on the grid within a certain time period. Paulette and 
Sofia were working on re-creating the expression 14

2 1
2

� �+� �
� �

 by starting with a 14 in the 

second row of the grid (see Figure 3). They thought that the ‘+’ might be done first 
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and moved to the right initially, followed by moving up. This produced the expression 
14 2

2
+ . They then went back to the 14 and started again, this time producing the correct 

movements to get 14
2 1

2
� �+� �
� �

. Figure 3 shows them just beginning this correct set of 

movements.  
 

 
Figure 3: moving 14 up first after having previously tried moving to the right first 

 
The expression Paulette and Sofia initially obtained looked different visually 

to the one they were trying to re-create. The visual feedback of the expressions 
created by their movements enabled them to become aware that they had not carried 
out the movements in the right order. This task can be viewed purely as a visual 
experience without the need for a particular understanding of the notation in terms of 
mathematical operations. The ‘+’ sign can be read as meaning “move to the right” and 
the division sign as “move upwards”. These signs appear as a consequence of physical 
movements and so can be read as arbitrary signs representing those movements. There 
were many such occasions when students made incorrect movements but noticed that 
the expression obtained through those movements was not the one they sought and 
this meant they re-assessed their interpretation of the order within the expression. 
Whether the notation was read in terms of movements or mathematical operations, 
students were still learning about the correct way of placing order within the notation. 
The fact that students engaged with the task of re-creating expressions without the 
need to have already a clear understanding of the notation in terms of mathematical 
operations enabled such tasks to be accessible for students with a range of attainment. 
The weakest students within the group were able to engage just as well as the most 
able. This meant that all students were learning to read order within expressions 
irrespective of what meaning they placed in those expressions; movement or 
mathematical operations. 

This blended space allowed students to read expressions in terms of 
mathematical operations or in terms of movements around the grid. One student may 
talk about moving right and up, whilst another student talks about adding and 
dividing. What both students are learning and will agree upon, once successfully re-
creating an expression, is the order things are carried out within that expression. One 
student can also think sometimes in terms of movements and at other times 
mathematical operations. The blended space allows all this to happen and as such 
allows students of a variety of abilities to engage successfully with reading order 
within often quite complex expressions. 

Episodes 3: language shift and use of arms 

When working as a whole class trying to re-create an expression it was initially 
common for students to use the language of movements rather than mathematical 
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operations. After a while I began to work on shifting the language to that of 
mathematical operations. For example, the following transcript concerned trying to 
describe what had happened to produce the expression2(10 3) 4+ - : 
 

DH:  Can someone again describe what I did with that journey, what 
that journey was. Can you describe it? 

Student A:  From ten you added three, you went down the bottom and you 
went back four. 

DH:  OK, so I added three [indicating related movement on grid with 
finger] and I did, what here [indicating a movement down on the 
grid]?  

Student A:  You went down one. 
DH:  OK and that is absolutely right. Is there another way of saying 

that? 
Student B:  Times. 
DH:  Don’t call out please. [Indicates for another pupil to answer] 
Student C:  Times two. 
DH:  OK? Another way of saying that. Is that OK? 
Student A:  And you’re going back four. 
DH:  OK and what’s… well… [making movement with pen of going 

from 2(10+3) to 2(10+3)-4 on grid]. 
Student A:  Minus four. 
 
Later on, students were asked in small groups to discuss what happened to 

create the expression 
( )2 33 2 2

2 3 2
2

2 1 4
2

� �- +� �
+ -� �� �

� �� � - -� �
� �� �
� �

 which had been created on the grid 

using the interactive whiteboard. Although much of the language used was that of 
mathematical operations, the video showed extensive use of pointing and moving of 
arms to indicate the movements which must have taken place. Thus there was a blend 
of both verbal mathematical operations and physical movements to help students 
decide the order of operations within this expression. These now worked in parallel 
alongside each other. 

Discussion 

The dynamic between movement, language and mathematics changed at different 
points during the three lessons. Initially, the mathematics of arithmetic connections 
between numbers in the grid was significant in students developing meaning for the 
new notational language. The meaning for notation was developed not only in terms 
of mathematical operations but also in terms of movements, since it was through 
movements that these expressions were created. This created a blended space where 
the meaning of movement and/or mathematical operations could be evoked at any 
particular time for a given expression. The fact that students could engage in the re-
creating expressions tasks purely in terms of physical movements meant that all 
students could learn about order within a formal expression irrespective of how 
confident they felt at the time about reading notation in terms of mathematical 
operations. Indeed, initially students tended to use the language of movement when 
talking about an expression. This was changed over time with explicit teaching 
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techniques to shift the language onto that of mathematical operations. The blended 
space continued, however, with gestures of pointing and arm movements 
accompanying the verbal articulation of mathematical operations. Students exhibited 
considerable confidence with quite complex notation. As Wilensky  stated the level of 
abstraction is not so much about the notation but is about the relationship someone 
has with what they are doing. The blended space allowed a relationship in terms of 
physical movements as well as mathematical operations and as such the students did 
not exhibit any sense of this being too abstract for them. The confidence gained with 
notation was a key factor in their continued learning of substituting in expressions 
with letters and solving linear equations, which they carried on to do within the three 
lessons.  
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A Talk Framework for Primary Problem Solving 

Mike Hickman 
Faculty of Education and Theology, York St John University 

Part-time postgraduate primary student teachers at York St John 
University are currently taking part in a pilot project exploring how digital 
audio recordings may provide opportunities to engage in closer 
consideration of and reflection on their mathematical problem solving 
performance.  The project considers how thinking aloud, supported by 
digital audio recording may support student teachers’ learning and levels 
of confidence in teaching primary problem solving.  Having produced 
digital recordings of problem solving activities within university-based 
taught sessions, participants are given their digital recordings to listen to 
and analyse using a ‘talk framework’ in a stimulated recall situation.  This 
framework includes the proposed categories of ‘exploratory 
transformative’ and ‘exploratory encoding’.  While initial findings suggest 
the very process of audio recording and the associated verbalisation may 
adversely impact upon problem solving performance, stimulated recall 
provides potentially valuable opportunities to reflect upon learning. 

Keywords: digital audio; exploratory talk; PGCE; pr imary mathematics; 
problem solving; talk framework; thinking aloud; verbalisation. 

Introduction 

The aim of this PhD pilot project with part-time primary PGCE students at York St 
John University is to explore the ways in which digital audio devices (such as 
Livescribe pens) may support student teachers’ learning and levels of confidence 
within primary problem solving.  The project was, in part, inspired by early feedback 
from incoming trainees suggesting limited confidence in the teaching of problem 
solving.  While questionnaires completed by participants (see below) may suggest a 
stronger level of confidence than anecdotally expressed, the pilot to date has 
illustrated a mismatch between perception and actuality that highlights issues 
surrounding the “transfer [of knowledge]…to new settings and events” (Bransford 
2000, 19) although this may potentially be an unintended side-effect of the 
verbalisation required by this project. 

Collaborative Thinking Aloud as a model for the classroom 

The project encourages groups of student teachers to think aloud whilst engaging in 
primary mathematics problem solving activities, with their verbal contributions 
recorded using digital audio recorders.  Collaborative problem solving of this kind 
was, in part, chosen as a focus due to its potential for modelling effective practice in 
the primary classroom.  Mercer (1995, 1), for example, states that “creative problem-
solving…[is] rarely, if ever [a] truly individual affair” while Price (2000, 52) suggests 
that “allowing…children to record informally and to discuss and negotiate meaning 
can encourage both understanding of the mathematics and understanding of its 
recording”.  Livescribe audio recorders allow for written jottings and working to be 
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‘attached’ to the appropriate sound/speech (the audio recorder is contained within the 
pen itself; specially designed paper allows for the replay of the audio relating to 
precise notes).  Follow-up stimulated recall sessions, supported by a talk framework 
inspired by the work of Mercer (1995) and augmented by Hošpesová and Novotná’s 
(2009) problem solving framework, are then designed to provide opportunities for 
reflection on the strategies employed to solve the problems, strategies that may then 
be taken forward by the student teachers for use in their own classrooms.  Two pilot 
problem solving recording activities have now been carried out, with some positive 
indications already evident. 

I think [it did help listening back to the recording], because...I was very aware 
when we left that I made very little contribution because...I always seem to be 
chasing the tail of the people that I’m working with...trying to figure out how their 
brains are working through the problems as opposed to my brain working through 
the problem that’s in front of me.  (Stimulated recall transcript, October 2011)  

Rationale for working with part-time primary PGCE s tudents and initial 
confidence ratings 

This initial work was conducted with two groups of six volunteers, across two part- 
time primary PGCE teaching groups.  Qualifying as teachers within seventeen 
months, the part-time cohort was chosen in part due to the constraints presented by 
their limited face-to-face contact time at the university.  With hour and a half maths 
sessions, sometimes several weeks apart, the exploitation of the VLE (and other 
technologies) to support learning and communication amongst peers between sessions 
was already a priority for tutors.  Given that a number of this cohort have been away 
from education for some years, with the vast majority being mature students with 
limited recent mathematics experience (indeed, none of the participants in the pilot 
study have studied mathematics beyond A level), additional support between sessions 
for this specific group becomes more clearly beneficial to their development as 
effective teachers of mathematics.  The problems chosen for recording were taken 
from the Primary National Strategy problem solving pack (DfES 2004) - material with 
which the students were already familiar.  They, perhaps unsurprisingly, indicated a 
high degree of confidence in answering them with 83% of the participants stating that 
they were ‘very confident’ working out the answer to at least one of the three 
questions shown to them. 

Confidence in Primary Mathematics 

Issues surrounding teachers’ perceptions of and confidence in teaching primary 
mathematics have long been of concern.  The recent Williams Review of early years 
and primary maths teaching (2008, 3) stresses that “the United Kingdom is one of the 
few advanced nations where it is socially acceptable - fashionable, even - to profess 
an inability to cope with the subject”, and this is borne out to an extent by the initial 
comments from the part-time group studied here: 

Maths has not been a part of my daily life for over six years, which creates an 
amount of apprehension at the prospect of teaching maths even at primary school 
level, as the challenges faced to raise the standards of achievements...are ever 
increasing.   (Student teacher interviews, 2010)  

Notions of confidence and motivation link to ideas of self-efficacy as 
discussed by Tschannen-Moran, Hoy and Hoy (1998) and Bandura (1997).  People’s 
beliefs “about their capacity to perform at a given level of attainment” may “influence 
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how much effort [they] put forth [and] how they will persist in the face of obstacles” 
(Bandura 1997, cited in Tschannen-Moran, Hoy and Hoy 1998, 2).  Perhaps notably, 
even with the less than positive comments above regarding mathematics as a whole, 
none of the participants in the study rated their overall confidence in maths as ‘weak’ 
at the beginning of the project.  Over half (58%), however, chose to ascribe 
themselves to the penultimate confidence rating and, of those who rated themselves as 
1 (strong) on the four-point scale (only two individuals), neither rated themselves 
higher than 3 for either ‘teaching maths’ or ‘explaining strategies to help others solve 
mathematical problems’.  Indeed, none of the participants in the pilot rated themselves 
as strong in either of these latter two areas.  This, then, strengthens the rationale for a 
focus on explanations within the problem solving activities undertaken 

The notion of using students’ own analysis of their own responses to inform 
their later work in the classroom seems to fit well with Nunes and McPherson’s 
(2007, 19) observation that “learners must acquire knowledge in ways that will help 
them use it in similar situations in the future…”..  Whether this particular technology 
is the most appropriate way in which to achieve this central aim is to be determined, 
as is the extent to which the very presence of recording devices impacts upon the 
problem solving performance of the students.  One student, within the stimulated 
recall, made the point that “I think we’re all conscious of the task and the recorders 
but there’s an argument that the more you do this task, the less of an impact this 
recording will have [in terms of “putting off” or distracting participants from the task 
being undertaken]”. 

Think-aloud protocols 

Think-aloud protocols provide an opportunity to “explicat[e] domain specific 
knowledge underlying human performance” (Cooke 1999, 479).  Vermersch (2009, 
21) argues that such elicitation of knowledge requires “document[ation] of the 
subjective dimension” and therefore research methodologies that gather data based on 
introspection.  Digital audio, supported by stimulated recall, in this instance is 
designed to allow for such introspection. 

Mercer’s (1995) talk framework, concerned as it is with effective collaborative 
work, proposes the categories of ‘cumulative’, ‘disputational’ and ‘exploratory’ talk 
(the definitions form the basis of figure 1 below).  The framework does not concern 
itself with mathematical problem solving although the National Teacher Research 
panel study detailed by Seal (2006) makes a number of observations relating to the 
importance of exploratory talk in supporting collaborative learning that have been 
very influential on this pilot and demonstrate the application of Mercer’s (1995) 
framework to the primary mathematics classroom.  Of particular note are the stated 
need for “ground rules” and participants providing “reasons for what…[they]…say” 
(Seal 2006) that connect with the types of verbalisation detailed by Ericcson and 
Simon (1993).    

Ericsson and Simon (1993) posit three different kinds of verbalisation, 
building from ‘type I’ to ‘type III’; each type potentially impacting on the problem 
solving performance of the participants and so, therefore, requiring careful 
consideration.  Robertson (2001, 13) describes ‘type I’ as “direct 
verbalisations…where subjects simply say out loud what their inner voice is 
‘saying’.”  This, Robertson (2001) states, is arguably less likely to ‘interfere’ with the 
processing of the problem in hand and is particularly important from the perspective 
of avoiding “invalidity due to disturbance of the cognitive process” (van Someren, 
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Barnard and Sandberg 1994, 32).  It does not, however, provide “reasons for 
what…[they]…say” (Seal 2006).  ‘Type III’, at the other end of the scale, requires 
verbal descriptions of all that the participant is conscious of whilst engaged in the 
task, with the consequent risk that this will frustrate actual work on the task in hand.  
Montague and Applegate (1993) highlight that there is a need for both demonstration 
and practice in thinking aloud and this was important to the pilot project - participants 
were therefore asked to verbalise as much of what they were thinking as was 
necessary for the listener to understand what was being done, bearing in mind what 
was being captured by the Livescribe pens (i.e. all relevant jottings).  Therefore, the 
movement of resources (multilink cubes etc.) would be described; ultimately, and 
frustratingly, participants found it hard to do this at the same time as concentrating on 
the thread of their conversation. 

This was, however, the very point of the stimulated recall opportunity.  Think-
aloud protocols alone, regardless of the type of verbalisation encouraged from the 
participants (Ericsson and Simon 1993) are arguably unlikely to capture all that the 
participants might require to better understand the effectiveness of their strategies.   

A potential talk and problem solving framework - connections between Mercer 
(1995) and Hošpesová and Novotná (2009) 

For the purposes of this work, a pro forma was provided to structure this recall, 
merging Mercer’s (1995) talk framework the problem solving framework of 
Hošpesová and Novotná (2009).  Following Seal’s (2006) consideration of the 
importance of exploratory talk, there was an attempt to provide a distinction between 
exploratory talk that utilised analogy and that which restated or rephrased the problem 
in mathematical terms. 
 
Cumulative 
Building on contributions, 
adding “new” information 
(albeit in an “encoding” 
rather than “transformative” 
sense)...in a mutually 
supportive, uncritical way; 
constructing shared 
knowledge and understanding 

Exploratory 
Encoding 
“Grasping the assignment” in such 
a way as to be able to restate the 
problem (in different words) or use 
analogy to clarify it to other 
members of the group (i.e. 
“mutually understandable 
language” that “encourages 
cumulative discussion”).  

Relevant information is 
offered for joint consideration, in 
non-mathematical form Proposals 
may be challenged and counter-
challenged, but if so reasons are 
given and alternatives are offered.   

Exploratory 
Transformative 
Restating the question in mathematical 
terms (“Translating into the language 
of maths”) and consequently 
encouraging cumulative discussion.  
Relevant information is offered for 
joint consideration, in mathematical 
form (i.e. identifying operations 
required but not explicitly stated 
within the original question).   

Proposals may be 
challenged and counter-challenged, 
but if so reasons are given and 
alternatives are offered.  Agreement is 
sought as a basis for joint progress. 

Disputational 
An unwillingness to take on the 
other person’s point of view, and 
the consistent reassertion of 
one’s own. In its most archetypal 
form, it consists of ‘yes it is—no 
it isn’t’ exchanges, commands 
and parallel assertions. 

Figure 1: Pilot project problem solving pro forma  
 

In the event, after the recordings had been produced, the participants were 
given transcriptions of their problem solving recordings.  Having listened to their 
collective and individual responses, students were asked to consider their 
contributions according to the framework. 

Initial results of pilot 

Within this pilot, it was clear that, as indicated above, there was some mismatch 
between students’ perception of their problem solving confidence/ability and the 
actuality.  Despite choosing questions from the Primary National Strategy pack (DfES 
2004) that closely mirrored the problems included in the initial questionnaire, 
parallels and connections (‘exploratory encoding’) had often not been noticed - 
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seemingly sometimes due to the very presence of the digital audio recorder (and 
associated talk protocol) which, some students claimed, impacted on their 
performance.  (“‘…Well, we knew that we had to discuss it in this way...”).  Some 
began speaking before they had fully considered the problem for themselves.  (“I 
would have preferred to have had time on my own to look at it first and then come 
into it because...solutions started being talked through before I was at that point.”)  
This indicates that, however important talk protocols may be, additional ‘ground 
rules’ are required before beginning a task of this kind.  The same issues may well 
have impacted upon the use of the Livescribe pens (i.e. making jottings because they 
felt they ‘had’ to) but, in fact, the presence of the notes often provided evidence of 
exploratory contributions (three digit combinations, for example, for the problem 
discussed below) that would not otherwise have been evident.  One thing they did not 
help with, however, was recording the exploratory use of resources which, when not 
verbally described clearly, was almost impossible for group members to recall (“it 
was the minute we had the counters, the minute we had something physical to move, 
it was just difficult to record”). 

One of the two problems undertaken (making as many three digit numbers as 
possible with 25 beads on one abacus) was quickly identified as being similar to a 
previous problem encountered (“This is like one of the problems we did last week 
where after a certain number, you have to...you have..yeah...”) but so much was left 
unsaid within the recording that the rest of the group did not pick up on the meaning.  
It was only in the stimulated recall, demonstrating the usefulness of the exercise, that 
the connection became evident to the group.  It is possible (as with the example 
above) that the contributions of other members of the group (some of whom were at 
cross-purposes) were ‘muddying the waters’ here.  

I’m really desperately trying to think [why it took so long to come to an answer] 
‘cos you knew reading through this [the transcript]...why did we make it so 
difficult?  It’s not difficult, is it?  [Murmur of agreement]  Erm...I can only think I 
was trying to follow someone else’s train of thought... (Stimulated recall 
transcript, October 2011)   

Conclusion 

Although this project is not concerned with the frequency of cumulative, exploratory 
and disputational talk within the recordings, it is notable (and the students themselves 
commented on this) that there were very few instances of disputational talk, even 
when the stimulated recall reveals that not all fully understood the contributions of 
their fellow group members. Where this did occur, it was prompted by a failure on the 
part of group members to operate collaboratively (“I was starting to feel an increasing 
frustration at the sense that there was this one little group here and there was one little 
group here…each trying to sort out the problem…” [and failing to communicate with 
each other], strongly suggesting that the initial protocols need to be more clearly 
established, and if exploratory talk is to be encouraged, then it needs to be more 
clearly modelled prior to any future repeat of this exercise. 

If “metacognitive practices…[do]…increase the degree to which students 
transfer to new settings and events” (Bransford 2000, 19), it may be that stimulated 
recall exercises of this kind, aided by technologies such as digital audio, have the 
potential to ameliorate the failure to transfer knowledge from one situation to another 
(as seems to have happened here - if it was not, in fact, the recording exercise in the 
first place that obstructed the ‘exploratory encoding’ or grasping of the assignment by 
encouraging students to behave in an ‘unnatural’ fashion).  It is clear that there is still 
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work to be done on both the talk protocol employed and the modelling/briefing 
students receive prior to engaging in the activity in order to more fully encourage and 
ultimately analyse the potentially productive exploratory talk emerging from such 
collaborative work. 
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Lower attaining primary trainee teachers’ choice of examples: the cases of 
Naomi and Victor. 

Ray Huntley 
University of Gloucestershire 

This paper reports on selected findings of a doctoral study exploring 
primary trainee teachers’ choices of mathematical examples and the 
relationship between these and their mathematical subject knowledge. 
Through a combination of interviews and lesson plans gathered from the 
final school placement of one cohort of B.Ed trainees, and measures of 
mathematics attainment before and during their curse, the choice of 
examples by two lower attaining trainees, known as Naomi and Victor, 
are considered. This paper presents aspects of the data relating to Naomi 
and Victor and raises issues of concern about their approaches which will 
impact on pupil learning. 

Keywords: primary, trainees, examples. 

Introduction 

Research into primary trainee teachers’ choices of examples for teaching identified 
some differences between trainees who were regarded as being of higher 
mathematical attainment, middle attainment or lower attainment (Huntley 2011). The 
previous paper as well as Huntley (2008) set out the key literature underpinning the 
research. In this paper, the focus is to identify particular practices identified in the two 
trainees who were categorized as being of lower mathematical attainment on the basis 
of the data collected about their pre-university mathematics and their progress during 
the course. The trainees will be referred to as Naomi and Victor, and a profile of each 
will be outlined before analysing the data which each produced during the research. 

Participant profiles 

By considering a range of data for each trainee, including for example, GCSE grades, 
interview test scores and module assessment results, it was decided to give each 
trainee in the sample group an overall grade in the range A, B, C to indicate whether 
they were likely to be of higher attainment, middle attainment or lower attainment 
relative to the cohort. This grading was largely the researcher’s subjective decision 
and was not arrived at by trying to calculate an overall result by any formulaic 
process, but sought to allow the selection of the case study students to form a 
purposive sample which, as fairly as possible, represented the range of students from 
two cohorts in terms of their past achievements, which informed the assessment of 
their potential for teaching mathematics.  

Naomi 

Naomi started her initial teacher education course immediately after leaving school 
with grade C at GCSE mathematics, making her amongst the lower attaining trainees 
in mathematics and in the most commonly represented demographic groups, namely 
females in the 18-25 year old category. As the course progressed, Naomi achieved 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 78 

 

marks of 40, 45 and 40% in each of the Year 1, 2 and 3 modules respectively. These 
figures indicate she is a student whose knowledge and attainment in mathematics 
were not applied well to her module assessments, demonstrating that she found it 
difficult to relate the subject knowledge to the pedagogic aspects which were assessed 
in the module assignments, although there is insufficient data to verify this 
speculation. Further evidence to support this hypothesis could come from close 
analysis of Naomi’s lesson planning and her teaching, although the latter was not 
possible in this study. From pre-course data and results on the course, it was decided 
to consider Naomi as Grade C. 

Naomi taught a Year 4 class for her final teaching placement and provided a 
total of 21 lesson plans from mathematics lessons. These covered the topics of 
addition and subtraction, multiplication and division, function machines, rounding and 
estimation, money and negative numbers. For the purpose of this study the lessons on 
addition, subtraction, multiplication and division were analysed to give a consistent 
approach to the topic of number across each of the cases. 

Victor 

Victor also started initial teacher education immediately after leaving school, 
although he had performed less well in school mathematics, achieving with grade C at 
GCSE.  As a male, Victor represents a minority for primary trainees, in a poorly 
represented demographic group, namely males in the 18-25 year old category. In the 
university’s interview test for mathematics, Victor only scored 15% at the first 
attempt, which represents just three questions on the 10-item test where he was 
awarded half a mark.  

Victor was only able to score marks on questions involving calculation of a 
total price when a given percentage of a number of identical items are sold at normal 
price and the remainder at half price. Before being able to join the course, Victor re-
took the interview test and on the second attempt at the same test he scored 55%, this 
time gaining a full mark on five of the questions and half a mark on one question. Of 
the three questions which gave Victor half marks at the first attempt, one was fully 
correct at the second attempt, one again scored half marks, but on one question he 
failed to score on the second attempt.  

Once on the course, Victor completed the university’s diagnostic numeracy 
test and as one of the lowest scoring trainees he was invited to take the additional 
mathematics module ‘Confidence Counts’ which covers a range of GCSE level topics 
to help improve mathematical subject knowledge. At the end of the module the 
trainees sit an exam and Victor scored 54%. During the 3-year course, Victor 
achieved marks of 53, 55 and 48% in each of the Year 1, 2 and 3 modules 
respectively.  

These results suggest Victor’s knowledge and attainment in mathematics did 
not appear to be strong in the module assessments, demonstrating a continuing issue 
with subject knowledge. However, in school placements, Victor was able to relate 
subject knowledge to pedagogic knowledge through high grades during the 
placements. From examining pre-course data and results from the course, Victor was 
considered as Grade C. Victor taught a Year 3/4 class for his second year and final 
teaching placements and provided 8 detailed plans from mathematics lessons. For this 
study the three lessons on addition, subtraction and multiplication were analysed. 
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Discussion 

The data collected from the trainees was analysed in terms of its correspondence with 
the dimensions of the Knowledge Quartet (Rowland et al. 2009). During the 
development of the Knowledge Quartet, a number of codes based on video-taped 
lessons were identified as part of the grounded theory approach taken. Two of the 
contributory codes which went towards the formation of the Foundation dimension 
were ‘overt subject knowledge’ and ‘adherence to textbook’. The lesson plans and 
interview data from the lower attaining trainees were examined for evidence of the 
extent to which they use or demonstrate these aspects in their planning and teaching. 

   ‘Overt subject knowledge’ 

As a trainee identified as less able in mathematics, Victor’s interview revealed not 
only that he had identified weaknesses in his level of mathematics, but also that he 
used this as a reason to adapt his teaching in a way which might be thought of as very 
worrying: 

‘I always struggled with maths to be honest… I think sometimes it can be 
limiting, ‘cause sometimes you look at things and think I don’t quite understand 
that fully, so I won’t bother teaching… you know, I might leave that today’.  

‘Adherence to textbook’ 

The research identified that some trainees tend to rely on the Primary National 
Strategy (PNS) to ensure they have covered the relevant objectives and planned 
appropriate activities. However, in terms of using PNS materials or published 
schemes, all of the case study trainees showed evidence that they rarely change the 
examples they find. Most trainees prefer to ‘adhere to the textbook’, a facet of the 
Foundation dimension of the Knowledge Quartet. Looking firstly at Victor and then 
Naomi from the case study group, Victor reported that his plans are: ‘…always from 
some kind of framework, that the teacher has given us’, implying that the plans are 
‘ready-made’ for use and cannot or need not be changed. Naomi, whose school used 
the Hamilton Trust plans, described how easy they seemed in terms of use for 
planning, as they: ‘…used the Hamilton Trust website, and it was easy for them just 
to go and print and it comes off… with the average Year 4 work, then I could pitch it 
to different groups’.  

Victor also found that his placement school were using the Abacus scheme but 
he felt they needed to check with the PNS to ensure appropriate coverage of 
objectives: ‘We used Abacus Evolve, and it was the brand new one, and they pretty 
much do it all for you’, and he later added: We did so much from Abacus, it was just a 
case of checking... with what was supposed to be going on with the PNS’. 

The only trainee amongst those selected as case studies that had a different 
experience in terms of using PNS guidance was Naomi, whose placement school 
relied on the planning guidance from the Hamilton Trust. She described using plans 
from the Hamilton Trust as her main source, but was prepared to look at the PNS for 
further help:  

I was given plans from the Hamilton Trust and I adapted those into my own 
planning to suit the class, but if I wasn’t given those then I would probably use 
the Primary Framework, probably the ‘I can’ statement or something like that and 
the suggested tasks they have, because all you need is something little to get your 
brain going. 
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‘Transformation’ 

Victor was teaching a mixed Year 3/4 class, and his lessons on addition and 
subtraction are considered. This section considers Victor’s third lesson from the 
perspective of theoretical frameworks. The lesson plan includes a ‘Point for Action’ 
as follows: 

Hopefully with the introduction of the column method the children will be able to 
do more working out on paper that will hopefully help them to meet the 
requirements outlined in the relevant statutory frameworks.   

The first concern here is Victor’s use of the word ‘hopefully’, suggesting he 
may have little confidence that his activities and examples will be effective for 
children’s learning. Secondly he feels that by moving the children towards a column 
method, they will not necessarily understand the method, but should be able to 
achieve the statutory requirements, which he obviously regards as more important. In 
the introduction to the lesson, Victor works through the following examples: 
   34 + 50 = 
   245 + 40 = 
These examples are similar to those he used in a previous lesson and it is not obvious 
which methods are required to calculate these. The earlier lessons made no use of 
number lines or particularly 100 squares, which would have made the first calculation 
straightforward. However, after these calculations, Victor begins to introduce the 
column method, by which it is assumed he means the standard algorithm for addition 
as set in the PNS. He then continues with the following examples: 

43 + 30 = 
367 + 70 = 
965 + 80 = 

The first of these is of a similar type to the first example in his introduction and could 
presumably be calculated in the same way, thus making the introduction of the 
column method unnecessary. The second and third examples, whilst extending into 3-
digit numbers, have the additional challenge that the tens will add to more than 10 in 
each case, requiring the children to carry into the hundreds column. If the method was 
introduced to enable children to perform the carrying operation, then it is interesting 
that Victor chose as his first example two 2-digit numbers where no carrying was 
necessary. Given his apparent purpose for using the method, he should perhaps have 
chosen something like 68 + 50 to ensure the tens carried into the hundreds which in 
this example are empty. In trying to link the examples to the objectives for the lesson, 
Victor has seemed to be unaware of the discrepancy in the examples he used. When 
asked about the way Victor chooses the numbers for his examples, he seems to imply 
that the numbers are not significant, but it is the context that is very important: 

I think, … if you can make it… put it in an exciting context, I think you can do 
most… what some people would consider, most simplistic, maybe boring things, 
you know, I’m not saying they are, but erm… I think you can, you know, can 
teach that effectively in a practical context, ‘cause I always think, you know, 
rather than just doing some subtractions on the board, if you, sort of, like I said, 
just for example like a shop context, or something like that, then… I’ve done that 
quite a few times before, and it’s quite effective really. 

Victor appears to be certain that context is a more significant choice than 
numbers in the examples, even if that has meant his examples did not help children 
meet the objective.  To compare Victor’s examples with theoretical definitions, it 
seems that his first example (43 + 30) is an example used to illustrate one procedure 
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when another procedure would be better, a method identified by Rowland et al. 
(2009).  

His second and third examples are being used to teach a general procedure by 
demonstrating particular instances, but the procedure could be developed more 
progressively by using examples with fewer digits in the first instance and moving on 
to three or more digits at a later stage, suggesting that Victor’s pedagogical 
knowledge lacks awareness in terms of planning sequences of examples that match 
the lesson criteria. 

Naomi 

The final trainee to consider is Naomi, also a lower attaining trainee, who taught a 
Year 4 class for her final teaching placement and provided lesson plans on addition, 
subtraction, multiplication and division which were analysed. This section will look at 
some of Naomi’s lessons and consider the examples from the perspective of Naomi’s 
choices. The first lesson starts with Naomi asking the children to identify the multiple 
of a hundred that lies between 789 and 874, then finding the difference between the 
numbers by calculating the difference of each from the multiple of 100, that is:  

874 – 789 = (874 – 800) + (800 – 789).  
The example selected here seems appropriate to the objective, given that the minuend 
is 800 + 74 and the subtrahend is 800 – 11. The required multiple of a hundred is 
therefore 800 and the children can use this as a bridging point to help with calculating 
the difference between 789 and 874.  

It appears from the lesson plan that Naomi requires the children to carry out 
the calculation in numerical form either mentally or using a written algorithm, when 
possibly the best choice from a pedagogical point of view could have been to use an 
empty number line. The children are then asked to work out a number of subtraction 
problems finding the difference between 3-digit numbers. Two worksheets of 
examples were provided; the first was designed for the lower attainers and used pairs 
of 3-digit numbers whose difference was always a multiple of 10 or 5.  

At the top of the sheet the following advice was written: ‘For each question 
use your knowledge of multiples of 50 to help you answer the question’. The opening 
example was 550 – 400 which could be completed by subtracting the hundreds to 
leave 150. The second example extended to requiring subtraction of all three columns: 
755 – 550 = 205. Example 6 on the sheet did not match the objective since it asked for 
the difference between 250 and 55, which are not both 3-digit numbers but which are 
still multiples of 5 or 10. After six examples of this type, a change was introduced 
with 458 – 158. This example is the first to appear which does not contain numbers 
that are multiples of 5 or 10, but whose difference is still a multiple of 10; in this case 
it is exactly a multiple of 100, being 300. Example 9 extends beyond the objective by 
introducing a 4-digit number and changes the pattern of differences by not being a 
multiple of 5 or 10. The example is given as 1054 – 452 which has a difference of 
602.  

In her interview, Naomi explained how she set out her example for the top of 
the worksheet and the ones that followed: 

I was usually putting an example at the top of the worksheet and then the 
questions underneath… it would be quite random, in a way it’s just the first 
question that comes into my head, or it’s something we’ve covered in the lesson 
that I’ve put in at the beginning of the lesson, but then I’ve decided to maybe 
change one digit or something, just so they recognize the concept. 
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It seems apparent from the examples on the worksheet as described above that 
in changing digits for some of the children’s questions, Naomi inadvertently changed 
the examples so that they no longer matched the objective or her earlier guidance in 
terms of using multiples of 50 as helpful bridging points, since multiples of 50 did not 
always appear in some of the questions.  

The second worksheet, which was designed for higher attainers, includes the 
visual representation of a number line marked in 100s from 0 to 1000 at the top of the 
sheet, with the advice to use it to help solve the calculations. Each example used two 
3-digit numbers either side of a multiple of 100 and the instruction was given to write 
down the multiple of 100 that comes between the pair of numbers before calculating 
the difference.  

The first example was 523 – 489 which could be solved by recognizing that 
500 comes between the two numbers and then finding the difference between 523 and 
500, then the difference between 500 and 489 and finally combining the differences 
for the solution. In this case the calculation becomes:  

               (523 – 500) + (500 – 489) = 23 + 11 = 34,  
although the children were recording this pictorially on the number line rather than 
setting out the numerical calculation as done here. The pattern of examples continues 
in a similar way for the entire sheet, with a total of ten examples, all of 3-digit 
numbers either side of a multiple of 100. With these examples it is noticeable that 
Naomi has included use of the number line to assist with the calculation.  

Summary 

This study provided an insight into subject knowledge and choice of examples of two 
lower attaining primary trainees. There is evidence that awareness of theoretical 
influences is weak, subject knowledge is a cause for anxiety and choice of examples 
for teaching and learning mathematics is random, not pedagogically planned. The 
lesson evidence suggests that the examples used are largely sequential, moving from 
‘simple’ to ‘difficult’, although weak subject knowledge often prevents the examples 
being suitable for learners to develop their understanding of the intended concepts. 
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Pre-service teachers’ understandings of learning to use digital technologies in 
secondary mathematics teaching  

Rosalyn Hyde and Julie-Ann Edwards  
University of Southampton  

One of the biggest challenges facing pre-service mathematics teachers is 
that of learning how to make effective use of digital technologies in the 
classroom in order to enhance the learning of their students.  For initial 
teacher educators the challenge is to enable the development of teachers 
who have the capability to respond flexibly to new technologies and who 
are able to evaluate and reflect on the impact of such technologies on 
learning. We report on data collected as part of a research project 
investigating ways in which pre-service mathematics teachers can develop 
more effective skills in using digital technologies to enhance teaching and 
learning in the classroom.  We examine this evidence using Mishra and 
Koehler’s (2006) model of Technological Pedagogical Content 
Knowledge (TPCK). The emerging understandings of pre-service 
teachers’ learning are considered in the context of their learning 
experiences during their initial teacher training course and in terms of 
charting the learning journeys they undertake on the course.  The project 
outcomes point towards ways forward in enabling more effective learning 
by pre-service teachers in the use of technologies for mathematics 
teaching   

Keywords: ICT, digital technologies, Technological Pedagogical Content 
Knowledge, pre-service teachers. 

Introduction 

The current Standards for Qualified Teachers Status (QTS) in England require pre-
service teachers to demonstrate that they can use Information and Communications 
Technologies (ICT) in their classroom teaching.  In doing this, pre-service teachers 
also need to demonstrate that they can use ICT to teach mathematics in accordance 
with the expectations of the National Curriculum for England (Qualifications and 
Curriculum Authority 2007).  The pre-service teachers on our one-year Post Graduate 
Certificate in Education (PGCE) course are given a range of opportunities to work 
towards these QTS Standards through: university-based taught input, tasks and 
activities on the course, peer support, modelling by university tutors, through the 
provision of support materials and, crucially, through their experiences whilst 
teaching in their placement schools.  The richness of this provision is made more 
complex by our awareness of the range of provision in our Partner school secondary 
mathematics departments in developing the use of digital technologies in teaching and 
learning, and that pre-service teachers also differ in the extent to which they are able 
to make best use of the opportunities offered.   

We know that almost all of our pre-service teachers start their PGCE course 
with good personal ICT skills with a limited range of common generic software 
packages.  However, Cuckle, Clarke and Jenkins’ (2000) findings suggest that some 
pre-service teachers who start a PGCE course with good personal ICT skills find it 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 84 

 

difficult to transfer these skills to their classroom practice and tend to use their ICT 
skills for tasks such as planning and recording assessment, rather than for teaching.  
The reasons suggested for this include poor access to facilities, limited encouragement 
in some subject specialisms (not including mathematics) and the pedagogical beliefs 
of existing teachers regarding the use of ICT in teaching.  The first of these reasons 
seems no longer to be a major issue given Enochsonn and Rizza’s (2009) research 
review of ICT in teacher training, which concludes that there is generally not a 
problem with access to technology in schools in the 11 countries surveyed.  Even so, 
they report that pre-service teachers do not integrate technology into their teaching.   

Literature 

Many researchers (see, for example, Miller and Glover 2010 and Mishra and Koehler 
2006) argue that the availability of digital technologies in learning environments 
requires teachers to respond by changing their pedagogy.  It therefore becomes 
important to consider how changes might come about.  

There are two main approaches discussed in the literature (see, for example, 
Miller and Glover 2010) to developing the use of digital technologies in the classroom 
with practising teachers. In the first, teachers become proficient in using the 
technology and then incorporate it into their classroom pedagogy. In the alternative, 
pedagogical realisations made by teachers in situ stimulate them to pursue new ways 
of working with ICT.  Mercer, Hennessy and Warwick contend that, with the first of 
these two approaches, “…policy and training initiatives have often tended to ignore 
the vital need to relate the use of new forms of technology to what is known about 
effective pedagogy” (2010, 196).  They, along with Minaidi and Hplanas (2005), 
suggest that the latter of these two approaches is more effective.  Mercer, Hennessy 
and Warwick go on to say that the effective use of digital technology (in their case the 
interactive whiteboard) is not a function of the technology itself, but dependent on the 
teacher’s understanding of how to engage school students and help them learn.  

We believe that it is self-evident that pre-service teachers have some need for 
experiences that develop their technical skills with generic mathematics software they 
may be less familiar with, such as graphing packages, LOGO and dynamic geometry 
software.  Our PGCE course also focuses on matters relating to teaching and learning 
mathematics, and pedagogy in particular.  However, because the PGCE course is 
short and intensive, we are in a situation in which we need to work with pre-service 
teachers in developing their skills in teaching effectively with ICT often before they 
have sufficient depth of understanding of effective pedagogical approaches for 
mathematics learning to do so.  It is therefore necessary to consider the relationships 
between pedagogy, technology and mathematics in order to develop these ideas 
further. 

Theoretical Framework 

In Shulman’s (1986) well-known model, Content Knowledge (C) and Pedagogical 
Knowledge (P) are depicted as overlapping circles, where the intersection is a new 
type of knowledge specific to subject teaching called Pedagogical Content 
Knowledge.  Mishra and Koehler (2006) develop this model further by including a 
third circle labelled Technology Knowledge (T) and, overlapping this with Shulman’s 
circles to form new categories of knowledge called Technological Pedagogical 
Knowledge (TPK), Technological Content Knowledge (TCK) and, where all three 
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circles overlap, Technological Pedagogical Content Knowledge (TPCK). These are 
illustrated visually in Figure 1: 
 

 
Figure 1: Mishra and Koehler’s (2006) framework for Technological Pedagogical Content Knowledge 

 
The need to add Technology Knowledge to Shulman’s model is justified by 

Mishra and Koehler on the grounds of both the current rate of change of technology 
and the impact it has on both content and pedagogy. Technology Knowledge is seen 
by them as encompassing generic technology skills, TCK is about the manner in 
which subject knowledge is changed by the application of technology and TPK refers 
to knowledge about generic pedagogy for technology.  Mishra and Koehler (2006, 
1039) describe TPCK as “…the basis of all good teaching with technology” and that 
“…developing good content requires a thoughtful interweaving of all three key 
sources of knowledge: technology, pedagogy and content” (ibid).    

Research methods 

Our research study was designed to analyse and develop our pre-service teachers’ 
access to pedagogical practice supporting effective use of ICT for teaching and 
learning mathematics, and to address possible inequities in provision in practical use 
of ICT whilst on school placement during the PGCE course.   

Data were collected in a number of ways from one cohort of 43 secondary 
mathematics PGCE students.  These students undertook the usual course practice of 
an ICT audit at the beginning, middle and end of their PGCE year. A random sample 
of these students were selected to take part in focus groups at the end of their course 
and data were also collected through focus groups drawn from the previous year’s 
cohort and from a team of ‘expert’ teachers involved in the project.  Analysis is 
presented here of data drawn from the audits pre-service teachers undertook of their 
personal competence and classroom competence with a range of content-free 
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mathematics software as well as analyses of responses to the free-writing question on 
the audit “Describe how you think ICT improves the teaching and learning of 
mathematics”.  

Findings 

In Mishra and Koehler’s (2006) terms, the audit section recording personal confidence 
with ICT tools can be considered a measure of part of a pre-service teacher’s 
Technology Knowledge.  In analysing the pre-service teachers’ self-reported level of 
personal competence with ICT, values from 0 to 5 were allocated to responses given 
by participants on a scale from never having used the software to very confident in its 
use for spreadsheets, data handling packages, graph plotting packages and dynamic 
geometry software. Totalling the reported confidence scores gave a personal score 
with a maximum of 20 for each pre-service teacher.  In Figure 2, the scores reported 
at the start of the course in September are compared with the scores reported as the 
course ended the following June.  

It is notable that the initial total scores show a confidence range of 17 and that 
the end-of-course total scores record a confidence range of 7, with the majority of pre-
service teachers reporting very high levels of personal confidence with ICT at the end 
of the course.  One might, therefore, suggest that there has been a gain in the 
Technology Knowledge of our pre-service teachers whilst on the course.   
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Figure 2: Personal confidence score.  

Technical competence and some level of confidence are clearly only part of 
the necessary knowledge pre-service teachers require in order to make effective use of 
digital technologies in their teaching.  Another part of the audit asked pre-service 
teachers to record their level of classroom confidence with ICT at the mid-point and 
end of the PGCE course.  The data for classroom confidence (defined on the audit as 
actual classroom practice with ICT) were totalled in the same way as for the personal 
confidence scores.  Figure 3 shows this data. 
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Figure 3: Personal confidence and classroom confidence scores at the end of the PGCE course.  
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Our analysis shows a very strong positive correlation between pre-service 
teachers’ level of personal confidence with ICT and their confidence in the classroom 
with ICT.  It is interesting to note that classroom confidence scores were almost 
always the same, or slightly lower, than personal confidence scores.  These findings 
contradict Cuckle, Clarke and Jenkins’ (2000) findings that personal competence with 
computers at the start of their PGCE course was not strongly related to pre-service 
teachers’ use of ICT in classroom teaching.  This might be explained, at least in part, 
by increased access to ICT facilities, particularly the availability of interactive 
whiteboards, since the Cuckle, Clarke and Jenkins study as well as the focus here on 
pre-service mathematics teachers rather than pre-service teachers in a range of 
curriculum subjects.  

Such results are perhaps a limited measure of parts of TCK and TPK, but give 
a little insight into pre-service teachers’ pedagogical understandings of effective 
teaching and learning of mathematics using digital technologies. To learn more, the 
responses to the free writing question on the audit were analysed at the three audit 
points in the PGCE course.  In this report, only the evidence of Technological 
Pedagogical Knowledge and Technological Pedagogical Content Knowledge is 
reported.  We found that all pre-service teachers demonstrated some understanding of 
TPK through their writing for at least one of the audit points.  However, the evidence 
about TPCK showed that some (9 out of the 43 pre-service teachers) were not able to 
express any understanding of TPCK at any of the audit points but also that more (16 
out of 43) were able to express at least some understanding of TPCK at the beginning 
of their PGCE course.   

Discussion 

Examining the free-writing responses is a task requiring careful interpretation of pre-
service teachers’ responses, given that articulating pedagogy is challenging for 
beginning teachers.  Part of the rationale for distinguishing between the two 
categories of TPK and TPCK is the consideration of whether the pedagogic comment 
referred to a specific use within mathematics teaching or applied more generally to 
other subject areas. Table 1 gives some examples of responses and their 
categorisations. 
 

Technological Pedagogical 
Knowledge 

Technological Pedagogical Content 
Knowledge 

“set myself reminders of 
points to cover” 

“students can use/manipulate large 
quantities of data” 

“punctuate a lesson avoiding 
the need to reference lesson plan” 

“using LOGO to create polygons and 
Autograph to discover rules about straight 
line graphs” 

“good for visual learners” “illustrate changes in variables” 
“allows quick feedback” “collect data” 
“whole class involvement” “model mathematical situations large 

scale” 
“instant and accurate 

feedback” 
 

 
Table 1: Examples of Technological Pedagogical Knowledge and Technological Pedagogical Content 
Knowledge as demonstrated by pre-service teachers.  
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The finding that a number of pre-service teachers can express at least a limited 
understanding of TPCK at the beginning of their PGCE course was both surprising 
and encouraging.  It demands that we consider how we can build on this early 
understanding more effectively at the same time as developing the understanding of 
those who were still unable to express their learning in this area at the end of the 
PGCE course.  It is also possible that there are other factors that affect the 
development of TPCK, such as the attitudes and beliefs about both mathematics itself 
and how it is learnt. Importantly, Mishra and Koehler’s TPCK framework provides us 
with what they describe as a “…language to talk about the connections that are 
present … in conceptualisations of educational technology” (2006, 1044) and 
therefore a tool for exploring this aspect of our pre-service teachers’ learning.   

Tracking the learning journeys of pre-service teachers on their route towards a 
deeper understanding of the use of digital technologies in teaching and learning 
mathematics is a new line of enquiry, along with considering the affordances and 
constraints that act on that development.  Of particular interest is exploring the sense 
that pre-service teachers are able to make of their learning experiences using digital 
technologies, and how they develop into teachers who are able to make pedagogical 
use of digital technologies in their teaching.  
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Exploring algebraic thinking in post-16 mathematics: the interpretation of 
letters. 

Martin Jones 
Havant Sixth Form College, Hampshire, UK 

Students in their first year of post-16 mathematics were given a test 
consisting of items requiring algebraic reasoning. This was based on work 
by Kuchemann with secondary school students. The responses were 
analysed to assess students’ level of algebraic thinking and their results 
compared with their public examination results. This paper includes a 
summary of the analysis and a discussion of the implications. 

Keywords: algebra; post-16 
 

Background and motivation 

Algebra, as many would argue, is key to the development of mathematical skills (for 
example, MP Kelvin Hopkins’ question in the House of Commons (Hansard 2011); 
Professor Smith’s report into post-14 mathematics education (2004, 86)). Indeed, 
much of the Core 1 module (C1), taken in the first year of post-16 mathematics in 
England, involves algebra, including manipulating quadratic functions, solving 
simultaneous equations, summing series and finding equations of straight lines in 
multiple forms. It is also an area that I have found C1 students often have difficulties 
with. This gave me the motivation to investigate the issues that students face. The 
theoretical framework was taken from Küchemann’s work where he had examined 
secondary school children’s’ understanding of numerical variables (Küchemann 1978; 
Hart 1981). For my dissertation for an MA in Mathematics Education I decided to 
revisit Küchemann’s study, applying it to students who had just sat the C1 
examination and analysing their written responses using, as an analytical model, the 
categories that Küchemann had identified.  

Methodology 

Küchemann’s framework combined the interpretation of letters with structural 
complexity to relate to Piaget’s levels of concrete and formal thinking. To identify 
what level of formal, or abstract, thinking students required and the level of 
abstraction that was required to achieve high grades, I formulated the following 
research questions: 

·  What level of abstract algebraic thinking is necessary for success at the Core 1 
module?  

·  To what extent is abstract algebraic thinking being tested? 
As my study was largely based on Küchemann’s approach I will first give an outline 
of his methodology. 

Küchemann’s research was carried out as part of the Concepts in Secondary 
Mathematics and Science project between 1974 - 9. He took the position that algebra 
in secondary school is ‘generalised arithmetic’ (Hart 1981, 102), which I interpreted 
as ‘the use of letters for numbers and the writing of general statements representing 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 90 

 

given arithmetical rules and operations’ (Booth 1984, 1). He used two preliminary 
criteria for deciding on the content of the diagnostic tests and for assessing the results. 
The first was the ‘structural complexity’ of the test items, for instance, the number of 
variables. The second criterion was the interpretation of letter that was required to 
solve the question. Küchemann classified six different interpretations of letter, 
summarised in Table 1. 

 
Category Interpretation Example question and commentary 

Letter 
evaluated 

The letter is assigned a 
numerical value from the 
outset. 

Find ‘a’ in a + 5 = 8.   
No manipulation of letters is required.  

Letter not 
used 

The children ignore the 
letter, or at best 
acknowledge its existence 
but without giving it a 
meaning. 

Given a + b = 43 find a + b +2. 
One method is to match off the 
common letters and the only operation 
is to add two numbers. 

Letter used 
as an object 

The letter is regarded as 
shorthand for an object or as 
an object in its own right. 

The length of each side of an 
equilateral triangle is given as e, find 
the perimeter. 
By reducing the abstract object to 
something concrete, as a label for an 
object for instance, the difficulty of the 
problem is significantly reduced. 

Letter used 
as a specific 
unknown 

Children regard a letter as a 
specific but unknown 
number, and can operate 
upon it directly. 

If e + f = 8, give an expression for    e 
+ f + g.  
While ‘e + f’ can be matched off as 8 
the answer still requires manipulation 
with an unknown. 

Letter used 
as a 
generalised 
number 

The letter is seen as 
representing, or at least as 
being able to take, several 
values rather than just one. 

What can you say about c if c + d = 10 
and c is less than d? 
The aim here is to see if the students 
will give several values for c, rather 
than perceiving c as a specific number 
to be found. 
 

Letter used 
as a variable 

The letter is seen as 
representing a range of 
unspecified values, and a 
systematic relationship is 
seen to exist between two 
such sets of values.  

Which is larger, 2n or n + 2? Explain. 
One way to approach this is to look at 
how 2n and n + 2 each change as n 
changes; and then compare the rates of 
change. Thus the method requires 
building ‘first-level’ relationships and 
then comparing them, hence forming a 
second order relationship. 

Table 1. Definitions of interpretation of letters (Hart 1981, 104).  
 

Test items were sorted into four groups. Levels 1 and 2 consisted of the first 
three categories of interpretation, levels 3 and 4 comprised items where the letter 
needed to be interpreted as a specific unknown, general unknown or variable. The 
structural complexity helped inform whether the item should be placed in the higher 
or lower of the two levels in each case. The allocation to levels was refined in the 
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light of the empirical results; some items were problematic and did not necessarily sit 
neatly in one or other of the levels. Küchemann suggested a correspondence between 
these levels and the Piagetian stages of cognitive development as shown in Table 2.  

 
Level 1 Below late concrete 
Level 2 Late-concrete 
Level 3  Early-formal 
Level 4 Late-formal 

Table 2. Correspondence between levels of algebraic thinking and Piagetian stages of cognitive 
development. 
 
Based on the examples in Küchemann (1978) and Hart (1981) I compiled a test with 7 
items at level 3 and 9 at level 4. The test was given to our students who had recently 
sat the C1 examination; 162 scripts were returned, 145 with names which I could duly 
collate with their C1 results.  

Results 

Levels of algebraic thinking and C1 scores 

The relative difficulty of questions remained constant compared to Küchemann’s 
results (see Table 3) except for four items. Items 4ii and 9 were solved much more  
 

Item 
Number 

Algebra Thinking 
Test (Core 1 

students) Facility 
 (% correct) 
 (n = 162) 

CSMS Test 
(15 year olds) 

Facility 
(% correct) 

Level in Hart 
(1981) 

Level in 
Mathematics 

in School 
(1978) 

4ii 94 25 4 4 
5i 89 56 3 3 
9 89 16 4 4 
6 88 35 3 3 

5ii 88 - - - 
3 85 41 3 3 
4i 85 41 3 3 
1 77 39 3 3 
8 77 30 4 3 

5iii 77 32 4 4 
2 69 50 3 3 
12 68 10 4 4 
13 68 16 4 4 
11 65 8 4 4 
10 60 13 4 4 
7 59 27 4 3 

Table 3. Comparison of the facilities of test items and their levels. 
 

successfully; these both involved the expansion of brackets. In contrast, item 2 (“If f + 
g = 8, what does f + g + h equal?”) was classified as level 3 but was answered with the 
same success as level 4 items. Item 7 (“Consider the statement   L + M + N = L + P + 
N.  Is it true always, sometimes, or never?”) was classified as level 3 in Küchemann’s 
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first study and then at level 4 in 1981; it proved to be one of the hardest items for the 
C1 students.  

Following Küchemann’s approach, to ‘pass’ a level two-thirds of the questions 
had to be answered correctly at that level. While the levels were considered to be 
hierarchical, 5 students failed level 3 but passed level 4. Excluding these exceptions, 
the results identified 28% of students (n=140) working at level 3 or below (see Table 
4). 

 
 Failed level 4 Passed level 4 

Failed level 3 14 5 

Passed level 3 25 101 

Table 4. Numbers of students and their achievement at level 3 and level 4 in the algebraic thinking test. 
 
A breakdown of level of algebraic thinking against unclassified (grade U), low 

(grades C to E) and high (grades A and B) C1 grades is shown in Table 5. Using the 
chi squared test with this data (n = 140, excluding the 5 exceptions) with the null 
hypothesis that the level of algebraic thinking has no bearing on the C1 grade gained 
(U, C to E, A to B) gave a statistic of 17.680 which is significant at the p=0.01 level 
with 4 degrees of freedom (13.277). This suggests there was some association 
between C1 grading and the level achieved on the algebraic thinking test.  

 
 C1 grade U C1 grade C to E C1 grade A - B  

< Level 3 2 8 4 14 
Level 3 4 19 2 25 
Level 4 13 36 52 101 

 19 63 58 140 
Table 5. Two way chart showing level of algebra thinking against C1 grading. 

 
While a high percentage of those who achieved high C1 grades also achieved 

level 4 in the algebra test, attaining level 4 did not guarantee a high grade. Moreover, 
failing to achieve above level 3 did not preclude gaining an A or B grade at C1. 
Interestingly, the median C1 score for those failing to achieve level 3 was 
considerably higher than those who achieved level 3, as shown in Figures 1 and 2. 
 

Figure 1. Interquartile range for C1 marks for students below level 3 (n = 14).�

 
 

Figure 4. Interquartile range for C1 marks for students achieving level 3 (n = 25).�
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Figure 3. Interquartile range for C1 marks for students achieving level 4 (n = 101). �

�

 

The interpretation of letters 

In addition to the above quantitative analysis, the written answers were examined to 
understand what interpretations students were giving to the letters. In summary the 
following tendencies were noted: 

1. Letters were thought of as ‘objects’ rather than standing for numbers. 
2. Letters were assigned numerical values from the outset, rather than 

being seen as unknowns to be manipulated.  
3. A letter represented a specific number; different letters had to represent 

different numbers. 
4. A letter was seen as a specific unknown rather than a generalised 

number. 
5. A letter was perceived as standing for just a few possible values, 

perhaps restricted to discrete positive values, possibly extending to 
decimals, fractions or/and negative numbers. Sometimes there was 
evidence of the student recognising further possibilities as they thought 
through each set of results and considered the implications.  

6. Interpretation depended on the perceived context, e.g. a formula as 
against an equation.  

7. Letters were associated with particular roles; often x and y were 
introduced if the student felt two unknowns were needed. 

8. More than one interpretation might be used in a single question. 
 
There was also evidence that some students conceived of a letter as representing a 
unique object at the same time as being considered as a generalised number, 
suggesting that ‘letter as object’ can exist at various levels of formal thought, not just 
in concrete thinking. 

Discussion and conclusions 

Comparison of the facilities of the diagnostic items suggests that the majority were of 
a similar relative difficulty. The main exceptions were those involving the expansion 
of brackets which appeared to be a routine operation for many, and empirically these 
items fell into level 3.   

A concern was raised regarding the conditions under which the algebra test 
was administered. While the C1 examination was carried out under rigorous 
conditions, the algebra test was given in the classroom and there was some evidence 
that there had been some collaboration in two of the classes amongst some students. 
However, while this may account for the extended range at the lower end of the C1 
range for level 4 (see Figure 3), this was on a small enough scale not to undermine the 
results. 

From the assessment of the written results the ability to think formally 
emerged as a factor in performance at C1. However, while the use of late formal 
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thinking was an advantage in achieving higher C1 grades, it was neither a necessity 
nor a guarantor. This was seen in the wide spread of C1 marks across the cohort for 
level 4 students (given there may have been some collaboration), while some students 
working at level 3, or below, achieved A or B grades. Thus some students still 
achieved good grades without necessarily working in the abstract. Indeed, it was 
demonstrated that it was possible to achieve an A grade without working at level 3, 
suggesting that some students appeared to have alternative strategies for dealing with 
the more abstract questions.  

The analysis of students’ interpretations showed that restrictions on the 
meanings they accessed constrained the solutions available to them. Interpreting the 
letters as objects was not unusual and, where they were interpreted as generalised 
number, quite often the possibilities were restricted to a few positive integers. The 
perceived context influenced the interpretations used while in some responses it was 
evident that students used more than one interpretation as they thought through the 
problem. These results suggest that there are opportunities to develop methods and 
resources to aid thinking with the more abstract interpretations as well as to foster 
flexibility in shifting between meanings.    
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Professional development of Turkish mathematics teachers within a computer-
supported learning environment: changes in beliefs 

Umit Kul  

University of Leicester, UK 

The purpose of this study is to investigate the degree to which a 
professional development (PD) course based on the use of dynamic 
geometry affects the beliefs of school teachers with regard to three 
aspects: the nature of mathematics, teaching mathematics and learning 
mathematics. The PD course was designed to provide six teachers with a 
better theoretical and practical understanding of mathematics teaching and 
learning through interacting with computer-based mathematical activities 
that were consistent with the constructivist paradigm. The primary 
intention was to find out how participants in such a learning environment 
form their beliefs. The potential shifts in beliefs of the participants were 
identified using a pre-and post-course mathematical beliefs questionnaire. 
Overall, the results indicate that such efforts transformed teachers’ beliefs 
to some extent in favour of the constructivist view. 

Keywords: professional development, teacher beliefs, dynamic geometry 
 

Introduction 

The Turkish Ministry of National Education (MONE) has the responsibility to raise 
the quality of the educational system and to comply with the standards advised by the 
European Union. The curriculum designed for mathematics in primary schools 
addressed to pupils between the ages of 7 and 15, has been revised since 2005 by 
MONE as part of reforms aiming to move from a subject-based didactic model to a 
learner-based constructivist one. The new curriculum initiatives have also encouraged 
the introduction of technology applications into mathematics education. As expected, 
a great number of teachers tend not to depend upon recent pedagogical trends but 
rather on their personal conceptions when trying to implement the curriculum in their 
teaching (Handal and Herrington 2003). Therefore, teachers possess a different range 
of beliefs about curriculum, their own teaching, students’ learning, teaching and 
learning, in relation to mathematics (Shahvarani and Savizi 2007). Conceptions and 
beliefs about mathematics and its teaching and learning might be considered as good 
indicators of teachers’ teaching strategies in classroom (Handal and Herrington 2003). 
In short, teachers’ mathematical beliefs might reflect what is being taught and learned 
in classrooms. It might be argued that participants need support in adopting an 
approach based on a constructivist perspective and integrating technology in their 
teaching.  

Design of the PD course 

The first step of study was to design a course based on the use of dynamic geometry 
systems (DGS) to help mathematics teachers learn to teach for understanding by 
adopting an approach based on a constructivist perspective.  Six mathematics 
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teachers, all teaching pupils aged 12-14, participated in seven workshops. These 
aimed at providing experience with how to integrate mathematical software into 
mathematics education.  
 

�
Figure 5: PD course stages 

Introductory: 

The introduction part consisted of technical level activities designed to help the 
participants to obtain the basic skills needed for independent use of Geogebra. During 
the introduction, general information about the development and potential of DGS for 
teaching and learning mathematics was presented and discussed. This session, lasting 
3 hours, was to help participants become familiar with Geogebra. 

Exploratory: 

In the exploratory stage, investigational mathematical activities were adapted from the 
areas of the Turkish mathematics curriculum and Geogebra website. The second stage 
included five worksheets in which the activities were described (12 hours). The 
course participants worked on these activities in pairs. During pair work, I did not 
give examples or tell them how the tasks are solved. When group work was 
completed, they were encouraged to discuss their initial thoughts about activities. 
Such pair work was designed to help teachers keep in touch with each other and share 
their ideas about mathematics understanding. My involvement was only to initiate 
discussion or conversation.  

Home-based: 

Between the group workshops the participants were required to continue working on a 
home based exercise in their home in order to see the practical results of the pair study 
because they were able to apply their knowledge about Geogebra. Here, the main aim 
was to provide participants with a “protected environment” where they would be able 
to examine their experiences. Then they were asked to present their solution and 
findings each other at the beginning of each workshop. 

Literature Review 

Mathematics-related beliefs 

Teachers’ beliefs “seemed to be manifestations of unconsciously held views of 
expressions of verbal commitments to abstract ideas that may be thought of as part of 
a general ideology of teaching” (Thompson 1984, 112). They reflect how teachers 
come to enact their role in the classroom, their preference for classroom activities, and 
their approaches to teaching. These beliefs have been developed over years of 
schooling and frequently are reinforced by the existing culture of the education 
system. Ernest (1989, 249) strongly argues that “Teaching reforms cannot take place 
unless teachers’ deeply held beliefs about mathematics and its teaching and learning 
change”. The reform in Turkey was introduced by MONE through a top-down 
approach which disregards teachers’ conceptions and classroom practice and the 
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essential changes necessary to the adopted innovation (Perry, Howard and Tracey 
1999). Therefore, it is not easy to change (Chapman 2002) or transform a teacher’s 
long-held, and deeply rooted, conception. However, change takes place under such 
circumstances where the individual encounters novel information and experiences that 
contradict long-held beliefs (ibid). 

In order to understand how teachers learn and change, we have to look at 
teachers’ beliefs and conceptions about mathematics and categorize them. Ernest’s 
study in 1989 has tried to classify teachers’ beliefs about the nature of mathematics 
and its relationship with teaching and learning. These beliefs are a core element in 
determining the teacher’s characteristic patterns of instructional activities and 
ensuring that these are reflected in their classroom practices. Teachers’ mathematical 
beliefs are often classified into two or three view points in the literature. Perry, 
Howard and Tracey, (1999) distinguished two different patterns of beliefs among 
teachers, namely, the transmission view, and the child-centred view. According to the 
former view, knowledge is generally transferred to the student’s mind by the teacher 
and the student thus takes that knowledge without any active participation. This view 
encourages the explanation of concepts by the teacher and the students selecting rules 
and procedures to solve problems rather than constructing knowledge. Those teachers 
who hold a child- centred view encourage the student to make sense of the subject 
through self-discovery facilitated by a learner-based environment as they are 
challenged with learning experiences which build on and draw on existing knowledge.  

Potential of Technology and Professional development 

Computer applications have appeared throughout all aspects of the education system 
as a pedagogic tool which might improve higher order thinking and might also 
provide learners with a new perspective and vision. In particular, dynamic geometry 
systems (DGS) are designed to provide a learning environment where students can 
explore and reach an understanding of powerful mathematical ideas independently. 
That is to say, DGS can be seen as creating an empirical setting in which “students 
can construct and experiment with geometrical objects and relationships” and for the 
investigation of “a mathematical domain” (Hoyles and Noss 2003, 332-33). These 
software packages allow learners to seek patterns, to investigate and to check 
conjectures by building their own sketches. Erez and Yerushalmy (2006) suggest that 
learner-centred and active learning can be promoted by incorporation of DGS into 
mathematics education effectively.  

According to the principles of the constructivist approach, the teacher in the 
classroom should be a facilitator who encourages learners to take responsibility for 
their learning and play an active role in their process of acquiring knowledge. This 
process can be catalyzed in a computer environment through the interactive process of 
conjecture, feedback, critical thinking, exploration and cooperation. Therefore, the PD 
course was predicated on an interaction with computer-based investigational 
mathematical tasks. This challenge should involve researcher and teachers in 
exploration of mathematical situations, communication and application of new ideas. 
They can do this through individual and small group exploration, discussion and 
negotiation, all within a collaborative inquiry setting. In order to encourage 
mathematical thinking beyond the routine, participants engaged with mathematical 
tasks through inquiry by using Geogebra. 
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Methodology 

Procedure and Instrument 

This study is based upon research undertaken as part of my thesis.  One source of data 
for this study, reported here, was the use of pre-post questionnaires containing 36 
items dealing with teachers’ beliefs about mathematics and its learning and teaching. 
Questionnaire items had already been used in earlier studies and validated (Goos and 
Bennison 2002; Barkatsas and Malone 2005). Shifts in teachers’ mathematical and 
pedagogical beliefs were investigated by administering a questionnaire at the 
beginning and end of the 7 week PD course. Each section includes 12 statements 
about mathematical beliefs. Half of the items were phrased to reflect a constructivist 
view and half to reflect a behaviourist view 

Analysis 

Since the item scores ranged from 1 (Strongly Disagree) to 5 (Strongly Agree), and 
there were 6 teachers who completed questionnaires both pre-course and post-course, 
the total score on any item could vary from 6 to 30. Table 1 displays these totals for 
item pairs (i.e. negative and positive versions of the same construct) in each Section. 
Goos and Bennison (2002) note that the magnitude of scores is important for 
indicating the degree of support for each statement and they identify scores of 24 or 
more, and 12 or less, as indicating general agreement and general disagreement 
respectively with particular statements. That is to say, they identify the mean score of 
4.00 and higher as general agreement and of 2.00 and lower as general disagreement. 
However, the mean score of 3.40 as the expected level of agreement is suggested 
because a five-point scale contains 4 intervals and 5 categories with the ratio 4 / 5 
being equal to 0.8 (Aydin and Tasci 2005). However, we also adopt the mean score of 
2.60 as the expected level of disagreement as illustrated in Figure 1. 
 
 
 
 
 
 

 

 

Findings and Discussion 

Table 1 indicates the mean scores of the negative and positive versions of the same 
construct in the questionnaire before and after the PD course. It shows that the 
number of positive items which are higher than the expected level of agreement was 
16 both before and after the course. That is to say, the course did not influence 
teachers’ beliefs towards positive items in the questionnaire. They inclined to 
maintain or strengthen their beliefs throughout the course. Surprisingly, for the beliefs 
about the nature of mathematics, teachers disagreed only with the notion that there are 
different forms of mathematics in different cultures around the world. In other words, 
they expressed the view that mathematics is the same worldwide. These higher scores 
in positive items indicate that course participants appeared to have beliefs consistent 

Strongly Disagree Disagree Neutral Agree Strongly Agree 

1 2 3 4 5 
1.8 2.6 3.4 4.2 

DISAGREMENT AGREMENT NEUTRAL 

Figure 6: A Scale for Determining Agreement and Disagreement 
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with Perry, Howard and Tracey (1999) child-centred view regard to most items. It 
also shows the number of negative items which are lower than the expected level of 
disagreement: 2 before the course and 8 after the course. This may suggest that the PD 
course had some effect in changing teachers’ beliefs on the negative items. For 
example, as the mean score of the negative item Q10 is 2.83 before the PD course, it 
appears that the participant teachers tend neither to some agree nor disagree according 
to our measurement scale (see Fig 1.). However, after the PD course, the mean score 
of the same item reduced to 1.83. As a result, the teachers were less likely to believe 
that doing mathematics consists mainly of using rules. Another example to indicate 
the extent to which the PD course changed the teachers’ beliefs may be the item Q25. 
That item mentions that being able to memorise mathematical facts and procedures is 
important for mathematics learning. The mean score of this item was 3.50 and 2.17 
before and after the PD course respectively. This may suggest that participants 
appeared more in favour of having students to explore mathematical concepts, and 
were more likely to create a learning environment in which students could work 
cooperatively and take responsibility for their own work. 
  
Table 4 : Some examples of pre- and post-course responses to Mathematical Beliefs Questionnaire (n=6) 

 

Conclusion 

The purpose of the study was to investigate changes in teachers’ beliefs towards the 
nature of mathematics, teaching mathematics and learning mathematics following a 

Mean  Section 1. Nature of mathematics Mean 
Pre Post Item (positive) Item (negative) Pre Post 

2.83 3.83 

Q8. Mathematics is an 
evolving, creative human 

endeavour in which there is 
much yet to be known. 

Q6. Technical mathematical 
language and special terms are 
needed to explain mathematics. 

3.83 3.00 

4.33 4.83 
Q5. Doing mathematics 

involves creativity, thinking, 
and trial-and-error 

Q10. Doing mathematics 
consists mainly of using rules. 

2.83 1.83 

 Section 2. Teaching mathematics  

3.83 4.67 

Q16. Teachers should 
regularly devote time to allow 

students to find their own 
methods for solving problems 

Q13. The most important 
component of good teaching is 
that teachers show students the 
proper procedures to answer 

mathematics questions. 

3.67 1.83 

4.17 4.83 

Q18. Good mathematics 
teaching involves class 

discussion in which students 
share ideas and negotiate 

meanings. 

Q19. Children should receive 
knowledge from the teacher. 

3.83 2.50 

 Section 3. Learning mathematics  

4.00 5.00 

Q30. Teachers should value 
periods of uncertainty, 

conflict, confusion or surprise 
when students are learning 

mathematics. 

Q36. Mathematics learning is 
about learning to get the right 

answers. 
2.83 1.67 

3.50 4.33 

Q26. Students should be 
encouraged to build their own 
mathematical ideas, even if 
their attempts contain much 

trial and error. 

Q25. Being able to memorise 
mathematical facts and 

procedures is important for 
mathematics learning. 

3.50 2.17 
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professional development course based on the use of Geogebra. This programme, in 
line with a constructivist perspective, may allow participants to engage in 
mathematical tasks in meaningful ways so as to develop a better understanding of the 
role of the learner in a computer-integrated setting. This type of the course seemed to 
have supported participants to achieve a new understanding of mathematical learning 
and teaching. Therefore, the small scale study revealed that the PD course was 
successful to a certain extent� the number of items supports the child centred view 
rather than the transmission view increased from 18 to 26 out of 36. This may suggest 
that the PD course had an impact on a small number of participants’ espoused 
mathematics-related beliefs to some extent in favour of the constructivist view. 
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Mixed methods in studying the voice of disaffection with school mathematics 

Gareth Lewis 
University of Leicester 
 

Disaffection with school mathematics is a complex phenomenon as well 
as a serious problem. It is clearly related to affect, but the study of affect 
in mathematics education is also problematic. A case is made that it is 
necessary to study the phenomenon beyond the quantitative study of 
attitude in order to understand better the complex and multi-dimensional 
nature of disaffection and to understand the subjective experiences of 
students who are disaffected. In order to do this, new methods and 
approaches are needed. This paper reports on a study of disaffected 
students of mathematics in a Further Education College. It describes the 
novel methods used to understand disaffection as a motivational and 
emotional phenomenon. The paper outlines a range of quantitative and 
qualitative methods used to elicit the subjective reality of disaffected 
students in relation to mathematics. It provides an opportunity to evaluate 
these methods, and their efficacy in capturing the dynamic nature of the 
motivational and emotional reality behind the phenomenon of 
disaffection. 

Keywords: disaffection; motivation; mixed methods 
 

Literature Review 

Disaffection with school mathematics is a serious problem. Concern about standards 
of achievement, both in the public domain in general, and in the research community 
specifically, have fuelled interest in the phenomenon. Disaffection is seen as related to 
poor performance, and is often identified and measured by attitude. Smith et al. 
(2005) in their review of motivation in schools speak of current concern about 
significant numbers of pupils who are becoming disaffected and disengaged. 

Alongside problems in attainment, evidence of negative attitude has also been 
documented. The Smith Report pointed out: “the failure of the curriculum to excite 
interest and provide appropriate motivation” (Smith 2004, 4). The report goes on to 
say: “(for many) GCSE Mathematics seems irrelevant and boring and does not 
encourage them to consider further study of mathematics.”  

However, disaffection itself has not received the attention that this negative 
impact deserves. In the UK there have been a number of studies. Nardi and Steward 
(2003) widened the definition of disaffection to include the ‘quiet disaffection’ that 
they discovered in school pupils. Kyriacou and Goulding (2007) reported on the 
effectiveness of teaching strategies to raise the motivation of pupils studying 
mathematics in schools. They recognized the importance of encouraging student 
engagement in mathematics, and they refer to “the need for researchers to make 
greater use of measures and indicators of pupils’ motivational effort” (2007, 2). They 
proposed a model that related attitude to motivational effort and thus to attainment.  
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Brown, Brown, and Bibby (2007) examined reasons for participation and non-
participation in mathematics post-16. They noted that 37% of students characterized 
mathematics as boring, and they identified the perceived difficulty of the subject and 
low efficacy as other key factors that influence students in not choosing to study the 
subject further. Interestingly, and in contrast to Nardi and Steward, they encountered 
disaffection charged with negative emotion. This suggests that the phenomenon of 
disaffection may be more complex than the statistical study of binary oppositions such 
as positive and negative attitude or positive or negative self-efficacy represents. Since 
disaffection is clearly related to affect, and since affect itself is highly complex and 
problematic in research terms (Hannula et al. 2010), then this is perhaps not 
surprising. Support for this argument comes also from other sources. For instance, 
Cremin, Mason, and Busher (2011) also conclude that disaffection is more complex 
than simple categorisation allows. 

This complexity surrounding attitude to mathematics education has been 
recognized more widely.  Schorr and Goldin argue for “the need to study affect more 
deeply than the study of attitude permits” (2008, 132).  And further ‘It is increasingly 
clear that the functioning of affect is far more complex than is suggested by 
considerations of positive versus negative emotions and attitudes.’ (ibid, 133). The 
Cerme group on affect has noted the multidimensional and complex nature of affect 
and the need to widen the methods used to study it (Hannula et al. 2010). 

The current study 

The current study was undertaken with the purpose of understanding more fully the 
phenomenon of disaffection beyond attitude. Only by understanding the problem 
more fully and in all of its complexity is it possible to gain traction on the problem 
and make it subject to improvement through policy, curriculum or teaching practice. 
In addition, there is too little evidence of the subjective experience of disaffection 
from the voice of the student. Thus the current study was conducted from a 
phenomenological and constructivist position, with a focus on motivation and 
emotion. Reversal Theory was used as a coherent account and framework of 
motivation and emotion from a phenomenological perspective (Apter 2001). 

The study involved students in two further education colleges. Since ‘failing’ 
mathematics in school, they are required to study a Use of Mathematics course. It is 
thus likely that many of these students will be disaffected with mathematics. 

The methods 

A mixed methods approach was adopted, with a quantitative survey used alongside a 
range of qualitative methods to elicit aspects of the experiences and the subjective 
meanings of that experience. 

The Tension and Effort Stress Inventory (TESI) (Svebak 1993) was designed 
to be a one-page survey measure with an integrative orientation to the experience of 
stress. It is based on the Reversal Theory account of unpleasant emotions or moods. 
“The TESI has proved to be a practical instrument for quantitative assessments of the 
subjective experience of exposure to stressors.” (Svebak 1993, 204). It can be used on 
a face-value basis without recourse to the theoretical assumptions inherent in its 
design. A stressor is a source that gives rise to the experience of unpleasant emotions 
(called tension-stress). Tension stress is the perceived difference between our 
motivational need at that moment compared to our felt experience. The eight 
emotions are: boredom, anxiety, anger, sullenness, humiliation, shame, resentment, 
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guilt. It is reasoned that disaffection will be associated with the experience of such 
unpleasant emotions. The test was adjusted to make the wording appropriate and 
relevant to the mathematics education context (TESI-ME). In addition, the labels for 
the emotions were altered where necessary to reflect current language use within this 
social context. Students were asked to report the degree to which, in relation to 
mathematics, they experienced stress, effort, and eight negative emotions on a Likert -
type scale from 1 to 7. 130 students were surveyed. 

The questionnaire was seen as a way of characterising disaffection through 
emotion rather than attitude. In effect it provides answers to the questions; ‘how 
stressed are you about mathematics?’ and ‘how do you experience that stress?’  

In terms of overall stress, the mean score was 4.4 (out of a possible 7), 
suggesting that the experience of stress is present and strong for many in this 
population. 26 of the students (21%) scored 6 or 7, but there were large individual 
variations. Effort scores were also high (mean = 4.7). However, it can’t be discounted 
that there is an element of social desirability in the effort scores. If we look at the 
mood scores themselves, boredom stands out as the most problematic (mean = 4.1). 
Within the distribution, anxiety, humiliation, shame and guilt also figure. If we look at 
individuals, we see a wide variation in responses. The mean for the total stressor score 
(by totalling the eight mood scores for each respondent) is 21.4, with individual totals 
ranging from as low as 9 up to 53 (out of a possible 56), and with 20 students (16%) 
scoring 32 or more. Individual responses to the survey were available and discussed in 
the subsequent interviews. 

Qualitative data was acquired in interviews. However, since the population 
was likely to include students who may not be highly articulate about their own 
motivational and emotional landscape, it was decided to employ a number of 
techniques to provide stimulus and structure to the elicitation of data. There are 
precedents for such techniques in social-psychological research, and more specifically 
in educational research. However, there is very little evidence of their use in 
mathematics education research. 

One of these methods (‘me and mathematics’ – see below) is a participant-
generated visual technique. Such visual methods are increasingly being used in 
educational research, as they seem to be particularly useful for younger, less articulate 
or marginalised groups (Davidson et al. 2009). Chula (1998) has investigated the use 
of drawings as a methodological technique for visual data analysis in the study of the 
perceptions of adolescents’ experience of education. She concluded that drawings are 
useful as a singular source of interpretive inquiry, and she makes the case for 
drawings in research as an alternative, non-discursive form of knowing. Chula sets out 
a number of purposes that the use of drawings can satisfy. These include: as a 
stimulus to the retrieval of thoughts; as a means of expression  and articulation where 
words are difficult to find; as an interface between the interviewer and the individuals. 
She also points out that a further advantage is that new and emerging theories of 
learning have implied a range of learning styles, and that the techniques under 
discussion can offer a means of expression for people with more visual styles of 
learning. 

Borthwick (2011) also uses visual techniques in her investigation of young 
pupils’ views in relation to their experience of school mathematics. She points out that 
visual representations can be used to elicit expressions and emotions for pupils for 
whom verbal expression may not be easy. Davidson et al. (2009) also argue the case 
for the use and acceptance of visual sources in qualitative research. Their study 
encompasses a number of features that characterise the most important affordances of 
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using visual sources. One of these is the access they give to complex realities and 
multi-layered meanings in the subjective experience of those studied. That these 
methods are able to access meanings, interpretations and themes not possible through 
other methods is also reported by Sewell (2011). Dottin talks of ‘the hidden 
consciousness of their experience’, and states that ‘visual images have the capability 
of bypassing cognitive defences of our experience to tap directly into our emotional 
and spiritual/intuitive zones of consciousness’ (Davidson et al. 2009, 10). 

However, a number of commentators also point out that such visual data can 
be reinforced by combining it with other means such as interviews. For instance, 
Chula states “When interpreting beyond what is visible and descriptive, other 
methodological techniques such as written narrative and interviews are necessary to 
clarify ambiguity and vague symbols, and to maintain the integrity of the stories told” 
(Chula 1998, 1). This is echoed by Croghan et al. who say “combining verbal and 
visual forms of self-presentation allows individuals more scope for presenting 
complex, ambiguous and contradictory versions of the self” (2008, 355). Chula also 
points out the importance of the interview alongside the drawing. This not only allows 
for the elicitation of meaning within the drawings, but allows for the elicitation of 
data beyond the drawing itself. 

Another methodological approach used was the card sort. Based on the 
original idea of the Q-sort, developed by William Stephenson in the 1930’s, the use of 
techniques of selecting/sorting prompts presented on cards has been used and 
developed over the years in psychological and sociological research. Indeed there has 
been a substantial number of papers published referring to the technique (Thomas and 
Watson 2002). They comment that the method offers ‘a powerful, theoretically 
grounded, and qualitative tool for examining opinions and attitudes.’ (Thomas and 
Watson 2002, 141). Although the original method is structured by having participants 
rank statements on cards, and thus producing quantitative analyses, the method used 
in this study was modified by simply asking participants to choose cards that 
represented their own experiences. These choices could then be discussed at 
interview. We can now look at the individual techniques. 

Life history 

This instrument, labelled ‘Me and mathematics’, is a grid with a horizontal axis 
marked out with school years 1 through 12, and a vertical axis marked from -5 to +5. 
Students were invited to place a point on the scale for each school year. In this way, 
they plotted visually their mathematics life history.  This was then discussed in the 
interview, with particular attention given to the ‘dips’. This simple instrument enables 
the exploration of the question; ‘How has your relationship to mathematics changed 
over the years’, and subsequently, ‘What causes rises and falls in affect?’ The sample 
of 22 students is not big enough or representative enough to allow for generalisation. 
If there is one pattern it is that there is no pattern – the responses are highly 
individual. In about a third of these life histories, the early years are most positive, but 
for 6 of them, the early years are the most negative. For another third, there is a dip on 
transfer to secondary. One interesting feature is the influence of contingent factors 
affecting ‘dips’ which emerged. Moving country, being ill, losing a parent and a 
whole range of out-of-classroom factors had a massive (and often poignant) effect. 
Two key factors that seem to be associated with dips in affect are testing and being 
placed in a lower grouping – what Boaler (2010) has called ‘brutal labelling’. 
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Card sort 

During the course of the interview, students were then offered two sets of coloured 
cards in turn and asked to choose those cards which represented something 
meaningful about their own experience of mathematics. The first set of cards 
represented positive emotions, as indicated by Reversal Theory. The emotions 
included: excitement/curiosity, relaxed, mischievous/playful, proud, virtuous, modest, 
grateful. In the second set, each card was labelled with a motivationally significant or 
valent word or phrase – again all positive. Again, these were suggested by the eight 
motivational states as defined in Reversal Theory. They included: feeling cared for, 
sense of achievement, freedom, sense of purpose, helping others, powerful/in control, 
feeling part of the group, having fun, sense of duty. The card sort is an attempt to 
understand the presence of more positive affect in the experience of these students. In 
effect, it answers the questions: ‘In what ways do you feel positive emotion, what 
motivates you, and where do you derive satisfaction?’ All students were able to 
identify positive emotions and feelings, and to describe in quite vivid ways how these 
come about, and their meaning for them. 

The most chosen positive emotions were pride and relaxation. Pride was 
usually associated with being able to understand or do something, or to the 
achievement of test or exam results. Relaxation relates to the experience of being able 
to cope, to do what was being asked. It is the absence of anxiety. Mischievous/playful 
and excitement/curiosity were chosen by approximately a quarter of the interviewees. 
The two most chosen cards representing feelings related to individual states were 
achievement and helping others (both chosen by half of the students). Other cards 
chosen frequently include freedom, being part of the group, fun/enjoyment, 
powerful/in control and sense of duty. These choices were supported by strong 
personal stories and examples. It is interesting to see that the experience of 
mathematics, even for the most disaffected, is punctuated by these more positive 
affect and episodes. This in turn suggests that aspects of their motivation are, as it 
were, ‘turned on’ and alert for motivational opportunities and experiences.  

The interviews were conducted with the TESE-ME available, and the life 
history and card sort were administered during the conduct of the interview. These 
were then explored during the interview. Also included in the interview flow were 
questions about best and worst experiences of mathematics, and questions around 
attributions for success/failure. It is feasible to view the data relating to each 
individual as a holistic case study with a range of data sources. In this case they are 
highly individual and even idiosyncratic. A small number of the interviews can be 
characterized by a ‘dominant narrative’ – being suffused with an over-riding theme 
that weaves in and out of the narrative. Examples include ‘struggle’, confidence (loss 
of), and competitiveness. The data can also be analysed method-by-method. These 
will be reported more fully in future publications. 

For now we can say that each of the methods has been successful in eliciting 
rich data about the motivational and emotional landscape of disaffected students, and 
that the emerging themes and messages are worthy of fuller analysis and reporting. 
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Explicit and Implicit Pedagogy: variation theory as a case study 

John Mason 
University of Oxford and Open University 

Variation theory, promoted by Ference Marton and colleagues (Marton 
and Booth 1997, Marton and Trigwell 2000, Marton and Tsui 2004, 
Marton and Pang 2006) and augmented by Watson and Mason (2002, 
2005) has roots going back at least as far as Isocrates (Papillion 1995). It 
proposes that learners must experience variation in the critical aspects of a 
concept, within limited space and time, in order for the concept to be 
learnable. But the presence of variation does not in itself guarantee that 
that variation will be experienced. As Kant implied, a sequence of 
experiences does not guarantee an experience of that sequence. Implicit 
variation theory assumes that the presentation of variation is sufficient in 
order for learners to learn what is intended, whereas explicit variation 
theory incorporates some degree of explicitness in the interaction between 
teacher and student.  

The conjecture is proposed that tension between explicitness and 
implicitness is present in all attempts both to implement theories in 
practice and to justify or analyse pedagogical choices using theories, of 
whatever kind.  

Keywords: Variation theory, pedagogy, explicit, implicit 

Introduction 

Much of mathematics education research into teaching and associated learning can be 
seen as an attempt to delineate conditions under which intended learning will take 
place. To improve learner experience and to improve the effectiveness of teacher-
learner interaction is to implement practices that have been shown to be effective.  
Unfortunately, in almost every case, neither the practices themselves nor the milieu 
(Brousseau 1987) nor even indeed the didactic contract (Brousseau 1984) are 
described sufficiently precisely to enable someone else in some other situation to 
replicate the relevant actions and conditions.  

My own position is that such a programme is unrealistic if not untenable, since 
cause-and-effect is an inappropriate mechanism either for analysing or for explaining 
how human beings behave creatively (as opposed to habitually where it may be an 
appropriate mechanism). My justification is that although human behaviour is largely 
mechanical, in the sense of the automatic activation of habits in reaction to situations, 
human beings are also capable of exercising will. As Jonathon Swift (1726) put it, 
“man is not a rational animal, but an animal capable of reason”. It is true that Skinner 
(1954), Pavlov (1924/1963) and colleagues showed conclusively that animal 
behaviour, and (much of) human behaviour is trainable through stimulus-response 
management, and Norretranders (1998) has argued convincingly that the assumption 
that human beings act through the activation of conscious intentions is (largely) an 
illusion. However the wilful component of the human psyche is ever present. 
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The issue of automaticity, of distinguishing between automatic, habitual 
reaction and intentional, considered response lies at the heart both of implementing 
theories and of using theories to justify pedagogic choices in mathematics education. 
A teacher adopting an implicit stance assumes that actions informed by and derived 
from a theory will have a predictable outcome, while a teacher adopting an explicit 
stance assumes that for many if not most learners it will be necessary to draw 
attention explicitly to what is available to be learned. Of course few teachers are at 
either extreme, but my contention is that this tension plays out in every classroom 
every day. 
 One manifestation of an implicit-explicit distinction was the strong suggestion 
(never actually statutory in the UK) that lesson objectives should be made explicit at 
the beginning of each lesson, and that these objectives should be returned to at the 
end. The assumption seems to be that human beings need to ‘know where they are 
going’ in order to get somewhere; that in order to learn from experience it is 
necessary to know what that experience is intended to be. It contrasts strongly with 
the underlying approach to pedagogy manifested in Eastern martial arts (Herrigel and 
Hull 1985) as manifested in the Karate Kid films (1984), where knowing what the 
experience is supposed to be would nullify or even negate that experience. The same 
holds for both Zen and Sufi teaching traditions (Harding 1961, Shah 1964, Cleary 
1993).  

Experience trying to specify learning objectives in the 1970s at the Open 
University suggested to me that expressing what was as yet unknown, in language the 
learner can appreciate before they have that experience, is highly problematic and that 
learners rarely engaged with the preliminary agenda setting, placing trust in the 
teacher-author to provide suitable tasks and resources. Further probing suggested that, 
at least for many Open University students, the question “why are we doing this?” 
arose predominantly when success seemed elusive or out of reach; when things are 
going well, there is no impetus to question the why’s and wherefore’s. Furthermore, 
and much more importantly, Dick Tahta (1980) distinguished between the outer task 
(what learners are invited to engage in) and possible inner tasks (what learners might 
experience or come up against). If someone knows or expects what they are ‘supposed 
to’ or are ‘likely to’ experience, they can either act so as to block that experience, or 
prematurely imagine that they have undergone it. This nullifies the intentions of the 
task, rendering it much less likely that suitable learning will be promoted. This raises 
the question of what constitutes learning. 

What then is learning? 

Marton (in Marton and Booth 1997) proposed that something is available to be 
learned only when it has been experienced through being varied. Watson and Mason 
(2005) went further in the context of mathematics to propose that to learn concepts in 
mathematics is to become aware of aspects that can vary in examples while remaining 
as examples, and to become aware of over what range that change can take place. 
This gives rise to the constructs dimensions of possible variation and range of 
permissible change. The word ‘possible’ is intended as a reminder that what the 
teacher is ware of as a dimension of variation the students may not be, and different 
students may stress different aspects.  Indeed, different teachers, and even the same 
teacher at different times, may stress different aspects. The word ‘permissible’ is 
intended s a reminder that students and teacher may vary considerably on the universe 
of discourse, on the objects being considered.  
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For example, shown a drawing depicting an ‘angle’, some students may attend 
to the length of the arms or the implied gestalt of the space between the arms in 
relation to measure. Through exposure to the same ‘specific angle’ with arm lengths 
varying, and acted upon by translation and rotation of the whole diagram, ‘specific 
angle’ is what remains invariant under all of these actions; exposure to one or both 
arms varying so that the ‘specific angle’ itself changes ‘angle’ is what remains 
invariant as the ‘angle itself’ changes magnitude. Such multi-level invariance occurs 
whenever the concept being considered is associated with a measure.  

As examples of the range-of-permissible-change, when the word ‘number’ is 
used, students may find themselves with access to small whole numbers while the 
teacher is thinking of all integers, all rationals, all reals, or beyond. The word 
‘quadrilateral’ may bring to mind a rectangle or parallelogram, or a convex figure, 
rather than stimulating access to the wide range of possibilities, including extreme 
examples (e.g. very very large edges or area, very small area, one angle close to 0 in 
value etc.). 

The issue of degrees of explicitness of awareness of dimensions of possible 
change and ranges of permissible change remains subtle.  Often it is the case that even 
without any explicit articulation or expression, learners incorporate (literally) these 
awarenesses. On the other hand it is well known that learners make natural but 
incorrect or incomplete assumptions, as evidenced for example in the construct of 
figural concepts (Fischbein 1993).  

The way that variation is employed explicitly in sets of exercises is beautifully 
illustrated by the exercises in Krause (1975), but something similar can be found in 
many sources such as the first set of exercises in George Albert Wentworth’s First 
Steps in Algebra (1894, 10). Before even introducing negative numbers, the task is to 
‘remove the parentheses and combine’ (not simply get the arithmetic answer).  

 

Note the variation between adjacent exercises, and 
adjacent sets of exercises. What is the student to 
make of this? 

The fact that the arithmetic is simple means that 
students can check their answers (by doing the 
bracket first and then completing, or by using their 
parenthesis-free version. Note the way in which 
the shape or form varies from exercise to exercise.  

There is no point in setting “odd numbered exercises for homework” since it is 
the relationship between exercises that really matters (Watson and Mason 2006). 
Might it be sufficient for students to work through these (one by one, with little or no 
attention to how they are related)? Or does learning-effectiveness depend on students 
spotting connections, or even on students articulating the ‘rules’ that they are 
experiencing being instantiated.  In other words, who does the generalisation and how 
conscious does it need to be? The practice in Wentworth’s books is to provide two 
‘examples’ and then to state a general rule, followed by structured exercises like 
these.  

An even more structured approach can be found in Tuckey (1904). The extract 
here is adapted from the original: 

Multiply each of the terms in the top row by each of the terms in the bottom row, 
in pairs: 

  x + 1 x + 1 x + 2 x + 3 
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  x – 1 x – 1 x – 2 x – 3 

The variation available in the form of the answer (two terms or three) and 
relationships between the constants in the factors and the coefficients in the product 
seem likely to provoke conjectured generalisations. But might it be possible for some 
learners simply to record the answers (however obtained) without being alert to 
patterns in the answers?  Might it be possible for a teacher to be unaware of the 
benefits of learners looking for quick ways to get all the answers and so to encounter, 
perhaps even to articulate, relationships? How explicit might a teacher need to be? 
And might this explicitness vary from situation to situation? 

The notion of variation has deep roots. Papillion (1995) finds resonances in 
Isocrates (436-338 BCE) and coins the term hypodeictic rhetoric: 

… rhetoric that uses praise and blame  -- mostly praise -- and a strong sense of 
comparison to set out situations as examples for those around to learn and from 
which those around could create policy for the future (1995, 158) 

… joining narration with argument through praise by comparison (ibid,  159). 

Confucian culture education often makes explicit use (Liu Yizhu 2004) in a manner 
similar to Wentworth and Kraus, and it can also be found in Russian textbooks. 
Davidov (1972/1990, 6) proposed that  

“the completeness and adequacy of the generalization depend on the breadth of 
the variations of the attributes that are combined, on the presence in the raw 
material of highly “unexpected” and “unusual” combinations of the common 
quality with the concomitant attributes or form of expression." 

Thus variation seems to be considered to be effective when it generates disturbance of 
some sort for the learner, which fits with the theory of cognitive dissonance of 
Festinger (1975).  

Central Issue 

Using the word suffer in its original sense of ‘to experience’, is it sufficient to ‘suffer’ 
variation, for learning to take place? More generally, for any theoretical construct 
used to inform or analyse pedagogical choices, is it sufficient to ‘suffer’ a sequence of 
actions in a succession of activities, for learning to take place? 

Alf Coles (personal communication) pointed out that there are potentially 
levels or degrees of explicitness.  For example, the Wentworth task on parentheses 
might be expected to have the effect of constantly bringing the learner ‘up short’ due 
to continued variation in at least one aspect of the exercises, in contrast to repetitive 
but unstructured exercises. The Tuckey exercise could be seen as repetitive, but it 
could be that the strength and value of the exercise lies precisely in the (assumed 
natural desire on the part of the learner) to reduce effort by finding patterns to predict 
answers.  

This matches my own analysis of interactions between teacher, learner and 
mathematics (Mason 1979) in which, for example, rather than denigrating exposition 
as an outmoded mode of interaction, arranging that learners are in a position to 
hear/see what is being said/displayed can release the power available in effective 
exposition. This takes effort on the part of teachers as well as learners: in order to 
experience the clichés “I see what you are saying” and “I hear what you are saying”, it 
is necessary for the teacher to be clearly ‘saying and displaying or pointing out what 
they see/hear’, and for the learner to have had recent experience that prepares them. 
For example, Bob Burn (2008) presented a collection of pre-lecture tasks which have 
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been used to prepare learners to make sense of and to appreciate a subsequent lecture, 
as well as tasks for following up such experience so that learners encounter significant 
dimensions of possible variation and associated ranges of permissible change. 

Exposition is but one of six different modes arising from an analysis of the 
initiating, responding and mediating roles played by three impulses (teacher, student 
and mathematics) within a milieu (Mason 1979). Although these interactions can take 
place spontaneously, one of the components must take the initiative, one must 
respond, and one must mediate in order for anything to happen. In other words, 
appropriate conditions are essential.  These act as catalysts and contexts which hold 
and direct energies so that the action can take place, rather than exerting a cause-and-
effect structure on the activity. 

Many authors have drawn attention to the issue of explicitness and 
implicitness. Chazan and Ball (1999) point to the importance of teachers using 
explicit prompts. Goos (2004) also argues that such prompts are important in order to 
connect with students’ thinking and to point to how that thinking needs to be 
extended—especially when students appear locked into one solution strategy, or when 
whole-class discussion appears to be making no progress. 

It seems therefore that no matter how detailed the constructs used to inform 
specific pedagogic strategies and particular didactic tactics, the complexity of human 
learning calls for artful sensitivity on the part of the teacher in relation to learners, as 
to when and in what ways to shift attention from the doing of tasks to becoming aware 
of what was effective and what ineffective in the doing of those tasks, what 
mathematical themes and concepts have been involved, and what more could be 
explored about them. In other words, it is part of the art of teaching to make choices 
about appropriate degrees of explicitness about what it might be useful for students to 
have ‘come to mind’ in the future in similar situations.  
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Grammatical structure and mathematical activity: comparing examination 
questions 

Candia Morgan*, Sarah Tang*, Anna Sfard** 
*Institute of Education , University of London; **University of Haifa 

The project “The Evolution of the Discourse of School Mathematics 
through the Lens of GCSE examinations” is studying the ways in which 
the mathematical activity expected of students has changed over the last 
few decades by analysing the discourse of examination papers, using 
linguistic tools. In this paper we present one aspect of this analysis, 
comparing the grammatical complexity of sentences in questions from 
1987 and 2011. We discuss the implications of differences in grammatical 
structure for the nature of the mathematical activity demanded of students. 

Keywords: examinations, discourse analysis, readability, grammatical 
complexity 

Introduction 

Over the last decades there has been on-going public and academic concern about the 
nature and standards of school mathematics. This concern has driven frequent 
revisions of curriculum and examinations, yet controversy continues and there are 
contradictory opinions about the effects of reforms. The project “The Evolution of the 
Discourse of School Mathematics through the Lens of GCSE examinations”4 aims to 
investigate changes in school mathematics in England, asking what has changed since 
the introduction of the GCSE (General Certificate of Secondary Education) 
examination in the mathematics that pupils are expected to learn and in the way they 
are expected to approach mathematics. We take national examinations at 16+ to be 
our ‘window’ onto the evolution of mathematics discourse in English schools. The 
existence of an intimate relationship between high stakes examinations and 
curriculum and pedagogy has been well established (e.g., Broadfoot 1996) and has 
been an explicit focus of debate about the design of assessment tasks for school 
mathematics (e.g., Bell, Burkhardt, and Swan 1992). Therefore, although the 
discourse of examinations has distinct characteristics, we see changes in examinations 
as a good index of changes in school mathematics. High-stakes examinations such as 
GCSE play an important role in the mathematics students experience, influencing the 
content of teaching, the ways tasks are defined and the kinds of student responses that 
are valued.  

Rather than comparing syllabi or teaching methods, we seek to probe deeply 
into the nature of the mathematical activity construed by examination texts and 
expected of students by developing and applying a discourse analytic approach, 
drawing on Social Semiotics (Bezemer and Kress 2009; Halliday 1978; Hodge and 
Kress 1988; Morgan 2006) and Sfard’s theory of mathematical thinking as 
communicating (Sfard 2008). Studying discourse in this way allows a subtle 
characterisation of the nature of mathematics and of student mathematical activity 
constructed through the forms of language used in examination papers. We argue that 

                                                 
4 Funded by ESRC grant reference: RES-062-23-2880 
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the analysis of change produced by this approach will provide insight into how 
changes in curriculum and assessment may affect students’ mathematical learning. In 
this paper, we present one small part of our developing analytic framework, focussing 
on the issue of grammatical complexity. We will discuss some examples taken from 
examination papers from different years, considering how differences in grammatical 
complexity may affect the nature of students’ mathematical activity. 

Language, Mathematics and Assessment 

Our theoretical perspective on the relationship between language and mathematics 
sees difference in the form of language to be associated with different construal of the 
nature of mathematics and mathematical activity (Morgan 2006; Sfard 2008; 
Schleppegrell 2007). However, within the literature on assessment, concern has 
generally been with the effects of language on the difficulty of tasks. For example, 
studies of examination questions have identified factors such as the structure of the 
question (Pollitt et al. 1998), use made of diagrams, technical notation and language, 
the number of steps required and the demand for recall of knowledge or strategies 
(Fisher-Hoch, Hughes, and Bramley 1997) to affect the difficulty of questions. 
Shorrocks-Taylor and Hargreaves (1999) summarise the findings of research into the 
syntactic aspects of mathematical text that may make reading more difficult. One of 
the issues arising from this review may be characterised as grammatical complexity, 
including large numbers of subordinate clauses and the common use in mathematical 
text of nominal clauses as the subject of sentences.  

In recent decades, examination boards and test designers have sought to 
reduce difficulties seen to arise from the language of examination questions in an 
attempt to construct instruments that provide measures of mathematical knowledge 
and skills that are not invalidated by student difficulties in reading the questions. We 
too are interested in the validity of examinations, but rather than conceptualising this 
as involving some “pure” mathematical meaning that may be in danger of being 
obscured by complex language, we are concerned with how simplification of syntax 
or other changes to the language of a question may alter the nature of the 
mathematical activity demanded of students. 

Measuring grammatical complexity 

Our intention in this paper is to investigate how grammatical complexity may have 
changed over the period of the GCSE examination and to consider how any such 
variation might affect the nature of mathematics involved in the examinations. It is 
thus necessary to characterise grammatical complexity. We choose to do this in a way 
that allows us to take account of the potential reading difficulty caused by subordinate 
clauses identified by Shorrock-Taylor and Hargreaves (1999). In the present context, 
therefore, the focal property of language is its recursivity, that is, the fact that a unit of 
language such as a clause, phrase or word can be decomposed into similar elements 
which, in turn, can be decomposed according to similar principles, and so on. Guided 
by ideas drawn from systemic functional linguistics (Halliday 1985), we focus our 
analysis on the fundamental functional components of the sentence: Participant(s), 
Process, Circumstance and Value. Interpreting these functional components, we 
consider Participants to be the objects, whether mathematical or ‘everyday’ that are 
significant in the mathematical activity presented in the examination paper. Processes 
are the actions, Circumstances contextualise the activity and Values are the qualities 
assigned to objects. In this paper, we have space only to present analysis of the 
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complexity of the Participants. (It is, of course, also possible to identify components 
within subordinate clauses as well as at sentence level but we have not pursued the 
analysis to this level.) 

 We have adopted an operational definition that uses the recursive depth of a 
component as a measure of complexity. Here, recursive depth is the maximum 
number of decompositions that can be performed. Decomposition is possible when a 
unit of language (clause, phrase, word) contains a unit of the same or higher rank. 
Halliday identifies a strict hierarchical scale of “rank” of grammatical units: “A 
sentence consists of clauses, which consist of groups (or phrases), which consist of 
words, which consist of morphemes.” (1985 p.25) For example, the phrase “in the 
chart drawn from this data” contains a higher ranked unit, the clause “drawn from this 
data”. This decomposition is represented using brackets: [in the chart [drawn from this 
data]]. 

The example in Table 1 shows the parsing of a Participant in one sentence 
from an examination question posed in 1987: the nominal phrase the values of x 
where y has a maximum or minimum value. The complexity, or recursive depth (in 
this case 3), is given by the number of rows needed to complete the decomposition.  
Table 1: Example of recursive decomposition 

������������������
�������������������
����������� ����

�
��������������� ���
�������������������
����������� ����
� � � � ������������ ����� ����
������� �� ���������
��������� � �����

Note that, while the clause where y has a maximum or minimum value is not 
recursive, the nominal group maximum or minimum value can be decomposed 
recursively in that it contains a phrase (i.e. a constituent of the same rank) maximum 
or minimum. In the rest of this paper, to save space, we represent the decomposition 
using square brackets rather than a table: 

!
���������� !���� "�!���
���������� !���������
�������� "������ """ 

Sampling strategy 

In order to develop and test our analytic tools at this initial stage of the project, we 
have worked with a small sample, including the higher tier papers from one 
examination board for two years: 1987 (the joint ‘O’ level/CSE syllabus in the final 
pre-GCSE year) and 2011. Although the formal composition and names of 
examination boards have changed several times over the period included in this study, 
there has been a high degree of continuity in the regional, institutional and personnel 
composition, allowing us to consider them to be “the same” over time. Within each 
paper, the questions were divided into sentences. Using the software myWordCount 

(http://www.mywritertools.com/Products_wordcount.asp), the number of words per 
sentence was counted. Assuming that longer sentences tend to be more complex, we 
aimed to analyse the longest 20% in each paper. All sentences of the length at the 20th 
percentile were included, so in practice rather more than 20% of the sentences in each 
paper were selected for analysis. 

Results 

In this paper we have space to present and discuss only the results for the Participant 
components. The recursive depths of these components are shown in Table 2 below. 
Compared to 1987, the 2011 distribution is strongly skewed towards simpler 
components. 
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Table 2: Recursive depth of Participant components 
Recursive depth 1987 2011 All papers 

1 15 23% 30 43% 45 33% 

2-3 40 61% 33 47% 73 54% 

4-6 11 18% 7 10% 18 13% 

Total 66 100% 70 100% 136 100% 

It is interesting to note that, among the most complex Participants in 2011, the 
majority can be characterised as ‘everyday’ objects, e.g.: 

 [the amount [of each ingredient [needed [to make 15 Flapjacks]]]] 

[information [about the points [scored [by some students [in a spelling 
competition]]]]] 

while the most complex Participants in 1987 include more specialised mathematical 
objects, e.g.: 

[the graph [of the curve [y=5+3x-x2 [for -2� x� 5]]]] 

 [the volume [of material [required [to construct a pipe [of length [one metre ]] 
[having this cross-section]]]]] 

Compared to these 1987 examples of depths 4 and 5, the most complex specialised 
mathematical objects Participants in 2011 are of depth 3, e.g.: 

[the expression [which is a factor [of 4n2 �1]]] 

[points [on the circumference [of a circle]]] 

The reduction of complexity has thus affected the mathematical objects while 
everyday components retain complexity. 

In 1987, there are several cases of Participants involving material objects to 
be measured to a given degree of accuracy. The recursive structure of these can be 
both deep and broad (see example below). In contrast, mensuration tasks in 2011 
either do not specify the unit to be used or indicate it next to the answer space. Where 
the degree of accuracy is specified, this is done in a separate sentence. A task that 
might be presented in 1987 as: 

Calculate [the area [in cm2 [to 2 decimal places]] [of the shaded region]]. 

would be likely in 2011 to be presented as: 

Calculate [the area [of the shaded region]]. 

Give [your answer [correct to 2 decimal places]].  
 

………………… cm2 

In the first case, the unit and the degree of accuracy are construed as properties of the 
area itself, whereas in the second case they are properties of the answer. This 
difference in the construal of the object “area” affects the nature of the activity of 
calculation. In the first case, this activity includes considering the unit and 
approximating as well as carrying out the necessary operations; in the second, 
calculation and approximation are separate activities. Moreover, there seems to be no 
expectation that the student should consider the unit as this is present in the framing 
of the answer rather than as part of the task. 
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Discussion 

The move from long, relatively complex sentences to short simple sentences clearly 
improves readability according to general readability measures and is consistent with 
the aim of the examination boards to reduce difficulties caused by language factors. 
However, our analysis raises some questions about the mathematical consequences. 

The use of nominal groups packed with information is typical of scientific and 
mathematical texts (Halliday and Martin 1993). In non-specialised language, the same 
quantity of information might be given in several separate sentences. For example, the 
single instruction (given in 1987), containing a nominal group of depth 6: 
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might in 2011 be given as: 
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Here, the most complex Participant is of depth 2. While complex nominal groups 
may make reading more challenging, they are not an arbitrary characteristic of 
specialised text but allow the formation of precisely defined objects which can act as 
Participants in further processes. For example:  
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The analysis of the complexity of the Participant components reveals that the 
changes between 1987 and 2011 may not only affect ease of reading but also the 
construal of the nature of mathematical objects and activity. The dense nominal 
groups in the 1987 papers incorporate the results of several mathematical processes as 
qualities of a single object. A consequence of this is that the (apparently simple) 
instruction to “calculate” in fact demands analysis of the structure of the object to be 
calculated and consideration of the form of the answer. In 2011 it seems that the 
processes of analysis, approximation and consideration of units are separated from 
calculation and that mathematical objects, being generally less complex, contain less 
potential for further mathematical activity. 
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Teacher, do you know the answer? Initial attempts at the facilitation of a 
discourse community.  

Siún NicMhuirí 
CASTeL, St Patrick’s College, Dublin City University 

My research involves a teaching experiment I undertook in my own 
primary classroom. The aim of the research was to facilitate a 
mathematical discourse community where students would explain and 
justify their mathematical thinking and question the reasoning of others. It 
was envisaged that students would regularly engage in cognitively 
demanding tasks and take responsibility for determining what was 
mathematically correct by discussing different possible solutions. The 
lesson presented here was the first recording of the experiment and 
focused on initial attempts at exploring equivalent fractions in the context 
of sharing pizzas between people. The contributions of students show 
different levels of mathematical understanding and engagement with the 
task. The whole class discourse is analysed with reference to the four 
components of the Math-Talk Learning Community (MTLC) framework 
(Hufferd-Ackles, Fuson and Sherin 2004). These components are 
questioning, explaining mathematical thinking, source of mathematical 
ideas and responsibility for learning. Both teacher and student actions in 
these key areas are explored. Analysis of teacher questions was carried out 
using question categories developed by Boaler and Brodie (2004).   

Keywords: discourse, community, teaching experiment, questioning, 
explaining mathematical thinking, source of mathematical ideas, 
responsibility for learning.  
 

Introduction 

The main part of my PhD research was a teaching experiment I conducted in my own 
classroom in which I hoped to facilitate a discourse community where students would 
engage in genuine mathematical problem solving activities and discuss their 
mathematical thinking and the mathematical thinking of others. The experiment took 
place in a designated disadvantaged boys’ school in Dublin with fifth class students. 
This is the penultimate class of primary school in Ireland and students are generally 
10 – 11 years old. The lesson presented here was the first lesson in the teaching 
experiment and consisted for the most part of whole class discussion around the 
following problem: Three children shared two pizzas. How much did they get each? 
This question was shown on the interactive whiteboard with a picture of two pizzas 
and three children.  

Lesson synopsis and initial comments 

Students’ suggestions for the solution of this problem varied. Edvard and Anthony 
gave suggestions of two-third or four-sixth per person respectively. Steven and Kevin 
gave mathematically naïve suggestions involving sharing the pizzas unevenly by 
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giving more to the eldest child or giving a slice “back to the man”. I did not evaluate 
individual student suggestions and continued to press for more solution methods. 
Steven asked me directly “Do you know?” It is possible that he interpreted the 
discussion of the multiple possible solutions as a search for one “right” answer and 
because I refrained from evaluating any of the suggestions to that point, he may have 
conjectured that I did not know ‘the’ answer. As a researcher I realised the importance 
of his question immediately but unfortunately as a teacher I did know how best to deal 
with his query. It seems obvious in retrospect that it would have been the perfect time 
to instigate an explicit discussion of my aims for the experiment and my expectations 
regarding student actions in a discourse community but this did not occur to me at the 
time and I moved on with the lesson instead. Andrei suggested cutting the pizzas into 
twenty one pieces and giving each child fourteen slices each. Darragh commented 
how small those slices would be. Michael then came to the board and showed another 
solution that involved sharing the pizzas unevenly.  

I then explained to students that we would share the pizzas evenly and on the 
interactive whiteboard I showed a representation of two pizzas cut into thirds being 
shared between the three children. I explained that the children got one third from 

each pizza and wrote  +   on the whiteboard before asking what fraction the 
children got each. Some students made the classic error of adding the numerators and 
the denominators to give two-sixth. In some ways my actions set them up for this 
error and I cannot be sure why I wrote the formal fraction sum on the board as it was 
never part of my original plans for the lesson. I asked students if they agreed or 
disagreed with the suggestion of two-sixth. Darragh suggested that “Two sixth is eh, a 
way of saying it but eh, also two thirds”. Jake suggested that it couldn’t be two sixth 
as this would mean each pizza would have been cut into sixths initially. When 
prompted he repeated his explanation and added more detail. I drew a representation 
of two pizzas cut into sixths and Jake explained that if the pizzas were cut in this 
manner the children would receive four-sixth each. Darragh revised his previous 
contribution and suggested that “Two sixths is equivalent to one third which means 
that it’s the same as one third”. He continued on to explain that the fraction in 
question could be two thirds or four sixths.  

Edvard then asked “Wait can you go up over one-twelfth?” possibly asking if 
there are fractions with denominators higher than twelve. His confusion may have 
been triggered by common classroom representations of fractions such as fraction 
walls that do not show fractions with denominators higher than twelve. Darragh, 
Andrei, other students and I gave answers to his question. Steven asked about the 
meaning of the word simplify which Darragh had used and linked it with a similar 
word from Harry Potter. Darragh explained the term and then noted the multiplicative 
pattern between two third and four sixth. A student noted that he had done this in a 
previous lesson too. I repeated his explanation and wrote it the formal equivalence on 
the board. 

Discourse Community Analysis 

The lesson was analysed according to the Math talk learning community (MTLC) 
framework, (Hufferd-Ackles, Fuson and Sherin 2004). The areas of questioning,  
explaining mathematical thinking, source of mathematical ideas and responsibility for 
learning were recognised as central by Hufferd-Ackles, Fuson and Sherin during 
intensive research in classrooms where teachers were attempting to teach in the spirit 
of reform. The authors identified developmental learning trajectories for both teachers 
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and students across these four key areas. These trajectories are levelled from level 0 to 
level 3. Level 0 describes a traditional teacher centred classroom with limited 
mathematical discussion. The following levels describe a gradual devolution of 
responsibility from teacher to students as the classroom community moves closer to a 
math-talk learning community or discourse community described above.   

Questioning 

Teacher Questioning 
The teacher questions were analysed using categories developed by Boaler and Brodie 
(2004). I categorised all questions where I asked for the name of a fraction as a type 2, 
inserting terminology questions. Questions about what the denominator and 
numerator represent were categorised at type 3 questions, exploring mathematical 
meanings and relationships. The results are shown on the table below.        

Question Type Number 
1. Gathering information, leading students through a method 

 
15 

2. Inserting terminology 
 

6  
 

3. Exploring mathematical meanings and/or relationships 
 

11 
 

4. Probing, getting students to explain their thinking 
 

18 
 

5. Generating discussion 24 
 

6. Linking and applying  
7.Extending thinking 
8. Orientating and focussing 
9. Establishing context 
 

0 
 

Total  74 

Table 1: Analysis of teacher questions according to Boaler and Brodie’s question 
categories (2004).   

Boaler and Brodie’s (2004) type 4 questions that probe student thinking and 
type 5 questions aiming to generate discussion can be associated with reform 
orientated lessons. Both types of question are relatively common in this lesson 
accounting for a combined total of 57% altogether. There were a small proportion of 
type 2, inserting terminology questions, and also a number of type 3 questions that 
explored mathematical relationships and representations (8% and 15% respectively). 
One might expect a higher proportion of questions focussed on mathematical 
relationships. However it is likely that methodology of not counting repeated 
questions influenced this total. Individual questions were discussed in a lot of depth in 
this lesson often with multiple student contributors to a single teacher question. For 
example, after successfully partitioning two pizzas into thirds to share between three 
people, I asked “how would we write that though? I’m saying that he’s got one third 
and another third so …” at turn 201. The discussion that followed continued until turn 
278, this section itself being a substantial segment of the 488 turn transcript. This 
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section also contained type 4 and 5 questions where students were asked to contribute 
to the discussion and were encouraged to articulate their thinking.  

Student Questioning 
Student questions were coded as questions seeking clarification about the 
mathematics being discussed or questions seeking organisational clarification. In 
general the category of student questions was easily identifiable. The nature of the 
content of the students’ questions about mathematical issues is also interesting and for 
this reason some examples of their questions are included in the table below.    

Question 
type 

Questions seeking  clarification about the 
mathematics being discussed 

Questions seeking 
organisational clarification 

Examples Steven: So all I’ve to do is do a one and 
then a five? 
Darragh: What does she get Steven?  
Steven: Do you know?  
Steven: What’s equivalent?  
Edvard: Teacher, it should be higher than 
one sixth because you can’t go higher than 
one twelves…. Wait can you go up over 
one twelfth?  
Steven: What does simplify mean?   

Michael: Can I clear this?  
Student: Why is it green? 

Total 14 2 

Table 2: Analysis of student questions by type with examples.  
As can be seen from the examples of student questions, students participated 

at different levels. Some students asked basic questions such as Steven’s “So all I’ve 
to do is do a one and then a five?” when asking how to write a fifth. Other students 
questioned the solutions posed by their peers, for example Darragh’s questioning of 
Steven’s solution. Edvard posed a question about general properties of fractions when 
he asked about limits to the size of fraction denominators.   

Explaining Mathematical Thinking (EMT) 

It seems clear that the nature of teacher questions will influence the manner in which 
students explain their mathematical thinking. As shown in the first table there were a 
sizeable proportion of teacher questions aimed at probing students thinking, 24% in 
total. There were also a number of teacher prompts, not in question form, to explain 
and justify mathematical thinking. For example when I was about to call on a student 
to the board to present a solution, I stated “I don’t just want the person to come up 
here and cut it up. I’d really like to hear why you’re doing it, why you’re cutting it in 
that way”. There is some evidence that students responded to these prompts. In the 
example just mentioned, I called on Alex to present his solution. He did this 
successfully and explained his reasoning clearly. When he was finished other students 
evaluated not only his mathematical thinking but also his way of explaining his 
mathematical thinking with Michael commenting “That’s a good way” and Luke 
adding “He explained it in a good way.” 

Another issue that became apparent when examining the nature of students’ 
explanations of mathematical thinking was their inappropriate use of non-
mathematical or real-life ideas. For example, the contributions of Steven and Kevin 
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discussed in the lesson synopsis above involving unequal sharing methods. The other 
issue that must addressed as part of the explaining mathematical thinking component 
is the nature of teacher explanations or teacher telling. In this lesson although I often 
restated or re-voiced student contributions, I did not partake in direct telling of 
answers. In fact it would seem that this approach combined with the fact that multiple 
possible solutions were considered was novel for students and may have prompted 
Steven’s question about whether I knew the answer or not.   

Source of Mathematical Ideas (SMI) and Responsibility for Learning (RFL) 

The teaching approach in this lesson was to solicit multiple possible solutions from 
students. In this way students’ ideas were central to the lesson. On considering the 
nature of the teacher questions aimed at eliciting student solutions I realise that I 
could have done more to encourage students to build on the ideas of previous 
contributors to the class discussion. In particular I posed the question “what do you 
think?” over ten times. It may have been more effective to ask “what do you think of 
his solution?” or a variation of this. So although I was effective at positioning students 
as the source of mathematical ideas but I was possibly less effective at encouraging 
responsibility for learning (RFL) as described in the MTLC framework. High levels 
of student RFL in the MTLC framework imply that students will attend to and build 
on the mathematical thinking of their peers. There is evidence of RFL in the 
contributions of some students in particular. For example, when Steven presented his 
erroneous solution, students including Darragh, Andrei and Jonathan either 
questioned him or commented on his solution. For much of this lesson, it was students 
who explained the mathematics with certain higher achieving students being 
particularly vocal. Darragh introduced the terms ‘simplify’ and ‘equivalent’. His 
many contributions showed high levels of RFL and allowed for whole-class 
discussion and consideration of relevant mathematical terminology and concepts.  

MTLC level 

It seems clear that this was not a traditional lesson revolving around invitation-
response-evaluation (IRE) iterations (Meehan 1979). It therefore cannot be described 
by level 0 of the MTLC level descriptors. One of the defining features of level 3 of 
the MTLC framework is unprompted student-student mathematical discussion. 
Although this is present at times, it cannot be considered robust or regular enough to 
describe this community as level 3. The strongest argument for describing this lesson 
as an example of a community operating at level 2 of MTLC framework is the large 
role that students’ multiple solution strategies played in the course of the lesson. This 
is a feature of the level 2 descriptors for EMT, SMI and RFL in particular. However it 
would be misleading to state that this lesson included all of the level 2 descriptors. In 
particular, the teacher actions around the facilitation of student to student dialogue 
were not met. In this way although there were elements of a level 2 MTLC discourse 
community, the requirements have not been fully met in this lesson. 

Conclusion 

This lesson was the first in a teaching experiment that ran over the course of a school 
year. Analysing this lesson within the constraints of this paper requires the “focussing 
of a lens” (Lerman 2001, 90) in which certain issues are highlighted while others 
remain part of the background detail. For example, issues around the achievement 
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levels of students and the nature of their participation are emerging themes in the 
larger study but the focus here was on how the interplay of teacher and student actions 
shaped the classroom discussion on this occasion. The mathematical task had multiple 
possible solutions. The open nature of the task, combined with the teaching approach 
of pursuing the mathematical thinking of students without directly evaluating it, 
seemed to create a space for genuine mathematical discussion rather than the ‘number 
talk’ described by Richards (1991). 

The dual role of teacher-researcher is an important part of the larger project 
and the experience of recording and analysing my own lesson according to the MTLC 
framework has been complex but revealing. The role of the MTLC framework in both 
understanding what is happening in the classroom and seeking to shape the nature of 
classroom discussions is also complex. The nature of classroom discussion described 
by each level of the framework and how these different means of communicating 
mathematical ideas may be appropriate in different circumstances and for different 
students will also be a topic for future research.  

This research was part funded by An Chomhairle Mhúinteoireachta/The Teaching 
Council (Ireland).  
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Applied mathematics = Modeling > Problem solving?   

Peter Osmon  
Department of Education and Professional Studies, King’s College London 

The latest stage of an ongoing investigation of the case for reforming 
Level-3 mathematics, with modeling replacing traditional applied 
mathematics, is reported.  The case rests on the potential for improvement 
in learners’ ability to use mathematics knowledge and improvement in 
take-up.  Issues around teaching model making are identified and 
discussed and also the importance of mathematical modeling in 
understanding knowledge and progress in science.  

Introduction  

The topic covered by this paper is part of an ongoing investigation by the author of 
the Level-3 mathematics curriculum and its utility (Osmon 2009).  Progress overall is 
sketched in below to provide a perspective on the current topic.  I have been focussing 
on the consequences for universities of the relatively low take-up of Level-3 
mathematics (essentially confined to the post-16 sub-cohort with A-in-GCSE-
mathematics) at a time of HE expansion, and the following summarises what has 
become apparent.  I have looked at the amount of Level-3 mathematics needed to 
undertake undergraduate courses across a whole range of subjects at universities of 
differing academic standing, and found this “foundational mathematics” is 
characteristic of the subject and largely independent of the academic standing of a 
university (although more prestigious universities certainly demand higher grades).  I 
have been able to separate subjects into four groups, according to their foundational 
mathematics needs: A: Traditional STEM subjects, B: Computer Sciences, C: Finance 
and Management oriented subjects, D: Business, Health, and Social Sciences.  I have 
called Groups A, B, and C the Quantitative Subjects and Group D the Semi-
quantitative Subjects.  Subjects across both Groups B and C need the equivalent of 
one year of foundational mathematics at Level-3, but while group C subjects need a 
close approximation to the pure mathematics content of the traditional AS, Group B 
(Computer Sciences) needs a year of discrete mathematics- with very little overlap 
with the pure mathematics content of the traditional curriculum.  (The content of the 
traditional curriculum is prescribed nationally as 2/3 pure mathematics and 1/3 
applied.  The pure portion is also prescribed in detail, but choice of content is 
available for the applied- principally units in mechanics or statistics, but more 
recently decision-mathematics and financial-mathematics have been specified.)   It is 
remarkable that the curriculum does not provide for the modest foundational 
mathematics need of the large numbers of students entering courses in Group D 
subjects: they need to learn some statistics- one or two units- alongside their main 
Level-3 subjects.  Perhaps there is actually a good case for students entering courses 
in any of the quantitative subjects to have this knowledge.  With compulsory post-16 
mathematics on the education reform agenda, this is worth consideration.   

Prior to collecting UCAS data for my subject groups, I informally interviewed 
academics responsible for quantitative courses at several of the universities in my 
sample and a frequent comment was that often the students they admitted were unable 
to use their mathematics knowledge outside the narrow confines of textbook exercises 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 126 

 

and short examination questions, despite the allocation of 1/3rd of the curriculum to 
applied mathematics.  Informal interviews with tutors on those HE courses admitting 
students with only Level-2 mathematics identified these students’ lack of 
mathematical activity, during the two and a half years interval between taking GCSE 
and beginning their undergraduate course, as a concern.  They suggested this inhibited 
acquisition of the needed foundational mathematics in “top-up” classes in their first 
undergraduate year that aimed to get them up to speed mathematically.  So, besides 
the issue of poor take-up of mathematics at Level-3 there is an issue of maintenance 
of their Level-2 mathematics knowledge, for the many students who will need to use, 
and perhaps enhance, their modest mathematics knowledge in their university courses.  
So, the shortcomings of the Level-3 mathematics curriculum are not confined to the 
issue of a relatively small take-up: effectively just the A-in-GCSE-mathematics post-
16 sub-cohort.  There are also issues concerning curriculum content: coverage of 
discrete pure mathematics, coverage of how to apply mathematical knowledge, and 
keeping Level-2 mathematics knowledge alive, and even enhanced, for students not 
specialising in mathematics.  

Modeling may supplant traditional applied mathematics 

I am a self-taught modeller, with experience of using and making models in Physics, 
Electronics, Computer Science, and Management and I have assumed (for at least two 
reasons) that modeling is not a subject capable of being taught in the classroom- 
instead it can only be learned, as I learned, by doing it.  Although I can envisage an 
experienced modeller mentoring apprentice modellers, I am sceptical that many 
mathematics teachers would have the necessary knowledge and experience.  Besides, 
the model making situations I found myself in were very diverse and, except in the 
most broad brush sense, no general method of attack seemed to be applicable- in 
contrast with the very procedural nature of most school mathematics. 

Recent publications seem to imply I am unduly pessimistic.  The AQA Use of 
Mathematics AS-level qualification (AQA 2009) includes a significant modeling 
component and Margaret Brown (Brown 2011) draws attention to its success in 
opening a door into Level-3 mathematics for the B/C sub-cohort.  Real-world 
Problems for Secondary School Mathematics Students (Maas and O’Donoghue 2011) 
is a resource book for teaching modeling, comprising case studies contributed by 
enthusiastic European mathematics educators.  

Does my modeling experience provide me with any insights to contribute to 
the development of modeling teaching?  Up to now, in my study of the Level-3 
curriculum I have not considered the applied mathematics content. In the traditional 
curriculum, applications- applied mathematics- are separated from pure mathematics, 
and presented as a small set of disjoint topics: mechanics, financial mathematics, 
decision mathematics, statistics, that tend to be characterised by small, closed 
problems and associated prescriptions for solving them.  How might this change if 
learning about mathematics applications through modeling becomes the norm?   

Models: what they are and what they are for 

At this point clarification of terms seems desirable.  Firstly, it is easier to give some 
examples showing the diversity of models than an all encompassing definition: 
reduced scale wooden models of building developments; mechanical models of 
animal joints; visualisations such as video simulations of planetary motion in the solar 
system; business models, such as- “pile them high and sell them cheap” for a market 
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trader.  Secondly, it is important to be clear about the purpose of models: they are an 
aid to comprehension of real-world artefacts and phenomena.  NB The role of a 
model, even a mathematical model, is to give insight- not numbers! 

Mathematical models are a special class of model.  Mathematics describes 
pattern/regularity.  Mathematics cannot describe the real-world with all its 
irregularities but it can describe an idealised version.  Hence wherever pattern or 
regularity exists, in a real-world phenomenon or artefact, there is the possibility of 
description of these aspects in mathematical language: a mathematical model.  For 
example, the structural part (at least) of a family tree is a mathematical model of 
family history.  Mathematical models are important because they can be so powerful.  
They are not merely descriptions.  They can have predictive power too.  Some 
examples are: the orbits of planets and their moons and the prediction of eclipses; 
weather forecasts; reliability of computer systems; causes and consequences of global 
warming; the spread of diseases, etc, etc.  Mathematical models are often expressed as 
sets of equations and this is particularly apparent in the sciences.  Scientific 
knowledge is largely a collection of more or less connected mathematical models.  
These models encapsulate our knowledge of real-world phenomena and help us to 
comprehend it- by reference to related ideal-world (“model”) phenomena.  Our 
understanding of complex real-world phenomena is likely to be woolly beyond the 
scope of the model- where the ideal-world ceases to be an adequate representation 
(model) of the real-world. 

Using models  

Historically, most professions developed a collection of models expressed as 
heuristics- “rules of thumb”.  An example from the author’s youth, important to all 
potential house buyers, was one’s mortgage-ability: “a 30-year mortgage is affordable 
if it is no more than 3 times you salary”.   Nowadays these simple models have been 
supplanted by more elaborate software versions packaged as computer applications, 
and most professional domains have them.  For example: Project management; 
Actuarial calculations; CAD-CAM; Just-in-time stock control; Patient monitoring; 
Traffic control.  When the user’s role is simply to supply the application with 
parameter values, professional knowledge has been transferred to the software model 
maker with consequent de-skilling of professional roles. 

Many remarkable software models are accessible over the Internet to 
mathematics students and their teachers.  Typically these describe population growth 
and decay, or spread of diseases, under various conditions selected by the user.  When 
the outcomes of these, perhaps complex, dynamic processes are communicated using 
visualisation software and typically brightly coloured displays, then the effect can be 
dramatic and (hopefully) much more insightful than mere numbers.  However, while 
interaction with such models may motivate one to study modeling, the experience 
probably does not actually teach much mathematics. 

Making a model  

In contrast with using an existing model, the author’s experience is that actually 
making a model does develop one’s mathematics.  It would be nice to have a 
generally applicable procedure for making models: a series of steps for the model-
maker to take in order to progress from a real-world problem situation to a model.  
The author has not encountered such a procedure, although afterwards, in a particular 
case, when the job is done it may be possible to write out the key development steps 
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along the way.   There are always two major steps in getting from the real-world 
problem domain (Rw) to the model M: abstraction and idealisation.  Abstraction is 
about simplifying the problem domain: important stuff is transferred (abstracted) from 
Rw into a simpler Abstracted-world (Aw) leaving unwanted complications behind.  
For example I may decide to ignore air resistance to a falling body.  Idealisation 
simplifies the problem domain still further because Mathematics only deals with 
patterns/regularity.  For example real lines and shapes in the Aw are transformed into 
geometric lines and shapes in this Idealised-world (Iw).  (The nature of the 
Idealisation depends on the kind of mathematics used- in this case geometry.) 

An example is probably helpful at this point.  Consider the DIY problem of 
Tiling a Bathroom Floor: a model is needed to determine how many tiles are needed 
and where to place them (aesthetically).  Abstraction- the walls of the room are 
somewhat irregular, so in order to simplify focus attention on the main area of floor, 
away from the edges.  A (geometric) grid of squares idealises this main area.  
Counting the squares solves the first part of the problem and positioning the grid 
(translation/rotation) by trial and error for best aesthetic effect, solves the second part.  
Evidently size of tile and orientation of the grid are user-determined parameters.  Of 
course the regions around the walls have been omitted from the model and they need 
tiling too, and it may be that “best aesthetic effect” in the main area is not the optimal 
arrangement if the appearance of the edge regions is taken into account, then the grid 
location may be adjusted somewhat (including these details refines the model).   The 
example is very straightforward but often there are many false starts and the outcome 
may not be a very satisfying model.  Making a model is not a matter of following a 
general procedure:  one gets better at it with practice.  But is it a teachable skill?  

Idealisation depends on knowing some appropriate mathematics.  The story 
goes that when Einstein was developing his theory of general relativity he realised he 
needed non-Euclidian geometry- which he didn’t know- but he knew a man who did.   
At Level-3, students know only a very limited range of mathematics and this 
constrains their model making.  The curriculum includes very little discrete 
mathematics which is quite limiting considering the role of information technology in 
our society.  With a modest knowledge of set theory students would be able make 
relational data-base models and even investigate data mining.  However the 
curriculum does include some probability and probabilistic modeling can be fun.  

A historic example of scientific model development  

Arguably, the history of science is the story of such model development processes.  
Sometimes these models get refined over many years, sometimes they prove entirely 
inadequate to account for some recently observed real-world phenomenon and a fresh 
start is necessary.  The kinetic theory of gases survived several such refinement 
stages.  The following is a brief overview. 

Real-world observations: In experiments with various gases the approximate 
relationship P.V/T = constant was observed between pressure P, volume V, and 
temperature T.   

Model: A gas comprises small and perfectly elastic spheres in random motion 
at a speed u dependent on T, and P is caused by the spheres impacting the container 
walls. 

Abstractions: small (eliminates complication of collisions among spheres) 
uniform speed u (eliminates complication of speed distributions) 
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Idealisations: small (allows V to tend to zero at large P), perfectly elastic 
(energy is conserved in collisions with enclosing walls) 

Refined Model: needed for agreement with more accurate experimental data 
and further insights into the structure of matter:  Spheres (molecules) have a finite 
size; Collisions are not perfectly elastic (short range forces between molecules); 
Speed distribution among molecules. 

Cross-curricula issues  

Scientific knowledge is largely a collection of more or less connected mathematical 
models.  This immediately raises a cross-curricula issue between mathematics and 
science, to which presumably mathematics should make a proportionate contribution.  
But how?  One possibility is explored in the COMPASS project (COMPASS 2009) 
where parallel but separate threads are explored concurrently in science and 
mathematics classes.  Model making is also related to designing and this poses 
another cross-curricula issue, this time between Mathematics and Design-Technology.  
I claim, but space does not allow for elaboration, that the basic principle of a Design 
is very like a first-stage Model.  A Design in a particular real-world context requires 
extension from this so as to optimise performance, or reliability, or cost, or for user 
convenience, and this is very like the process of refining a Model.  

Insights and Eureka moments  

Making an original model is not a smooth process.  Rational analysis of the problem 
domain only takes one so far.  What follows, typically, is seemingly endless worrying 
at the puzzle.  In my experience, a sudden jump of understanding delivers the final 
insight to end the process, accompanied, in due course, by a great sense of 
accomplishment, a Eureka moment in fact.   Part of the satisfaction seems to come 
from being able to state the insight very succinctly, almost like a slogan.  

World-changing Eureka moments: 
Archimedes- a floating body displaces its own weight model of water; Darwin- 
evolution by natural selection; Dirac- two solutions to his equation of quantum 
electrodynamics implying the existence of antimatter as well as matter. 

Some of my personal insights are: 
Stools with 3 legs won’t wobble; when the mortgage rate is lower than the rate of 
inflation I am being paid to borrow money (if I can get a mortgage); insure only 
against the hits I can’t afford to take; failure of integrated circuit chips is closely 
analogous to radio-active decay of isotopes (I can use the same mathematics- Poisson 
statistics); computer architecture is about trade-offs among performance/reliability/ 
cost/usability (this became the theme for a course of lectures); a point on a page 
printed with a grid of squares is either on a grid-line/on a point-of-intersection/within 
a square (this insight led to a patent application). 

Eureka moments for students doing modeling: 
My Eureka moments were exciting and have given me lasting pleasurable memories.  
If every student of modeling could have a Eureka moment it would surely do wonders 
for the take-up of Level-3 mathematics.  

Conclusions  

It is evident from the literature that many mathematics educators, in Europe and the 
US as well as here, are enthusiastic about the potential that doing modeling has both 
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for motivating mathematics learning and for enhancing learners’ mathematical 
knowledge.   The author’s personal experience is that making a model is an absorbing, 
infuriating, and ultimately highly rewarding activity and we should surely give Level-
3 learners this experience if we possibly can.  In the UK, where we have a particular 
problem of low take-up of Level-3 mathematics, the success of the AQA Use of 
Mathematics AS-level qualification, with its emphasis on modeling, has demonstrated 
the potential value of modeling for widening access.  However, qualified mathematics 
teachers are a scarce resource.  In most schools, at least in the state sector, it may be 
unrealistic to expect concurrent Use of Mathematics and Traditional Mathematics 
streams to exist side-by-side.  Perhaps pump-priming funding, until sufficient take-up 
of Use of Mathematics gets established, would be a way forward. 

Learners following the traditional A-level mathematics stream would surely 
benefit if its applied mathematics units were converted to model-making units.  And 
there is also the issue, identified in the Introduction, of keeping Level-2 mathematics 
knowledge alive, and even enhanced, in the case of students not specialising in 
mathematics at Level-3.  With compulsory post-16 mathematics under discussion, 
perhaps a proposal for all post-16 students to undertake some statistical modeling, 
alongside their Level-3 major subjects, would be timely.    

However, teaching modeling will challenge teachers to adjust to unfamiliar 
ways of working.  There are issues around methodology, project work, and teachers’ 
knowledge. While all mathematics is learned by doing, it is not apparent that there is a 
general teachable method for building models, in contrast with mathematics generally. 
And making a model takes longer than solving a traditional applied mathematics 
problem and so almost inevitably is done as project work, and perhaps in teams. 
Further, mathematics teachers inevitably lack the breadth of domain knowledge they 
would need to be authoritative mentors across a range of modeling problems so that 
they must adjust to an unfamiliar more arms-length role as project supervisor rather 
than instructor.  But mathematics teachers’ response to the challenge of technology- 
PC labs turning mathematics into a laboratory subject- gives reason for optimism. 

The discussion, above, of modeling’s cross-curricula links, including the place 
of mathematical models in science presents yet further reform curriculum issues. 
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The epiSTEMe pedagogical approach: essentials, rationales and challenges 

Kenneth Ruthven, Riikka Hofmann, Christine Howe, Stefanie Luthman, Neil Mercer 
and Keith Taber 
University of Cambridge 

The goal of the epiSTEMe project is to develop a research-informed 
pedagogical intervention in early-secondary physical science and 
mathematics, suited to implementation at scale in the English educational 
system. This paper provides an overview of the pedagogical essentials of 
the epiSTEMe approach and their supporting rationales, and identifies 
some of the main practical challenges encountered. 

Keywords: design research, dialogic teaching, early-secondary school, 
improvement   at scale, linking mathematics and science, pedagogical 
design 

Introduction 

The goal of the epiSTEMe (Effecting Principled Improvement in STEM Education) 
project is to develop a research-informed pedagogical intervention in early-secondary 
physical science and mathematics, suited to implementation at scale in the English 
educational system (Ruthven et al. 2010). The project forms part of the ESRC’s 
Targeted Initiative on Science and Mathematics Education [TISME] which is 
investigating ways of tackling participation and achievement gaps in these areas. This 
paper provides an overview of the pedagogical essentials of the epiSTEMe approach 
the supporting rationales, and some of the main practical challenges encountered. 

We characterise our work as “re-design” research. This is to highlight that 
pedagogical improvement at scale needs to take account of the existing state of the 
system: notably the people, structures, resources and practices already in place. This 
work has been undertaken by a multidisciplinary university team working closely 
with a deliberately wide range of school practitioners. Against this background, the 
project has sought to use the accumulated body of national and international research 
on pedagogy to guide the design of a principled and effective approach to teaching 
and learning across the two foundational STEM subjects. 

Systemic context and systematic research base 

For over a decade, systemic improvement effort in England has taken place through 
the (now discontinued) National Strategies and (still continuing) processes of school 
inspection. These have promoted a pedagogy that combines tightly structured 
(inter)active teaching with target setting. Synthesis of national and international 
findings (Ruthven 2011) on English system performance suggests that this model: 

·  has raised content knowledge and skills in mathematics but not broader 
literacy or functional capability; 

·  has improved neither aspect of attainment in science; 
·  has raised student valuation of learning each of the subjects; 
·  has substantially lowered student liking of both subjects and enjoyment of 

learning them.  
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Thus the strongly instructional Strategies model has not been an unqualified success. 
Some degree of pedagogical adaptation is needed to address a full range of outcomes.   

The international research base on effective pedagogy offers insights into 
forms of adaptation that might help. Although important gaps remain in this literature, 
synthesis of meta-analytic studies provides some clear indications of the relative 
effectiveness of certain teaching components, broadly validated through triangulation 
against other types of systematic review (Ruthven 2011). These particularly effective 
types of teaching component are as follows. 

·  Domain-specific enquiry (that poses authentic problems and takes student 
thinking seriously) is highly effective as regards attainment in both 
subjects and attitude in science (but is underinvestigated for mathematics).  

·  Co-operative group-work is relatively effective as regards attainment in 
both subjects and attitude in science but not in mathematics, as long as 
students have been properly prepared and activity is well structured. 

·  Enhanced context (in which teaching makes strong links to student 
experiences and interests) is particularly effective for science attainment 
(but is underinvestigated in relation to attitude, and for mathematics). 

·  Active teaching is relatively effective in developing content knowledge 
and skills in mathematics, although it is questionable as regards higher-
order reasoning and functional thinking (but it is underinvestigated in 
relation to attitude, and for science).�   

It is this last teaching component which dominates the Strategy pedagogical model. 
Thus, placing greater emphasis on one or both of the first two components listed 
above represents the most plausible strategy for increasing the effectiveness of 
teaching in both subjects. The third component is promising but underinvestigated. 

The epiSTEMe pedagogical model 

The epiSTEMe pedagogical model blends the components found to be effective in the 
research synthesis outlined above into a pedagogical model that has been further 
informed by more specific bodies of US and UK research. This model has taken 
particular account of well researched US programs (cf. Reys et al. 2003; Riordan and 
Noyce 2001) that have been judged “exemplary” on the basis of evidence of 
effectiveness in multiple sites for multiple subpopulations (Department of Education, 
1999). Guided by recent advances in theorising teaching and learning (e.g. as 
synthesised in Bransford, Brown and Cocking 2000; Duschl, Schweingruber and 
Shouse 2007; Kilpatrick, Swafford and Findell  2001), many of these programs 
employ a pedagogical model organised around carefully-crafted problem situations, 
posed so as to appeal to students’ wider experience, to inculcate ideas of acting as 
mathematicians or scientists, and to develop key disciplinary ideas. Equally, the 
epiSTEMe model has been strongly influenced by UK research on classroom 
discourse and interaction (e.g. Mercer et al. 2004; 2006) which points to the value of 
dialogic small-group and whole-class discussion in encouraging students to talk in an 
exploratory way and to examine different points of view. 

The basic pedagogical cycle at the core of the epiSTEMe model has three 
phases: exploration, codification, and consolidation (Ruthven 1989). In the opening 
exploratory phase, domain-specific enquiry tasks are employed to stimulate thinking 
by students that will support their development of target concepts. Dialogic small-
group and whole-class discussion are used in this phase to encourage students to 
express their thinking about problem situations and to examine different perspectives 
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on them. During such discussion, the teacher’s principal role is to support the dialogic 
quality of contributions by students and exchanges between them. The cycle then 
proceeds to the ensuing codification phase in which the teacher’s role becomes a more 
authoritative one of explaining accepted mathematico-scientific approaches to the 
problem situation. This involves (inter)active teaching which takes account of the 
thinking exposed and developed during the earlier exploration phase. In the 
consolidation phase, students tackle related problem situations more independently, 
with the teacher’s role becoming one of checking student understanding and 
providing developmental feedback. 

Some further pedagogical principles have guided the design of topic modules 
in each subject. In view of the favourable findings for ‘enhanced context’ in the 
research synthesis outlined above, attention has been given to conveying a sense of 
the wider human interest and social relevance of subject and topic (including, in 
mathematics, its scientific application), and to making relevant connections with 
widely shared student experiences and interests. The modules also take account of 
what is known about informal knowledge and thinking related to the topic; in 
particular, they provide means of deconstructing common misconceptions. Curricular 
prescriptions for the topic have been filled out to support the building of strong 
conceptual foundations. Finally, in the light of encouraging research evidence and 
emerging policy concerns, we have sought to develop the use of mathematical 
reasoning as a support for students’ scientific understanding. 

Scoping a (re)design strategy 

A recent inspection survey (OfStEd 2008) has highlighted some major challenges to 
systemic improvement in lower-secondary mathematics (and likewise in science). The 
following have figured strongly in our experience: 

·  A narrow focus on accountability requirements in many schools; 
·  Internal and external pressure towards an objectives-driven pattern of 

teaching which focuses on immediate markers of superficial progress; 
·  Poor educational quality of many of the curricular resources available; 
·  Instability of staffing due to shortages of qualified subject teachers and the 

low priority that many schools accord to the early secondary phase; 
·  Many staff teaching areas where their subject-specific preparation is weak; 
·  Limited professional cohesion and developmental capacity in many subject 

departments. 
Recognising these challenges, our goal has been to provide support for 

teachers and departments to work towards a renewed pedagogical approach without 
significant reorganisation and substantial investment of time. We have devised a 
professional development and classroom teaching intervention, of modest scope, 
packaged as a viable substitute for, or supplement to, modules currently widely taught 
in schools. We focus on Year 7, the first year of secondary education, as the point 
most distant from the inhibiting backwash of external assessment, and the period 
during which teachers are actively shaping new norms of classroom participation.  

Originally we had hoped to develop greater coordination between the teaching 
of the mathematics and science modules, but it quickly became clear that persisting 
with this aim would deter many teachers and departments from participating. Equally, 
while we continue to recommend that at least two teachers from a department should 
collaborate in taking on the epiSTEMe intervention, with active support from senior 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 134 

 

leadership, so as to build a local community to support development of practice, we 
recognise that this can prove difficult to achieve in some departments and schools. 

The epiSTEMe apparatus, then, consists of the following components. An 
Introductory Module has been designed to build teacher and student understanding of 
the value of talk and dialogue in supporting subject thinking and learning, and to 
develop rules and processes that support effective small-group and whole-class 
discussion. Two Topic Modules (in each subject) have been designed to support and 
capitalise on such use of talk and dialogue, and to instantiate key pedagogical 
principles and processes. (In mathematics, these modules are on fractions, ratio and 
proportion, and on probability; in science, on forces and proportional reasoning, and 
on electricity). All the modules are mediated by teaching materials designed to be 
educative in the sense of supporting teacher development as well as classroom activity 
(Davis and Krajcik 2005), supported (on a realistically modest scale) by a sequence of 
two one-day professional development events. The first event focuses on dialogic 
teaching and on how the Introductory Module supports its development; after teachers 
have undertaken the Introductory Module with one of their classes, the second event 
debriefs this experience and examines how the Topic Modules in their subject 
incorporate the pedagogical principles and processes of the epiSTEMe model. 

In designing modules, we made many decisions intended to ensure that a wide 
range of teachers and departments would find them readily and robustly usable in 
their particular situation. The Introductory Module features relatively short activities 
that can be used flexibly over a number of lessons. The Topic Modules provide a full 
set of classroom materials which explicitly target curricular objectives. The sequence 
of activities within Topic Modules is straightforwardly adjustable to lesson length and 
pace, and the duration of each module is that typically allotted to the topic. Equipment 
requirements are limited to resources known to be widely available and easily usable. 
The Teaching Notes support lesson planning, highlight key aspects of activities and 
explain the underlying rationale for them, and advise on handling a range of student 
responses. Finally, in the light of particular difficulties that we found many teachers 
encountering, the classroom materials provide scaffolding to support dialogic 
processes, particularly the articulation by students of their reasoning. 

An illustrative teaching activity 

To illustrate the epiSTEMe approach more concretely and describe some of the 
challenges that teachers encountered in realising it, we will use the example of an 
activity that focuses on a simple probabilistic model of genetic inheritance. The key 
genetic ideas underpinning the model (as shown on the first slide in Figure 1) are 
introduced through interactive whole-class teaching. Students are often surprised to 
learn of the two earlobe types; typically they show great interest in knowing which 
type they and their classmates have! The probabilistic aspect of the model (as shown 
on the second slide in Figure 1) is then introduced and examined through two simple 
examples. As early as this point it is not unusual for some student to pose the question 
of whether attached earlobes will eventually die out; this is acknowledged by the 
teacher to be an interesting question that it may be possible to address in due course. 
Typically, some student asks whether both problems on the second slide concern the 
same child or what would happen if they did; this provides a good lead into the 
problem that students are then asked to work on, initially in small groups: A couple 
are expecting their first baby. Both parents have a mixed pairing of e and E alleles. 
How likely is their baby to have this same pairing? 
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Figure 1: The two slides used to introduce the simple probabilistic model of genetic inheritance.  
 

An important ground-rule for small-group discussion is that students should 
try to come to an agreed position; even if they are unable to achieve this goal, 
honouring it helps to ensure that they engage with points of view other than their own, 
and that they seek to develop an argument in support of their position. Once most 
groups have formulated some kind of collective response, the activity switches to 
whole-class plenary discussion of the range of answers and arguments that the groups 
have arrived at. This problem is a good one for generating dialogic discussion 
between students during the plenary. Typically, initial small-group work on the 
problem creates a situation in which there is a clear need for further whole-class 
discussion, because it has elicited what are clearly contrasting answers from different 
groups. Moreover, each answer arises from a distinctive pattern of reasoning: an 
everyday model of inheritance in which “children take after their parents” (leading to 
a 100% answer) as well as variant patterns of probabilistic reasoning about the 
outcome space under the scientific model of genetically-mediated inheritance (leading 
to answers of 1/3 and 50%). These three responses represent, respectively, the 
predominant everyday misconception about inheritance of characteristics, the 
predominant lay misconception about outcomes in a simple repeated trial, and finally 
the fully coordinated conceptualisation in accepted mathematico-scientific terms. 

In the first epiSTEMe professional development event, we employ the example 
of a plenary session on this problem to examine the role of the teacher in supporting 
and developing dialogic exchange. As a stimulus for discussion with and between 
teachers, we use a sequence of short video episodes (with the associated dialogue 
transcribed to encourage attention to the fine grain of students’ mathematical thinking 
and the teacher’s participation in the discussion). The focus is on “reading” what is 
taking place as each episode unfolds so as to understand how students are thinking 
and responding, to analyse the quality of dialogic interaction, and to anticipate 
accordingly how the teacher might productively shape events and ideas.  

Supporting this type of dialogic discussion is the aspect of the epiSTEMe 
pedagogical model that teachers have found particularly challenging. Because the 
epiSTEMe approach emphasises developing thinking as its goal, not simply securing 
performance, it requires many teachers to make significant shifts beyond the received 
ideas and habitual reflexes of established practice. For example, a dialogic approach 
calls for the teacher to be prepared to give time not just to multiple and sometimes 
extended student contributions, but to contributions that are persuasively fallacious or 
poorly formulated. Moreover, teachers need to draw on a nuanced understanding of 
the topic which enables them to support development of student conceptualisation and 
reasoning. To sustain productive discussion, the teacher must be able to identify and 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 136 

 

interanimate the thinking behind different student responses, and steer progression in 
reasoning without closing down discussion through overly authoritative intervention. 
Our research analysis of this videotaped plenary sequence (Ruthven, Hofmann and 
Mercer 2011) has enabled us to help teachers make such a transition by concretising 
the varied ways in which they can support the dialogic quality of class discussion. 
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The investigation of the relationship between calculus students’ cognitive process 
types and representation preferences in definite integral problems 

Eyup Sevimli and Ali Delice 
Marmara University  

This study focuses on the students’ cognitive process and preference of 
representation. We try to find an answer for that problem “How do 
students’ preferences of the multiple representations change in definite 
integral problems according to type of cognitive process”. The 
participants of the study are 26 undergraduate students who enrolled 
Calculus II course. The preferences of the student representation 
determined by the Representation Preferences Test and their type of 
cognitive process evaluated with Mathematical Process Instrument. 
Results show that the participants generally prefer algebraic 
representation. The visual type of participants’ preference tendencies are 
influenced by input representations. 

Keywords: multiple representations, cognitive process, definite integral 
problem 

Introduction  

A major problem for higher education mathematics research is understanding the 
difficulties emerging from the nature of abstract concepts. In several questions where 
the rules, formulas and operations were successfully applied, the fact that students 
could not comprehend the mathematical ideas behind this process and relate them to 
different contexts has been a common problem for researchers (Delice and Roper 
2006). This problem might emerge from different problem-solving approaches of the 
students and the teachers (Schoenfeld 1992). The most primitive classification of 
these differences is related to whether visualisation is used.  Krutetskii (1976) 
categorised cognitive processes into three and in addition to the analytic and visual 
preferences, drew attention to the existence of harmonic processes which use both 
preferences together. Analytic learners can easily work with abstract diagrams and 
tend to use verbal-logical components more than the visual-pictorial components in 
the problem-solving process (Presmeg 1985). Visual learners tend to present the 
problems using components they can understand visually. Contrary to analytic 
learners, visual learners use the visual-pictorial components more than the verbal-
logical components (Aspinwall, Shaw and Unal 2005). Harmonic learners, on the 
other hand, are capable of using both the analytic and geometric approaches together 
in a well-balanced way. This study investigated students’ different ways of thinking in 
the problem-solving process based on Krutetskii’s (1976) concept of thinking 
structures which are called cognitive process types (Presmeg 2006). 

Literature on cognitive process differences include various studies such as its 
role in the problem-solving process and success at problem-solving (Lowrie and Kay 
2001), its relationship with spatial abilities (Kozhevnikov, Hegarty and Mayer 2002), 
and its effects on the representation transformation process (Haciomeroglu, Aspinwall 
and Presmeg 2010). While some studies stated that students’ differences in the 
thinking process influenced their problem-solving performance, they avoided making 
generalisations (Lowrie and Kay 2001). Presmeg, in her studies on the visualisation 
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process and learner difficulties (1985, 2006), used Krutetskii’s (1976) classification 
and concluded that students struggled more in managing visual processes than in 
managing analytic processes. Some studies reported that analytic learners were more 
successful at problem-solving than visual learners (Lean and Clements 1981). 
However, this could be related to the difficulty level of the test and students' prior 
experiences (Lowrie and Kay 2001). Learners could have used visual solution 
strategies in order to understand data in the problems which were new and believed to 
be complex, and could have been inclined to use analytic strategies for easier problem 
types. In other words, the difficulty of the problem can affect the context and the 
representation types can affect the solution strategies (Sevimli and Delice 2011). 
Therefore, it is necessary to explore the relationship between preferred multiple 
representation types and differences in cognitive processes in the problem-solving 
process. Like cognitive process differences, multiple representation preferences are 
important individual qualities to be considered. Multiple representation theory can be 
used to relate concepts to different contexts and to assign different meanings to 
concepts and thus helps to deal with the abstract nature of mathematics and 
contributes to the comprehension process. Developing technologies allow easier 
access to multiple representations, and awareness of varied representations provides 
means to state a mathematical idea or relationship in different ways. The literature 
review reveals that the research is usually related to the effects of external factors 
(curriculum, technology etc.) on the use of multiple representations (Keller and 
Hirsch 1998, Kendal and Stacey 2003). The type of representation in the problem 
statement and the structure of the problem are also important in the identification of 
representation preference tendencies in the problem-solving process (Lowrie and Kay 
2001). Thus, when investigating the relationship between cognitive differences and 
representation preference tendencies, the structure of the problem and students’ 
preference flexibilities should be considered (Goldin and Kaput 1996).  

This study was designed using a method that allowed students to choose 
different representations to solve definite integral problems. Therefore, regardless of 
students’ problem-solving processes or performances, the relationship between 
preferred representation and differences in cognitive processes was investigated. This 
study is original in its investigation of the cognitive processes (internal effects) 
involved in the definite integral problem-solving process through multiple 
representations. The research question was “When choosing a representation, are 
cognitive processes affected by the representation types used in the problem 
statement?” Hence, the effect of cognitive process differences on representation 
preference tendencies was also investigated in terms of the representation used in the 
problem statement. This study is significant in that it was constructed with a 
consideration of cognitive differences in higher education classrooms and that it was 
focused on a research question which examined the relationship between the 
theoretical frameworks of cognitive processes and multiple representations.  

Research methods 

In this research, each cognitive process type was accepted as a case and each case, as 
well as the relationship among the cases, was explored as a whole (Yin 1994). The 
participants were 37 first year mathematics education students selected using 
purposeful sampling technique which is a non-probability sampling method. Data was 
collected during the spring term of the 2010-2011 academic year at a state university. 
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All of the participants had taken the course Calculus I in the previous term and at the 
time of data collection they were taking the course Calculus II. 

Data collection tools 

In this research, two different tests were used for two different purposes. The 
Mathematical Process Instrument (MPI) was developed by Presmeg (1985) based on 
Krutetskii’s (1976) thinking structures theoretical framework. The participants were 
expected to identify their way of thinking during the mathematical problem-solving 
process. The instrument was used to categorise the participants as visual, analytic and 
harmonic according to their cognitive process types in the mathematical problem-
solving process. The instrument also included a Questionnaire section with questions 
and a Solution preference key that presented different potential solutions to each 
question. The participants first took the Questionnaire section and their answers were 
analysed. Subsequently, the solution preference key was handed out and the 
participants were asked to choose the answer that was similar to their own solution 
method. If their answer was not given in the options, they were asked to choose the 
option given for original answers. The instrument had high validity and reliability 
scores and it had been frequently used in prior research (Presmeg 1985, Aspinwall, 
Shaw and Unal 2005). 

The second data collection tool was a Representation Preferences Test (RPT) 
which was developed by the researchers. RPT was designed in order to determine 
participants’ tendencies to use different representations for the definite integral and 
was used in earlier studies (Sevimli and Delice 2011). By representation preference, 
the participants were expected to identify the representation type which they believed 
would facilitate the process of solving a given definite integral problem. The test 
consisted of nine items each of which represented a different objective of the course. 
There were input and output representations in each of these questions. Input 
representations were given as part of the problem and output representations were the 
ones which the solution of the problem would include.  

Data analysis 

Participants’ cognitive process types were determined by a standard deviation value 
added to and subtracted from the average. The participants were thus grouped into 
three categories of visual, harmonic and analytic according to their cognitive process 
types. On the other hand, each participant’s representation preference for each 
question was analysed separately within categories of numerical, graphical, algebraic 
or mixed. A mixed representation is said to exist when more than one representation 
is used in relation to the same question. The effect of differences in cognitive 
processes on representation preferences was analysed by coding the cognitive process 
of each participant and representation type preferred for each problem. The data was 
analysed digitally using SPSS and descriptive statistics. 

Results 

MPI results 

The results of MPI showed that the maximum score was 24; the minimum score was 6 
and the average score was around 14. Given that the maximum score in the instrument 
was 36, the average score of the participants was low. MPI scores were used in order 
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to determine the participants’ cognitive process types.  Consequently, the results 
revealed that 27% of the participants were Analytic, 54% were Harmonic and 19% 
were Visual. 

The case of input representation  

The results indicated that analytic participants mostly preferred algebraic 
representations when the input representations were algebraic (57%). Analytic 
participants, who used other representation types with similar percentages when input 
representations were numerical, predominantly preferred algebraic representations 
again when the definite integral problems were presented with a graphical 
representation (54%). The participants mostly preferred algebraic representations for 
this type of problems and thus the representation type in the problem statement was 
observed not to influence the analytic type of  participants' preference tendencies 
much (Table 1). 

Representation Preferences                                        
%  

Algebraic 
 
Numerical 

 
Graphical 

 
Mixed 
 

Algebraic 
 

57 9 20 14 

Numerical 
 

35 21 20 24 
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Graphical 
 

54 - 31 15 

Table 1: Analytic participants’ representation preferences according to input representations 
Preference tendencies of harmonic type participants according to input 

representations showed high percentages of algebraic representations (Table 2). When 
a problem was stated in algebraic or graphical representations, harmonic participants 
predominantly preferred algebraic representations. When input representations were 
numerical, the preferences changed to numerical (40%) and graphical (31%) 
representations. This type of participants preferred mixed representations, where two 
representations were jointly used, to a lesser extent. The results presented in Table 2 
in relation to harmonic type participants’ behaviour according to input representations 
indicated that input representations did not directly affect preference tendencies, 
algebraic representations were preferred the most and this type of participants used 
numerical representations more.  

Representation Preferences                                        
%  

Algebraic 
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Graphical 

 
Mixed 
 

Algebraic 
 

53 2 34 11 

Numerical 
 

13 40 31 16 
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Graphical 
 

48 14 21 17 

Table 2: Harmonic participants’ representation preferences according to input representations 
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According to MPI scores, representation preferences of visual participants 
who got high scores were shaped by the input representation in the problem. When 
the problem was stated with an algebraic representation, algebraic (66%); when stated 
numerically, numerical (42%); and when stated graphically, graphical (55%) 
representations were preferred more (Table 3). It is difficult to suggest that a single 
representation type was predominantly preferred in this group in general. Participant 
preferences changed according to the representation type in the problem and thus 
input representations affected preference tendencies. Moreover, given the general 
answers to RPT, visual participants were observed to prefer algebraic representations 
less than the other participants. 

Representation Preferences                                        
%  

Algebraic 
 
Numerical 

 
Graphical 

 
Mixed 
 

Algebraic 
 

66 4 20 10 

Numerical 
 

16 42 26 16 
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Graphical 
 

16 4 55 25 

Table 3: Visual participants’ representation preferences according to input representations 

Discussion 

The main research question in this study was related to the effect of input 
representations in the problem statement on learner preferences. Harmonic 
participants preferred numerical representations when input representation in the 
problem was numeric. Otherwise, harmonic and analytic participants were observed 
to have similar preference tendencies in relation to the input representation and to 
prefer algebraic representations regardless of the representation used to express the 
problem. On the other hand, visual participants’ preferences changed according to the 
input representations. Visual participants believed that if the problem was presented 
algebraically, algebraic representation; if presented graphically, graphical 
representation; and if presented numerically, numerical representation would facilitate 
the process more. Furthermore, preferences parallel to the input representations in the 
problems were mostly observed with highest percentages for visual participants. 
Kendal and Stacey (2003) also stated that input representations in a problem statement 
could affect preferences. The fact that the effect of input representations were marked 
for visual participants in this study revealed that visual perception of the problem was 
important for these participants. Visual learners believed that during the mental 
manipulation of the visual input, the solution could also be visual and their visual 
skills influenced their representation preferences. 

Analytic and harmonic participants predominantly preferred algebraic 
representations regardless of the input representations. This indicated that for visual 
participants visual perception of the problem was more important in the solution 
process. Moreover, for the three types of cognitive processes, the most preferred 
representation type was algebraic representation. The findings revealed that the 
methods and approaches used in the traditional teaching process affected students’ 
problem-solving behaviour. This study is significant in the identification of students’ 
ongoing solution tendencies. Teachers and programme developers should design 
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course content and teaching approaches with a consideration for the differences in the 
learning environment.  
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A data collection process for an embedded case study focusing on the teacher-
teaching assistant partnership in the mathematics classroom 

Paul Spencer and Julie-Ann Edwards 
University of Southampton  

This paper discusses the progress to date of an NCETM/ESRC case 
studentship project which focuses on the partnership between teachers and 
teaching assistants in secondary mathematics classrooms.  The research 
background and rationale for the study are explained and the development 
of an innovative system of classroom observation to track the movement 
of the teacher and teaching assistant during mathematics lessons is 
discussed. Examples from the pilot study are employed to illustrate how 
this data tracking system is being used to triangulate the teachers’ and 
teaching assistants’ interview responses and identify how the teacher and 
teaching assistant work collaboratively in the classroom environment. 

Keywords: mathematics teachers; teaching assistants; classroom 
observation; embedded case study; triangulation of data. 

 

Introduction 

The use of teaching assistants (TAs) in secondary mathematics classrooms has been 
the focus of a number of studies in recent years with varying conclusions as to 
whether the impact of additional adults in the classroom is positive or negative.  The 
question of what impact TAs have on pupils’ progress has been, and still is, highly 
debated. Whilst, in the past, it has been generally acknowledged that teaching 
assistants have a positive effect on pupils’ achievement, there is little evidence in the 
UK on how this is accomplished.  

The lack of practical guidance for teachers and teaching assistants on how to 
work collaboratively has led to different ways of working in different schools.  It is 
this partnership between mathematics teachers and their teaching assistants that forms 
the basis for this NCETM/ESRC funded case studentship project which aims to 
identify the characteristics which contribute towards an effective mathematics 
teacher-teaching assistant partnership. 

Previous research in the field has mainly focused on employing quantitative 
approaches to assess the impact of teaching assistants; this research project employs a 
multiple embedded case study methodology, using both quantitative and qualitative 
methods. The case studies focus on three mathematics teacher-teaching assistant 
partnerships working in different schools, with the intention of developing 
intervention strategies which encourage an effective working partnership.  The 
embedded case study research methods are used to characterise teachers’ and TAs’ 
informal experiences and ways of working together, and to identify the factors which 
contribute towards an effective teacher-TA partnership. Grounded theory methods 
provide the means for developing the models of current working practice through the 
analysis of qualitative data. An intervention strategy will be designed based on these 
findings and a trial that involves both teachers and TAs will take place. 
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The research context 

The full time equivalent number of teaching assistants employed in secondary schools 
in the UK as at November 2010 was 45,400 (Department for Education 2011), a 
number that has been increasing year-on-year since 1997 (Department for Education 
and Schools 2005), despite recommendations by Handover (The Telegraph 2009) that 
the number of TAs should be reduced. Establishing what impact these TAs have on 
pupil achievement and identifying how TAs can be deployed and utilised effectively 
is of the utmost importance to the future of the TA role. Although there is a 
significant number of TAs employed in secondary schools in England, limited 
research has been conducted concerning their deployment, impact and effectiveness. 

One of the few studies that considers TAs employed in secondary schools in 
England was conducted by Smith, Whitby and Sharp (2004). The report provides an 
insight into how teaching assistants are deployed in schools, what impact they have on 
teaching and learning, and what attributes, training and qualifications they possess. 

A study, which has a similar focus to that conducted by Smith, Whitby and 
Sharp (2004) is the Deployment and Impact of Support Staff (DISS) (Blatchford et al. 
2009) project.  Conducted over a 5-year period, the project involved multiple strands 
of research designed to gather data relating to the deployment and impact of support 
staff. A significant finding of the study, which received high profile media coverage 
at the time (BBC 2009 and Guardian 2009), was that the more support pupils 
received, the less progress they made in mathematics subject knowledge.  

Whilst the studies conducted by Blatchford et al. and Smith, Whitby and Sharp 
focused on the impact of teaching assistants on pupil progress and attainment, and 
how support staff are deployed in schools, Walsh (2005) and Devecchi and Rouse 
(2010) focused more specifically on the teacher-TA partnership itself.  

The research study conducted by Walsh (2005) relies on questionnaire data 
obtained from teachers, teaching assistants and Special Educational Needs Co-
ordinators (SENCOs) to identify how effective the participants feel their teacher-TA 
partnership is, and what factors could improve the effectiveness of the partnership. 
Devecchi and Rouse (ibid) employ an alternative approach utilising an ethnographic 
study to gather data which highlights the attributes of teachers and TAs and the 
aspects of the school environment which encourage an effective working relationship. 

The development and implementation of an intervention program that 
encourages the professional development of teachers of mathematics and their TAs, 
improves the effectiveness of the teacher-TA partnership and proactively aids the 
cultivation of a deeper understanding of mathematics would address a number of the 
issues and recommendations highlighted in these previous research studies. 

Rationale for the study 

The standards framework for teachers (Training and Development Agency for schools 
(TDA), 2007) places an increasing emphasis on the effective working relationships 
between teachers and teaching assistants in the classroom. 

As mentioned previously, there is little research evidence in the UK on how to 
create and sustain an effective teacher-TA partnership in secondary school 
mathematics classrooms. The DISS study (Blatchford et al., 2009) highlights the need 
for further research into the work of TAs and an increased focus on the training and 
professional development of both teachers and TAs. 
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Research conducted by Ma (1999) has found that Chinese teachers’ deeper 
understanding of mathematics is linked to the time and support they are given to work 
collaboratively on the content of their lessons. The necessary sharing of the content of 
a lesson between a teacher and a TA in the UK offers an opportunity for developing 
such deep subject knowledge, similar to that which is achieved in China through 
collaborative planning, thus mirroring the successes in China but using established 
patterns of working in the UK.  

The importance of having a deep understanding of mathematics and its 
interrelation with pedagogical knowledge has been recognised by Ball (1989) 
following a large-scale study of teachers in the US. Our study examines how teachers 
and TAs work together to determine which characteristics of an effective partnership 
offer opportunities for developing deep understanding of mathematics. An 
intervention for mutual professional development will be developed and trialled, 
based on the findings of our research. 

The successful implementation of an intervention strategy which encourages 
professional development is planned to have an impact on school and government 
policy which will, in turn, affect the way teachers and teaching assistants work 
together in secondary mathematics classrooms. Successful implementation of an 
intervention is intended to develop teachers’ and TAs’ mutual deeper understanding 
of mathematics which should impact on pupil attainment in the subject. 

Development of the Teacher-TA tracking software 

In preparation for the pilot study for the embedded case studies, we developed an 
observation schedule to record the details of the pupils with whom the teacher and TA 
were interacting. However, following a discussion with Muijs (2011) regarding the 
quantitative nature of previous research in the field, we considered alternative 
methods of recording observation data. 

Initially, the concept of tracking the movements of the teacher and TA was 
based on recording their respective locations at various intervals during the lesson on 
printed outlines of the classroom layout. Although this method of recording the data 
was reasonably efficient, we felt the data would be more readily manipulated and 
evaluated if it was recorded as digital images on a computer.  

Whilst it was possible to save individual images to represent the respective 
movements of the teacher and the TA, the process of editing and saving each diagram 
was too time-consuming during the classroom observations.  In order to record the 
locations of both teacher and TA during the observations, it was necessary to 
automate the data recording process as much as possible. The initial version of the 
tracking software was a simple design which allowed the user to add the location of 
the teacher and TA, save a copy of the image, then modify the teacher and TA 
locations and save the next image.  

The key components of the software design have remained the same in 
subsequent versions; however, small changes have been made iteratively to improve 
the efficiency of the software. These improvements have been made to minimise the 
time required to record the data, so that a sufficient amount of time is available during 
the classroom observations for the researcher to record field notes. 

Managing and summarising the data 

The locations of the teacher and TA are recorded every minute; therefore the data 
collected from the tracking software comes in the form of 45-55 individual images, 
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depending on the length of the lesson being observed. These images are collated 
within a single Microsoft Publisher document, with each page displaying 6 images; 
arrows are added to the images to illustrate the movements of the teacher and TA (see 
figures 1, 2 and 3 below). These images can then be used to identify any interaction 
between the teacher and the TA during the lesson and to triangulate the responses 
regarding classroom practice obtained during the interview phase of the research.  

In order to interpret the data further, the classroom outline is separated into 
multiple regions; the time the teacher and TA spend in each of these regions is then 
calculated and a summary image of the classroom outline is produced (see figure 4). 
This summary can then be used to identify whether the teacher and TA work with the 
same pupils, the amount of time the teacher and TA spend working with different 
pupils/groups of pupils and, as with the individual images, can also be used to 
triangulate the comments made by the teacher and TA during their interviews. 

Utilising the tracking software: - examples from the pilot study 

To illustrate how the tracking software can be used to triangulate the teacher’s and 
TA’s interview responses, we have identified a number of comments from both the 
teacher and TA which can be supported by the data obtained from the tracking 
software.  During the pilot study interviews, both the teacher and the teaching 
assistant were asked what would usually happen in a typical mathematics lesson and 
what they felt their role and responsibilities were within the lesson. 

The TA described her practice at the start of the lesson as being “usually spent 
very quietly, just looking around, monitoring who’s listening; if they’re [the pupils] 
not listening, creeping over and giving them a nudge”. This description of the TA’s 
usual practice is highlighted in figures 1 and 2, which are the first two images taken 
from the results of the tracking software for one of the lesson observations. 

The responses from both the teacher and TA concurred, in that they felt they 
had a very good working relationship and an effective partnership working together 
within lessons. The TA explained how she felt she was a trusted and respected 
member of staff and how, in the classroom, both the teacher and TA would often 
briefly discuss the content of the lesson, what progress the pupils were making and 
what issues the pupils were coming across, if any. One of these interactions between 
the teaching and TA is displayed in figure 3; during the specific lesson in which this 
data was obtained, three of these brief discussions took place.  

 
 
 
 
 
 
 
 
 
      Fig. 1                       Fig. 2           Fig. 3 
 
In the interview responses, both the teacher and TA agreed that the discipline 

of the pupils was the teacher’s responsibility; however, both teacher and TA 
commented that the TA also plays a significant role in assisting in the management of 
pupils’ behaviour. The teacher commented that “the kids [sic] at the front in this class 
tend to be the chatty ones, if anything, and I certainly don’t expect her [the TA] to 
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defuse that”. The TA commented that she felt she helped to manage the behaviour of 
the pupils by moving around the class, “I don’t tend to sit and work with one person 
all the time; I flit about because I think that’s when the disruption starts”. The 
movement of the TA around the classroom and the teacher’s focus on the behaviour 
of the pupils at the front of the class is highlighted in the summary of the lesson 
observation displayed in figure 4. 

 The teacher and TA both commented on the importance of the TA moving 
around the classroom and working with all the pupils.  The teacher stated how the TA 
“works with all the kids [sic], basically. If there’s a kid [sic] that has been away she 
will tend to sort of sit with them and catch them up”. The TA concurred with the 
teacher, stating that she would usually “go round and explain things again and help 
them [the pupils] on their way and set them off and hopefully give them some 
independence and then move on to somebody else”. The summary of the lesson 
observation highlights how the TA usually moves around the classroom and works 
with a range of pupils. Although it appears that the TA works with one group of 
pupils for a significant amount of time more than the others, the researcher’s field 
notes, made during the lesson, comment on one of the pupils in that group being 
absent in the previous lesson. The time spent working with the pupil, who was absent 
previously, supports the comment made by the teacher about how the TA tends to 
work with pupils who have been absent to help them catch up with the work. 

 
 
 
    
  
 
 
 
 
 
 
 
 
 
 

                           Fig. 4: Summary of results for teacher and TA tracking during 1 lesson 
 
One of the main factors, identified from the interviews, which strengthened 

the teacher-TA partnership was the level of trust between those involved. The teacher 
commented “I trust her subject knowledge; I don’t have any issues leaving her with a 
group of kids [sic]… and I know that whatever she says will be accurate”. Similarly 
the TA stated “I think we get on very well, and she trusts me to know what I’m 
talking about”. Although the summary of the teacher and TA movements suggests 
that both the TA and teacher work with all the pupils in the class, the individual 
tracking images highlight how the teacher and TA tend to work independently, 
highlighting the level of trust they have in each other. 

Concluding remarks 

The iterative process used to develop the tracking software has ensured that the 
collection of data during lesson observations is both efficient and accurate, and the 
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use of teacher and TA tracking provides an innovative alternative to using a more 
statically-structured observation schedule to gather data about classroom practice. The 
data collected via the software provides an invaluable insight into how the teacher and 
TA work together in the classroom, whilst also offering an opportunity to triangulate 
data obtained during interviews with both the teacher and TA. 

The tracking software will be utilised during the embedded case studies and 
the individual images, illustrating the movements of the teacher and TA, will be 
analysed and summarised in a similar manner to those obtained during the pilot study. 
At present, the use of a Tablet in conjunction with the software is being considered as 
this will minimise the intrusion during lesson observations, compared with a laptop 
computer, whilst improving the efficiency of the tracking process. 
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An analysis of pre-service mathematics teachers’ performance in modelling tasks 
in terms of spatial visualisation ability   

Halil �brahim Ta� ova and Ali Delice  
Marmara University 

This study aims to identify pre-service teachers’ spatial abilities and to 
explore the effects of these abilities on performance in mathematical 
modelling tasks. Following a case study research approach, mixed 
methods were used for data collection. Participants were 75 pre-service 
teachers studying an MA degree without dissertation at a state university 
in Turkey. In order to identify pre-service teachers’ spatial abilities, data 
was collected using a Mental Rotation and Spatial Visualisation Test. In 
order to investigate the effects of spatial abilities on performance during 
the solution process and on the visualisation process, pre-service teachers 
participated in modelling activities. Descriptive statistics were used to 
analyse the qualitative data. Results indicated that almost half of the pre-
service teachers had high level spatial abilities. It was also found that pre-
service teachers’ mathematical modelling abilities were not sufficiently 
developed, and that their spatial visualisation abilities were weaker than 
their mental rotation abilities. Moreover, the result that pre-service 
teachers who had higher spatial ability also had better performance in 
modelling tasks than the other pre-service teachers implied a direct 
relationship. 

Keywords: mathematical modelling, spatial ability 

Introduction 

Skills such as interpreting problem situations encountered in daily life and producing 
efficient solutions, reasoning and associating can only be acquired and developed 
through mathematics education (NCTM 1989; Baki 2006). In order to do that, first, 
the idea that mathematics is an isolated science which is distinct from real life and 
only used at schools should be abandoned (Ayd�n 2008). It was this idea that led the 
way for the modelling approach to mathematics education due to a consideration that 
in a classroom based on this idea, traditional mathematics teaching would not develop 
students’ skills of applying mathematics to different contexts (Lingefjard 2006).  

Mathematical Modelling 

Modelling is the process of defining and explaining events or mental organisation of 
problem situations, using and constructing various schemata and models when 
encountered with a problem situation (Lesh and Doerr 2003). Mathematical 
modelling, on the other hand, is a combination of mathematical constructions chosen 
to represent some real world situations and the relationships among them (Niss 1988) 
and in the general sense, it is the process of mathematically expressing a real world 
situation (Kertil 2008). As this process constitutes algorithmic and non-routine 
problems which are open-ended and which are closely related to a real life context, it 
is considered as a more suitable problem solving activity for the aims of mathematics 
education (Blum and Niss 1991; Crouch and Haines 2005 cited in Kertil 2008). 
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Spatial Abilities 

Individuals need visualisation abilities as much as they need the abilities of using 
already existing or newly constructed mental models, schemata, visual elements, 
conceptual images and definitions in order to generate solutions to real world events 
and problems using modelling. Visualisation plays a significant role in the 
development of thinking and mathematical understanding, in creating associations 
between relationships mentally or on paper during problem solving and in the 
transition from abstract thinking to concrete thinking and it is an alternative and 
powerful resource for learners of mathematics (Dreyfus 1991; Hazzan and 
Goldenberg 1997; cited in Boz 2005 ; Lavy 2006). 

Visualisation, which is a method that allows the invisible to become visible 
(Zimmermann and Cunningham 1991, 2) can also be defined as the concretisation or 
illustration of abstract thoughts, or the organisation of abstract thoughts using visual 
elements (pictures, graphics, etc.) through concretisation so that they can be easily 
perceived by the sense of sight (Sevimli et al. 2008). The most important benefit of 
visualisation in mathematics is that it transforms a very abstract matter to less abstract 
or concrete. This is especially important for the students who struggle to understand 
abstract mathematical concepts. 

The process of visualisation as part of the problem solution strategies in the 
modelling task starts with reading the problem statement. The words that express 
mathematical terms in the problem or objects that exist in reality stimulate the 
learner’s subconscious information about the concept and thus the learner develops 
mental images that are accepted as the functional fundamental unit of visualisation 
(Gutierrez 1996). The learner interprets these images based on prior experiences and 
spatial abilities. The learner benefits from the content of the problem and constructs a 
full mental representation of the problem in fragments using these images or a partial 
mental representation in fragments. The learner transfers the generated mental 
representation on paper. A mental and physical action which includes mental imagery 
(Presmeg 1986) is thus materialised. The learner constructs an external representation 
of the problem which is now concrete on paper. Thereafter, the external representation 
also affects the interpretation of the mental representation obtained from reading the 
problem. Learners’ spatial abilities, which will be used to interpret images in this 
process, are also one of the significant and prominent factors (Delice 2004).  

Therefore, this study aims to investigate learners’ level of visualisation abilities 
which are observed when they begin the mathematical modelling process and the 
visual process they go through. Thus the purpose of this research is to find out how 
pre-service teachers’ spatial abilities affect the visualisation process in modelling 
tasks and as a result how much their abilities affect performance. 

Method 

This study, which aimed to investigate the effects of pre-service teachers’ spatial 
abilities on their performance in the mathematical modelling process, required an in-
depth understanding of problem solving processes and skills. Thus the study had a 
case study design which is, in its widest sense, defined as an in-depth investigation 
and analysis of a group or event. Participants were selected on the basis of 
convenience sampling where individuals or groups are studied as they are. This 
technique is a type of non-probablity sampling which is widely used in qualitative 
research (Cohen, Manion and Morrison 2000) and conducts a thorough exploration of 
the group or event under scrutiny. The participants were 75 pre-service mathematics 
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teachers pursuing a postgraduate degree (MA without dissertation) at the Secondary 
School Mathematics Education Department of a state university in Turkey. 

Data collected for the study were predominantly qualitative and the findings 
were supported by quantitative data. Multiple methods and research techniques were 
used for data collection. The research techniques were Spatial Visualisation Abilities 
Tests and Modelling tasks. Data were analysed using categorisation and descriptive 
statistics. 

In order to identify pre-service teachers spatial abilities, the Spatial Abilities 
Tests (SST) were administered. The tests were developed by Ekstrom, French, 
Harman and Derman (1976) and translated into Turkish by Delialio� lu (1996). Spatial 
ability is a combination of mental transformation and spatial visualisation abilities. 
Mental transformation ability is identified by using card rotation and cube comparison 
tests, while spatial visualisation ability is identified by using paper folding and surface 
development tests. These are multiple-choice tests with a single correct answer. 
Following the administration of the test, the data was categorised into “correct”, 
“incorrect” and “no answer” groups and the score of each student was calculated 
based on the number of correct answers. 

After the SST scores were calculated, pre-service teachers’ spatial ability levels 
(low-average-high) were determined in relation to the closeness of the mean scores to 
standard deviation. Accordingly, pre-service teachers who had scores between 165 
and 229 were identified to have a low, between 231 and 241 to have an average and 
between 245 and 276 to have a high level of spatial visualisation ability. 

Following the identification of pre-service teachers’ spatial visualisation skills, 
pre-service teachers were given problem solving tasks in line with the model and 
modelling approach. The tasks required skills such as identifying the variables of real 
life situations and events using mathematical thinking and stating the relationships 
between these variables using mathematical expressions. In order to identify pre-
service teachers’ performance in modelling tasks, each answer was grouped and 
evaluated into categories of “correct”, “partially correct”, “incorrect” and “no answer” 
based on their ability to find the result. For the evaluation of the answers, an answer 
key was prepared beforehand which, for each problem, identified which answers 
would be accepted as correct, partially correct, incorrect or as no answer. The 
descriptive analysis of the data and their percentages are presented in detail according 
to spatial abilities. 

Findings 

Quantitative and qualitative data obtained from the study is presented in this section. 
Spatial ability levels of the participants (low, average, high) and their mathematical 
modelling skills are identified and the data is discussed. 

Data analysis indicated that 44% of pre-service teachers had a high, 22% had an 
average and the remaining 34% had a low level of spatial ability. Thus, almost half of 
the pre-service teachers had a high level of spatial ability. 

An analysis of pre-service teachers’ answers to modelling tasks demonstrated 
that 41% gave correct (CA), 22% partially correct (PA) and 29% incorrect answers 
(IA), while 8% of pre-service teachers could not give any answers (NA). 

When pre-service teachers were compared in terms of their performance in 
modelling tasks according to their spatial abilities (Figure 2), the percentage of 
incorrect answers given to the modelling tasks by pre-service teachers who had low 
spatial ability (%41) was higher than that of the other pre-service teachers (%28 and 
%23). The percentages of correct answers to the modelling tasks by students who had 
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an average and high level of spatial ability were 55% and 52%, while the percentage 
of correct answers to the modelling tasks by pre-service teachers who had a low level 
of spatial ability was 41%. 24% of pre-service teachers who had high spatial ability, 
17% of those who had an average level and 14% of those who had a low level of 
spatial ability gave partially correct answers to the modelling tasks. It is worth noting 
that there were pre-service teachers who could not answer the modelling tasks only 
among the pre-service teachers who had low spatial ability. 

 
Figure 2: Performance in modelling tasks according to spatial ability 

Discussion 

Given the data obtained from the modelling tasks, pre-service teachers’ performance 
was, in general, insufficient. Following the reformation of the high school 
mathematics curriculum, pre-service teachers are expected to be intrinsically and 
extrinsically motivated to inquire and interpret; to think censoriously and relatively; 
and to make use of the knowledge and abilities they have at the needed stage of their 
activities such as problem solving. Thus, the performance in such activities, which 
assess skills that support the constructivist approach, was expected to be better. 
Moreover, mathematics pre-service teachers’ performance in the modelling tasks 
cannot be claimed to be good based on the fact that correct answers had the highest 
percentage. Partially correct answers should also be considered. When pre-service 
teachers could solve part of the task, but could not decide what to do afterwards, it 
meant that they neither gave an incorrect nor a correct answer. This increased the 
importance of the percentage of correct answers, and as this was less than half, it 
indicated that pre-service teachers modelling performance was not developed 
sufficiently. 

Due to the fact that the modelling tasks were open-ended and had non-routine 
characteristics, pre-service teachers had to transcend their already existing didactic 
acceptance, which has a significant dominance on problem solving skills. In other 
words, for the modelling tasks, when the problem was not understood, in order to 
choose correct mathematical operations, pre-service teachers had to perform beyond 
consulting key words or similar problems that were solved before, using each number 
and data given in the question to find the answer and thinking that each problem given 
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by the teacher was a problem that could be and had to be solved (Reusser and Stebler 
1997). This could be the most important reason for why pre-service teachers’ level of 
performance in the modelling task was insufficient (Kertil 2008). Modelling tasks, 
which are contextually related to real life and which require an integrated use of 
various skills such as visualisation and algebraic operations in the solution process, 
can be perceived as an area in which pre-service teachers had difficulties in applying 
their knowledge. Pre-service teachers’ attempts at constructing the abstract (mental) 
or concrete (drawing on paper) problem were observed in the solution processes. This 
suggests the potential contribution of their spatial abilities. 

Less than half of the pre-service teachers were found to have a high level of 
spatial ability, whereas more than one third had a low level of spatial ability. The fact 
that pre-service teachers had three levels of (high, average and low) spatial ability 
indicated that pre-service teachers could develop their spatial ability during their past 
experiences and educational life. Moreover, it also emphasised how pre-service 
teachers projected their spatial ability into the mathematics teaching and learning 
process and how they could use it in understanding and making sense of problem 
solving processes and mathematical concepts. Their spatial abilities were observed to 
have a directly proportional relationship with their performance in the modelling 
tasks. Pre-service teachers with low spatial ability at modelling activities had the 
lower success at performance. The reason of this might be their inability to utilise 
their visual abilities together with abstract/mathematical concepts to approach the 
solution process of modelling activities from different perspectives. The fact that the 
pre-service teachers who had a high ability could project it to their performance can 
be explained by their ability to apply their procedural skills, which would lead them to 
the solution, by combining the problem that they have constructed mentally and on 
paper and their mathematical skills. Yet, given that slightly less than half of the pre-
service teachers with high ability levels gave correct answers, the need to use 
visualisation skills in modelling tasks is also foregrounded. 

Conclusion and Further Research 

Mathematical modelling tasks provide critical evidence on mathematics pre-service 
teachers’ current situation. Pre-service teachers were observed to have difficulties in 
mathematical modelling and interpreting real life situations using their mathematical 
knowledge. Therefore, teacher education should include objectives to improve 
mathematical modelling skills and skills that would enable them to construct 
mathematical modelling tasks. Modelling concepts-questions-tasks, which could be 
accepted as applications of adapting mathematics to real life situations and which are 
also emphasised by the constructivist approach, should be incorporated in the lessons 
by identifying techniques and categorising pre-service teachers according to their 
spatial abilities. 

Given that pre-service teachers who had a high spatial ability performed well in 
modelling tasks, activities that will increase the ability to use mental visual-pictorial 
components could be used in classes. This emphasises the need to focus on activities 
to support the development of visuality and visual skills. For example, an ability to 
use algebra/symbols and their integration to visual skills can be studied. 

Another important finding is that visualisation ability and performance in 
modelling tasks are directly proportional. This suggests that more and variety of 
practice that aims to develop the ability to integrate these two skills in problem 
solving activities should be incorporated in the teaching learning process.  
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Impact of the Mathematics Lesson Structure reform in Seychelles on pupils’ 
achievement  

Justin Valentin 
King’s College London 

This paper draws on secondary achievement data and describes the pupils’ 
achievement during the first years of a mathematics teaching reform. 
Cross sectional analyses of the data showed no improvement in 
performance during the first years of the reform. However, during the 
same period, variations in the pupils’ scores reduced. The fact that it is 
difficult to make claims about impact of reform in the absence of 
experimental data, findings reported in this paper have become a rational 
to extend these analyses beyond the descriptive statistics to include data 
from other sources. 

Keywords. Mathematics lesson structure, achievement, mathematics 
teaching reform, Seychelles. 

 

Introduction 

In 2003 in Seychelles, the Ministry of Education decided that improving pupils’ 
learning in mathematics be one of the main priorities in its five-year plan (Ministry of 
Education, 2003). The decision followed claims of weak pupils’ achievement in 
mathematics (Khosa, Kanjee, and Monyooe 2002; Ministry of Education 2003; 
Trencansky 2002; Valentin 2003). A Mathematics Working Group (MWG) was 
mandated to spearhead all improvement activities around the subject. A systemic 
project, the Improving Pupils’ Achievement in Mathematics (IPAM) project, was 
incepted. A school survey conducted in 2004, with evidence from informal 
interactions with teachers suggested teaching as the area requiring improvement 
(Benstrong, Theresine, and Albert 2004). Stimulated by the three-part lesson structure 
from the National Numeracy Strategy in UK (DfEE 1998), as analysed in the 
Leverhulme project report (Brown, Askew, Rhodes, et al. 2003), the MWG in 
Seychelles initiated a mathematics teaching improvement reform, known as the MLS 
– the Mathematics Lesson Structure. Elsewhere, (Valentin 2011) I have described the 
reform along with findings relating to the teachers’ impression during the first years. 
The reform is underpinned by the assumption that teachers’ processes determine 
pupils’ achievement in the classroom (Darling-Hammond 2000). This paper reports 
on the analysis of two secondary datasets, an exploration of the pupils’ achievements 
before and during the early years of the reform. 

Lesson Structure 

The specific teaching process which MLS reform sought to improve is the teachers’ 
lesson structure. Schmidt, Jorde, Cogan, et al. (1996) contend that lessons within a 
country generally take a common form. The term characteristic pedagogical flow is 
coined to describe the general pattern of lessons of a particular country (Schmidt, 
Jorde, Cogan, et al. 1996). CPF springs from socialization of practices and cultural 
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values of education (Biggs 1998). If lesson pattern – lesson structure in the 
Seychelles’ context – is a result of teachers’ experience, values, and socialization, and 
if this lesson pattern can permeate a system, then it is possible to interfere with a 
country’s pedagogical flow. The MLS reform attempted that. Its consequences are yet 
to be established. The whole notion of lesson structure as in the MLS reform relates to 
coherence and encompasses sequencing.  Instructional coherence is defined as linked 
events and the meaningful discourse reflecting the connectedness of topics, which 
benefits students’ learning of mathematics (Chen and Li 2010). The use of the 
metaphor, “a good mathematics lesson is like a story” indicates the significance of 
coherence in developing lessons (Hiebert, Stigler, and Manaster 1999). The lesson is 
organized such that each sequence of events or activities becomes interconnected such 
that the ‘story’ gets a beginning, a development, an ending, and a consistent theme 
that runs throughout (Fernandez, Yoshida, and Stigler 1992). Using story as the 
metaphor also entails that lessons have climax and coherent storyline (Shimizu 2009) 
– two features which were often missing in the overall conduct of mathematics 
lessons in Seychelles prior to the reform (Benstrong, Theresine, and Albert 2004). 

In this paper, I draw on secondary achievement data and I present a 
description of the pupils’ achievement before and during the early years of the reform. 
The nature of the data makes it possible to conduct cross sectional analyses of the 
pupils’ achievement. Now I turn on to describe the datasets used for this paper. 

Data and analysis 

I analysed secondary data from the SACMEQ II and III data archives. SACMEQ 
(Southern African Consortium for Monitoring Educational Quality) is an association 
of fifteen Ministries of Education in Africa working together on improving different 
aspects of education using research evidence. Under the auspices of the International 
Institute of Educational Planning in Paris, SACMEQ has carried out three major 
surveys in its member states. The SACMEQ works are comprehensively described in 
(Murimba 2005). The SACMEQ data are relevant in this study in that the two 
mathematics surveys in which Seychelles took part were done before and after the 
reform, hence, permits comparison of pre and post reform achievement pattern. The 
data set provides an opportunity to study the relationship between MLS reform and 
pupils’ achievement. For this paper, I computed descriptive statistics for the two 
mathematics achievement datasets. I conducted ANOVA on the results. Then I 
worked out the percentages of pupils attaining each competency level. Lastly, I 
compared the pupils’ performance on the common items of the two tests. 

An overview of the test construction 

The SACMEQ tests were constructed by the national coordinators representing each 
member country. To ensure content validity, the curricula of the different countries 
were reviewed and common topics were identified. A blueprint was developed and 
items were written on the basis of the common topics. Finally one test, common to all 
participating countries, was prepared. The test included “overlapping” items selected 
from the earlier SACMEQ studies (Ross et al. 1998) and the IEA’s Third International 
Mathematics and Science Study (TIMSS) (Mullis et al. 2001).  
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Results of the analysis 

The first analysis compared the basic descriptive statistics of SACMEQ II and III 
data. Since MLS became mandatory in May, 2006 and SACMEQ III was 
administered in October 2007, I have reason to describe the pupils’ achievement of 
the third SACMEQ administration as post reform learning outcomes. The SACMEQ 
III mathematics test was equivalent to SACMEQ II test hence their results could be 
compared. SACMEQ II test consisted of 63 items and SACMEQ III consisted of only 
49 items. The decision to add or remove items on the tests was made by the 
SACMEQ coordinating centre based on their analyses of pupils’ perfornance in 
SACMEQ II. Of the 63 items of the SACMEQ II, 47 (representing a total of 75%) 
were repeated on SACMEQ III test.  The 49 items of SACMEQ III means that 96% of 
its items were items of SACMEQ II. This allows cross sectional analyses to be done 
on the test results. The number of candidates who sat SACMEQ II and III 
mathematics tests are 1484 and 1480 respectively. 

The mean of SACMEQ II test was 47.96% and standard deviation 16.84. 
These two statistics for the SACMEQ III tests are 46.36% and 14.78 respectively. 
Numerically both the mean and the standard deviation have gone down in the 
SACMEQ III results (see Table 1). ANOVA conducted on the two sets of scores 
suggests that the mean for the 2007 result was significantly lower than the 2000 mean 
[F(1, 2962) = 7.54, p < 0.01). Comparison of variations of scores using the coefficient 
variation indices show that the value went down from 35% to 32% suggesting that the 
group became more homogeneous after the reform. Coefficient of variation is the 
ratio of the standard deviation to the mean and is numerically useful to compare 
variations among groups with different means. 

Matching the items of the two tests and comparing their item difficulty indices 
(item means) revealed that, a) of the 47 items common to both the SACMEQ II and 
SACMEQ III, 26 (55%) items of the SACMEQ II test had a better mean than items of 
SACMEQ III test.  The  means were common for only 6 (13%) of the items. This 
implies that the 2007 cohort did better on only 32% of the common items. 

Analysis of the nature and content of the items on which the 2007 cohort was 
better than the 2000 cohort revealed that the items could be grouped into three 
categories mainly. The first category were the identification items such as, identifying 
properties of shapes and smallest numbers from list. This category consisted of items 
which generally do not require mathematical manipulations to work out the answer. 
The second category contained matching and graph readings. Here again there was 
little mathematical computation or manipulation involved. The third category 
included items which required some elements of computation but could be done in 
one step. 

A similar item skill auditing was done on those items onto which the 2000 
cohort was better. The items functioned at a higher cognitive level. They included 
items requiring the pupils to: read and interpret graphs; convert units of measurement 
and fractions; apply rules to solve problems; and compute solutions using no less than 
two steps. In a third analysis I compared the percentage distribution of students over 
the eight comptency levels of numeracy. The following results were obtained: i) the 
percentage of pupils at the lower levels (1 and 2) had decreased from 2000 to 2007; ii) 
in 2007, the percentages of pupils attaining the top level (7 and 8) have decreased; and 
iii) only 31.3% of the pupils have achieved Level 5 or better in SACMEQ III results. 
Findings reported in this paragraph can also be found in Table 1. 
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Descriptions SACMEQ II 
2000 

SACMEQIII 
2007 

No. pupils 1484 1480 
Mean (%)  47.96 46.36 
Standard deviation 16.84 14.78 
Coefficient variation (%) 35 32 
Percentage pupil at Level 1 2.6 1.9 
Percentage pupil at Level 2 20 15.9 
Percentage pupil at Level 3 24.2 24.5 
Percentage pupil at Level 4 19.7 26.4 
Percentage pupil at Level 5 13.8 14.4 
Percentage pupil at Level 6 13.3 13.2 
Percentage pupil at Level 7 5.0 2.4 
Percentage pupil at Level 8 1.4 1.3 

 Table 1: Basic statistics for the three tests 
 

Discussion and conclusion 

The findings indicate that while pupils’ achievement showed no improvement during 
the early years of the reform, variations in the pupils’ scores decreased over the same 
period. This leads me to claim that the method of teaching advocated in MLS tends to 
bring pupils together. In UK, where the idea of inducing a lesson structure in school 
originated, it was observed that such prescribed method of teaching to some extent did 
push up achievement a little bit (Brown, Askew, Millett, et al. 2003). MLS case in 
Seychelles did not improve achievement during the early years. However, while in the 
Seychelles’ case a decrease in variation was observed, the national numeracy scenario 
in UK showed an increase in variability of scores (Brown, Askew, Millett, et al. 2003) 

On the basis of the evidence presented in this paper, I can argue that some 
aspects of the MLS approach to teaching can be an appropriate teaching strategy to 
deal with mixed ability teaching – an approach which is gaining prominence 
following findings from local research in schools (Leste 2005). Here I use the term 
some aspects of the MLS since data which I have in relation to teachers’ enactment of 
the reform revealed that some components of the reform are not being used as 
expected (Valentin, 2011). This observation may also imply that the needs of some 
pupils, in particular, the top performers, are not being taken care of. Observation of 
classes which I did in a different phase of the research showed that in many instances 
the pupils’ tasks were not challenging. This study opens more spaces for research into 
the teaching of mathematics in Seychelles under the MLS regime. 

References 

Benstrong, E., A. Theresine, and C. Albert. 2004. Instructional Practices: Push and 
Pull. Paper presented at the 6th Annual National Education Conference. 
Seychelles. 

Biggs, J. 1998. Learning from the Confucian heritage: so size doesn't matter? 
International Journal of Educational Research 29 (8):723-38. 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 160 

 

Brown, M., M. Askew, A. Millett, and V. Rhodes. 2003. The key role of educational 
research in the development and evaluation of the National Numeracy 
Strategy. British Educational Research Journal 29 (5):655-67. 

Brown, M., M. Askew, V. Rhodes, H. Denvir, E. Ranson, and D. Wiliam. 2003. 
Characterising individual and cohort progression in learning numeracy: results 
from the Leverhulme 5-year longitudinal study. Paper presented at American 
Education Research Association Conference. Chicago, April 21-25, 2003 

Chen, X, and Y Li. 2010. Instructional coherence in Chinese mathematics classroom - 
A case study of lessons on fraction division. International Journal of Science 
and Mathematics Education:8 (4): 711 - 35. 

Darling-Hammond, L. 2000. Teacher quality and student achievement: A review of 
State policy evidence. Education Policy Analysis Archives 8 (1). 1-44. 
Retrieved from http://epaa.asu.edu/ojs/issue/view/8. 

DfEE. 1998. The Implementation of the National Numeracy Strategy: The Final 
Report of the Numeracy Task Force. London: DfEE. 

Fernandez, C, M Yoshida, and JW Stigler. 1992. Learning Mathematics From 
Classroom Instruction: On Relating Lessons to Pupils Interpretations. Journal 
of the Learning Sciences 2 (4):333-65. 

Hiebert, J, JW Stigler, and AB Manaster. 1999. Mathematical features of lessons in 
the TIMSS Video Study. ZDM 31 (6):196-201. 

Khosa, G, A  Kanjee, and L  Monyooe. 2002. The Seychelles School Improvement 
Programe: Baseline Evaluation. Pretoria: Human Science Research Council. 

Leste, A. 2005. Streaming in Seychelles: From SACMEQ research to policy reform. 
Ministry of Education. 2003. Report of Primary Six National Mathematics 

Examination Report for the Year 2002. Victoria, Seychelles: Ministry of 
Education. 

Mullis, IVS, MO Martin, E. Gonzalez, KM O'Connor, SJ Chrostowski, KD Gregory, 
RA Garden, and TA Smith. 2001. TIMSS 1999 benchmarking mathematics 
report. Chestnut Hill, MA: Boston College-TIMSS and PIRLS International 
Study Center, Retrieved from: http://timss.bc.edu/isc/publications.html. 

Murimba, Saul. 2005. The Impact of the Southern and Eastern Africa Consortium for 
Monitoring Educational Quality (SACMEQ). Prospects 35 (1):91-108. 

Ross, KN, T. Machingaidze, P. Pfukani, and S. Shumba. 1998. The quality of primary 
education: some policy suggestions based on a survey of schools: Zimbabwe. 
SACMEQ policy research: report No 3. 

Schmidt, W.H., Jorde, D., Cogan, L.S., Barrier, E., Gonzalo, I., Moser, U., Shimizu, 
K., Sawada, T., Valverde, G.A., McKnight, C., Prawat, R.S., Wiley, D.E., 
Raizen, S.A., Britton, E.D. and Wolfe, R. (1996) Characterizing pedagogical 
flow: Characterizing Pedagogical Flow: an investigation of mathematics and 
science teaching in six countries. Dordrecht London:  Kluwer 

Shimizu, Y. 2009. Characterizing exemplary mathematics instruction in Japanese 
classrooms from the learner’s perspective. ZDM 41 (3):311-18. 

Trencansky, I. 2002. Consultant Slovaque du ministère de l’education de la 
république des Seychelles. Rapport final de la mission. Victoria: Ministry of 
Education, Seychelles. 

Valentin, J. 2003. Proficiency on Arithmetic Word Problems of Seychellois 
Pupils.Unpublished master thesis,  School of Educational Studies, University 
of Science Malaysia, Penang, Malaysia. 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 161 

 

———. 2011. Primary school teachers in Seychelles reporting on their impressions of 
a mathematics teaching reform. In Smith, C. (Ed.) Proceedings of the British 
Society for Research into Learning Mathematics 31(1):137-43. 

 
 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 162 

 

To what extent might role play be a useful tool for learning mathematics? 

Helen Williams 
Roehampton University, London and Marlborough Primary School, Falmouth 
  

The work discussed here forms the beginnings of my PhD research, 
investigating the mathematical potential of role play in a primary school 
where a role play area is chosen by the children from Reception to Year 6, 
and is assigned for mathematics. Currently I am collecting and analysing 
video- and audio-taped data collected as a non-participant observer in a 
Y4 classroom with two groups of childen of eight years of age. Susequent 
to each observation, selected video clips are reviewed with the children. 
The focus of my research is currently 1) whether there is there any 
identifiable mathematics happening; 2) the level of involvement of the 
participants; and 3) how what is happening relates to what else is going on 
in the classroom.  Some broader educational themes are arising from the 
data and are outlined here, including the benefits and disadvantages of 
using video, reproposal, exploratory talk and the role of metacognition in 
learning mathematics. 

Keywords: role play; visually stimulated recall; reproposal; metacognition; 
exploratory talk. 

Introduction 

I have been carrying out observations in a classroom in the town primary school 
within which I currently work, of seven 8-year-old children in the Autumn term of 
their Year 4, whilst engaged in dramatic role play designed to engage them in an 
independent mathematics task. The seven children have been identified by the class 
teacher as slightly below average in their mathematical attainment, as defined by 
National Curriculum attainment levels (DfEE 2000). For one hour each week, each 
mathematics group is divided into two smaller groups and timetabled for half an hour 
on a computer mathematics programme and half an hour in the role play area. In this 
way, every child in the class has an opportunity to work in a smaller group on the 
independent role play task.  

Initially, potential mathematics tasks are discussed with the class and 
subsequently designed by the teacher as open-ended, with the opportunity to be 
differentiated by outcome. The task is often returned to later that week, or the 
following week, thus allowing the children to tackle some mathematics over an 
extended period, or engage in the task with the benefit of thinking or ‘review’ time, 
built in by the teacher each week.   

The term ‘role play’ can encompass socio-dramatic play and fantasy play and 
incorporate plot and story lines. Garvey calls this play type ‘play with social 
materials’ (Garvey 1977, 79) and sees it as a reflection of a child’s growing notions of 
their world. My working definition of role play is ‘walking in another’s shoes’. The 
subject area of my research straddles the pedagogy of mathematics teaching and that 
of early years. My area of focus is how play and mathematics might interact in a 
classroom. The mathematics curriculum as experienced by a group of children in a 
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primary school classroom at a particular point in time – what they do, what they say, 
their identities and perceptions. I am speaking from a social constructivist viewpoint, 
where learning is understood as social activity. This resonates with the approach to 
teaching mathematics integral to the Mathematics in the City initiative, a professional 
development collaboration between the Freudenthal Institute in the Netherlands and 
New York schools (Twomey Fosnot et al 2001a) where mathematics is taught by 
engaging children in active investigation of what they term ‘realistic’ problems.  

Some methodological issues 

Before recording these sessions on videotape I explained to the class that I was 
involved in some research to see if role play helped them do and understand 
mathematics. A couple of the children (C and Sc) have been particularly interested in 
what I am doing and have questioned me about what happens to the video tapes, who 
sees them and why I am writing down everything they say: 

(In all excerpts that follow contributions are numbered consecutively from the 
beginning of the observation; [...] indicates missing or unheard speech; / a pause; and 
// a longer pause) 

EXCERPT OF REVIEW TRANSCRIPT: GROUP 2, OBSERVATION 1 

179 Sc How did you get all that there?! 

180 HW I typed it all up there! It took me ages!  

Subsequent to my transcription of each observation, themes are identified 
using a grounded theory approach (���������	�
�������
��� ). I identify film snippets 
for the class teacher to use with the whole class to reflect on the mathematics taking 
place and for myself to use with my sample of seven children. These selected video 
extracts of themselves in the role play area form the basis of an in-depth, semi-
structured interview. These ‘review sessions’ are audio-recorded and subsequently 
transcribed they take place approximately one week after each observation.  

The aim of these diagnostic interviews are for me to get a better picture of 
what might be going on in the children’s heads and to help unpick what they perceive 
as having learned from the role play. This approach, of presenting something the child 
has done or said for them to comment on, draws on stimulated recall (Lyle 2003, in 
Griffiths 2011) and reproposal (Parker 2001). Lyle (in Griffiths 2011, 64) describes 
stimulated recall as: 

... an introspection procedure in which (normally) videotaped passages of 
behaviour are replayed to individuals to stimulate recall of their concurrent 
cognitive activity. 

This has echoes of the structure of observe, document and re-propose 
approach used in the pre-schools of Reggio Emilia, Italy (Abbott and Nutbrown 
2001). In reproposal adult observers note a short piece of child’s speech, choosing a 
time to read this back for the child to enlarge on with no adult interpretation or 
additional comment. Parker (2001) describes reproposal as: 

Reproposing children’s talk enables children to expand on their theories and 
extend them. This process often shows children that their ideas and thoughts are 
valued and can be shared and discussed. It reinforces their previous learning and 
develops them further. (p 91) 

It is within these review sessions that children have made statements about 
how they learn, as well as what they are learning in their role play. Reproposal and 
stimulated recall appear to be fruitful in provoking meta-cognition in these children.   



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 164 

 

 

Benefits and disadvantages of using video-recording in general and a FlipVideo 
in particular 

The FlipVideo recorder is the size of a mobile telephone and can be set up 
unobtrusively on a small tripod. I sit near the role play with a note book for the 
duration of the play. An iPod Nano is used to record the sound from a different 
position in order to catch speech when the children move. Both of these pieces of 
equipment make it easy to transfer recordings to my laptop for transcription and 
subsequent viewing with the children. The children have seen FlipVideo cameras in 
use in school, and were fascinated by the iPod. It became obvious affected what 
happened, but this could be interpreted as a distraction for the better, as on a number 
of occasions, a child drew another child’s attention to the camera and pulled them 
back on task. In addition, they seemed on occasions to be ‘in role’ for the camera – 
performing the mathematics! This raises the question of whether, and in what ways, 
role play, or indeed any mathematical activity, is different when an adult is near, or 
children perceive they are being observed. Sylva et al (1980) found that having an 
adult nearby increased complexity of nursery children’s play. 

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 2 

2 Sc  [to HW] Give me thumbs up when it’s on 

3 HW No, that’s OK, it’s all right 

4 Sc Give me thumbs up [...]! S, S! 

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1 

124 S Is this gold? 

125 Sc Yeah! Of course it is. Be sensible now. Be sensible and don’t 
mess around 

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 2 

58 Sc Go on, let’s not mess around 

59 S OK [both turn back to sheet] 

60 Sc Of course, of course. Now then, what’s seven times five? 

Metacognition: Layers of learning 

One advantage of using and reviewing the film that emerged, was evidence of 
children making meta-cognitive statements as they viewed the film of the role-play. 
For example: 

EXCERPT OF REVIEW TRANSCRIPT: GROUP 2, OBSERVATION 1 

14 HW What were you working out? 

15 F ‘Cos, and like, ‘cos Sc said we needed to be back at that time so I 
was getting the clock ready for that time, so when it  

16 HW You were trying to find 21 on the clock? 

17 F Yeah and I’d go like that 

18 Sc Because before we did that we doing our fives round the clock 
and we were going earlier, then we realised that it went in fives, so we had to 
realise that one of those in the middle must have been it, so we had to work out 
the exact one 

19 HW  Hmm. Because 21 doesn’t come when you are counting in fives? 

20 Sc No, so we had to really work it out as a group 
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And later in that interview: 

47 S It’s quite good to do it again, and you can’t, and you can like do 
the stuff you, like, mistaked (sic) 

48 Sc Yeah, it’s a lot better if you don’t make a mistake a second time, 
so then you learn something from the first time 

49 HW  I think you were quicker the second time 

50 F Hmm, because we knew what to do 

 Here both boys, Sc and S, make statements about what they understand 
about how they learn (as a group) and the role of mistakes, based on observing 
themselves working on setting an analogue clock for the time 15.21. The class teacher 
reviewed the same clip with the class and asked the question “What good learning can 
you identify?” In addition to responses identifying the content of the mathematics, the 
children’s replies included the following: “Working like a proper group and listening 
to each other”, “Asking questions to find out if they were right”, and “Figuring out 
and talking to each other”.  

Perhaps it is the case that visual reproposal helps reflection on how they learn. 

Some findings: when should Hemy put to sea? 

The role play setting, a floating artist’s studio, was decided by the children, based on 
the class focus for the term, a local history topic. Charles Napier Hemy (1841-1917) 
was a local artist considered to be one of the finest marine artists of his generation. He 
had a boat fitted out as a studio, where he could observe and make studies of the sea 
at first hand. For the first task I observed, the children were given a section from a 
tide timetable and were asked to use this to decide when it would be best for Hemy to 
put to sea. Immediately there was evidence of the children engaged in jointly making 
sense of the task, interpreting data by reading charts and graphs, comparing and 
estimating times, switching between 24-hour to 12-hour clock, as well as 
communicating information and ideas. This task seemed mathematically rich. 

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1 

10 F So, we have to leave at high tide 

11 Sc By 8.36, by 8.36 

12 F Yeah, but why would you want to go out at night? Is that p.m.? 

13 S No 

14 F Is that a.m.? 

15 Sc 8.37 I think, 8.36 

16 F 8.36, 8.35  

17 Sc 8.30 

18 F Yeah  

And a little later: 

33 Sc So do you know when 15.21 shows up? At 15.20 / we have to 
leave    before 15.21 otherwise we’ll get stuck 

32 F [with tide chart] No, 15.21 

33 Sc Yes, we have to leave before then [points to time on chart]  

see, 15.21 low tide 

34 F We have to leave, we have to get back by [....]  

35 S For the fishes. When I go out at high tide that’s when the fish 
come in. So if you want to go fishing, so if you have to be back by high tide 

36 F Wait, wait, I need to see when 15 is [head in hands, counts on her 
fingers] 
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37 Sc I know, it’s high tide now, let’s get going S, S, S, you’re ready 
enough to leave yet? 

38 S No 

39 Sc No, I know, we’re sailing on the sea 

40 F 3! 

41 S [pointing to chart] No! 15 

42 F Yes I know, but that’s 3.21 in the afternoon 

As I have accumulated my observations, it appears that not all tasks appear 
immediately mathematically rich, however whatever the task, every review session 
has evidence of children vocalizing their awarenesses of how they are learning. In 
addition, all tasks observed have demonstrated their potential for exploratory talk as 
described by Barnes (2008). Barnes describes this type of ‘learning talk’ as hesitant, 
used by the speakers to sort out their ideas, which is what appears to be happening in 
the transcribed observations.  

If there does not appear to be much mathematics occurring in the observed 
role play even when this is planned as a mathematical task, then what can we do about 
this? Maybe there is some mathematics related to what takes place in the play, that 
can happen a step away. Can we identify this and can we make some mathematics 
take place by tweaking something? This is a theme I am currently exploring. For 
example, using a shared resource or information as well as a recording sheet seems 
key in forcing the children to make sense together of the task and to reach some sort 
of joint conclusion. 

Role play? 

Viewing the video footage it is debatable whether the children are engaging in ‘role 
play’ or simply in a task that is linked to the role play theme. Perhaps it is the case 
that the role play scenario offers an opportunity for children to tackle some 
mathematics that is accessible and that “makes human sense” (Donaldson 1978). This 
is one theme I wish to pursue further - role or pretend play as releasing children to 
take part in mathematics without fear of failure or exposure. On the other hand, 
maybe the focus on problem solving temporarily overrides the imaginative play? 
There is certainly some evidence of the mathematics and the play occurring at 
different times. On this occasion, after deciding jointly on the best time to set to sea, 
the three children then played out roles of being at sea: 

EXCERPT OF VIDEO TRANSCRIPT: GROUP 2, OBSERVATION 1 

177 S Is that all you want to write Sc?  

178 Sc That’s all we need to. [....] F, shall we go out to sea? 

179 S I’ll lower the anchor 

180 Sc No higher, bring the anchor up. Lowering the anchor stops us 

181 S Does it? 

182 Sc Yes 

183 S Ok, ok, rulers are anchors [they mime together pulling anchor – a 
ruler – up. F watches] 

184 S [hopping on one foot] Oh! My toe! Ow! Oh my toe! 

185 Sc Did you hurt your toe? [hops too] 

[S mimes moving anchor, re-drops it and some hopping resumes by both boys] 

186 S Ow, that hurt my toe! [All laughing] 

187 Sc Right! Let’s go. Are we ready? Let’s go fishing, let’s go fishing 
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188 S Ok. [S casts imaginary rod] I’ve caught a pike [...] it’s a massive 
one 

Some further themes: the role of a story 

Further themes emerging are how a child’s identity and how they feel about 
mathematics, affects how they use the role play opportunity – to opt out or engage? 
And whether activities need to be returned to in order for the mathematics to emerge. 
Watson and Mason have referred to asking students for three examples of something 
as it is often only by the third that they will be pushing the boundaries (Watson and 
Mason 2005). Rogers and Evans write of the necessity of extended, periods of role 
play in order for Reception children to develop narratives (Rogers and Evans 2007). 
The three role play tasks I observed culminated in a class auction of Hemy’s paintings 
(seascapes painted by each member of the class). There is a sense that the previous 
role play activities prepared for the auction, where children acted in role as treasurers, 
bank tellers, auctioneers and bidding customers with a set amount of money to spend. 
With a story linking the mathematical activities, the class teacher has felt the 
mathematics work has been centered, the auction tying all the separate activities 
together into a final performance. 
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Mathematics teachers make statistical inference based on the distribution of 
sampled values 

Kai-Lin Yang 
National Taiwan Normal University, Taiwan 

The study presented in this paper illustrated part-characteristics 
underlying mathematics teachers’ alternative understanding or 
misunderstanding of confidence interval (CI) - related concepts. Firstly we 
developed assessment instruments to explore teachers’ understanding of 
CI-related concepts. We found that mathematics teachers knew mean, 
variance and some properties of a random variable, what a CI for a 
proportion measures, and the relationships between sample sizes, 
confidence level and the width of a CI for a proportion. In addition, they 
were able to calculate a CI for a proportion. However, they did not 
integrate their understanding of a random variable appropriately when 
estimating a parameter for a random variable, and did not transfer their 
understanding of CIs for a proportion to CIs for a mean. One critical 
characteristic underlying their thoughts was that they made statistical 
inference mainly based on the distribution of sampled values. 

Keywords: confidence interval, mathematics teacher, statistics 
 

Introduction 

Due to the relevance and importance of statistical inference, many countries include a 
basic study of statistical inference in their curricula of high schools (around 16- to 18-
year-olds). Taiwan senior-high-school mathematics curriculum has included many 
statistical topics, e.g. median and quartiles, mean and standard deviation, populations 
and samples, sampling and statistical inference (Ministry of Education, Taiwan 2008). 
Under this statistical curriculum which emphasizes less on simulations and data 
analysis, we found most of the mathematics teachers hold negative attitudes towards 
statistical learning and teaching (Yang 2011). 

Teachers may share the same misconceptions as the students. For example, 
teachers encounter conceptual obstacles as they attempt to conduct, or make sense of, 
hypothesis testing (Liu and Thompson 2009). In a review paper, Sotos et al. (2007) 
find few researchers have studied misconceptions concerning CIs which are one 
fundamental concept of statistical inference. The purpose of this study specifically 
focuses on misunderstanding of CI-related concepts held by mathematics teachers. 

Meaning of confidence intervals 

Gardner and Altman (1986) summarized that CIs present a range of values, on the 
basis of the sample data, in which the population value for such a difference may lie. 
A CI produces a move from a single value estimate, such as the sample mean, to a 
range of values that are considered to be plausible for the population. The width of a 
CI based on a sample statistic depends partly on its standard error, which counts on 



Smith, C. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 31(3) November 2011 

 

From Informal Proceedings 31-3 (BSRLM) available at bsrlm.org.uk © the author - 169 

 

both the standard deviation and the sample size. It relies on the degree of 
“confidence” that we want to associate with the resulting interval as well. 

Suppose that in a study a random sample of 400 twelfth graders from ten 
senior high schools was selected to estimate the average national college entrance 
exams (NCEE) score of all twelfth graders in Taiwan, and the average for the sample 
was found to be 300 with a sample standard deviation of 60. A 95% CI for the 
average NCEE score of all twelfth graders in Taiwan is from 294 to 306. Put simply, 
this means that there is 95% confidence rather than chance that the indicated range 
includes the ‘population’ mean. In a statistical sense, the CI means that if a series of 
identical studies were carried out repeatedly on different samples from the same 
populations, and there is about 95% chance that the population mean would be 
included among these CIs for the population mean. 

After learning CI-related concepts, mathematics teachers are supposed to have 
an understanding of what CIs and confidence levels do not say. Referring to Moore 
(1995), we cannot claim that we have 95% probability that a proportion lies within 
this CI because no randomness remains after we draw one particular sample and 
construct one particular level CI from it. The true proportion either is or is not 
between the CI. Thus, probability is replaced by confidence. We can claim that we 
have 95% confidence that a proportion lies within this CI which is calculated by a 
method that gives correct results in about 95% of a large number of repeated random 
samples of the same sample size. 

Misconception of confidence intervals 

Literature from research on statistical cognition and application suggests statistical 
inference concepts are commonly misunderstood by students and even misinterpreted 
by researchers. Cumming, Williams and Fidler (2004) found a deep misconception 
concerning the question “What is the probability that the next replication mean will 
fall within the original 95% CI?” An  internet  investigation  in  which  researchers  
were  asked to answer this question suggested that a majority of the researchers held a 
misconception that the original 1-� % CI will capture about 1-� % of replication means 
of the samples. This misconception is consistent with the law of small numbers 
intuition of understanding sampling variability (Sotos et al. 2007). After searching the 
studies related to misconceptions of the CI concept, Sotos et al. found that only one 
study concerning undergraduate psychology and ecology students’ understanding of 
CIs related to the p-value concept, Fidler (2006). Students’ misconceptions of CIs 
detected by Fidler include (1) CIs are a range of plausible values for the sample 
means; (2) CIs are a range of individual scores; (3) CIs are a range of individual 
scores within one standard deviation; (4) The width of a CI increases as the sample 
size increases; (5) The width of a CI is not affected by sample size; and (6) A 90% CI 
is wider than a 95% CI for the same data. The misconceptions (1), (2) and (3) are 
related to what a CI measure. The misconceptions (4), (5) and (6) are related to 
relationships between confidence level, width and sample size. The highest 
percentage of students, 73%, held misconception (6). Misconceptions (1) to (6) are 
less related to the interpretation of a confidence level.  
Referred to Garfield and Ben-Zvi (2008), other misconceptions include (1) a 
confidence level refers to the chance that the CI includes the sample mean; (2) a 
confidence level refers to the chance that the population mean will be between the 
upper and lower limits of the CI; (3) a confidence level refers to the percentage of 
data included in the CI; (4) a wider CI means less confidence; (5) a narrow CI is 
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always better regardless of confidence level. In sum, we have found that 
misconceptions of CIs are related to the covering meaning of CIs, factors influencing 
the width of a CI, and the meaning of confidence levels. 

Method 

 

Two confidence intervals are calculated for two samples from a given population. 
Assume the two samples have the same standard deviation and that the confidence 
level is fixed. Compared to the smaller sample, the confidence interval for the 
larger sample will be:  

(a)  Narrower (correct) 

(b)  Wider  

(c)  The same width  

(d)  It depends on the confidence level 

Figure 1. One item for assessing understanding of CIs in Stone et al.’s study 

 

Suppose there is a population of test scores on a large, standardized exam for 
which the mean and standard deviation are unknown. Two different random 
samples of 50 data values are taken from the population. One sample has a larger 
sample standard deviation (SD) than the other. Each of the samples is used to 
construct a 95% confidence interval. How do you think these two confidence 
intervals would compare? 

(a)  The two samples would produce identical values for the lower and upper 
bounds of the two confidence intervals.  

(b)  The confidence interval based on the sample with the larger standard 
deviation would be wider. (correct) 

(c)  The confidence interval based on the sample with the smaller standard 
deviation would be wider.  

(d)  The two confidence intervals would have the same width because they are 
both 95% intervals.  

Figure 2. One item for assessing understanding of CIs in ARTIST 
 
Although there are some instruments for measuring concepts related to 

statistical reasoning (e.g. Garfield 2003), statistical inference (e.g. delMas et al. 2007) 
and statistical understanding (e.g. Stone et al. 2009), few instruments are specifically 
focused on the CI concept. And ‘knowing-that’ knowledge is different from 
‘knowing-to’ knowledge (see Mason and Spence 1999). An exemplary item for 
measuring knowing-that knowledge is shown in figure 1, and an exemplary item for 
measuring knowing-to knowledge (Stone et al. 2009) is shown in figure 2 (ARTIST 
2011). However, the item in figure 2 requires to be improved because alternative (a) 
and (d) can be inferred by each other. 

In order to investigate mathematics teachers’ alternative understanding and 
misunderstanding of CIs, we firstly develop comparatively complete and reliable 
instruments for assessing CI-related concepts and use them as a tool for collecting 
teachers’ thoughts. CI-related concepts are referred to binomial, normal, sampling 
distributions and CIs.  

Twenty four in-service mathematics teachers were taking a graduate course in 
introduction to statistics. After CIs were taught by a statistician, they were asked to 
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answer the test items individually and then to discuss their answers in class. We did 
not intervene in their discussion except asking them to explain their thoughts more 
clearly. After their discussion, the applied statistician would tell them correct answers 
and ask them how they think about the answers. Six teachers were conveniently 
selected to interview for further clarifying their understanding during the discussion. 
Three types of data were obtained: videotapes of the discussion, written materials, and 
audiotapes of the interviews. 

The data analysis did not aim at examining the extent to which teachers hold 
misunderstanding but investigating mathematics teachers’ thoughts of CI-related 
concepts. Thus, we decided to explore qualitative data without a pre-determined 
theoretical or descriptive framework (Yin 1994). The analysis was guided by 
questions concerning teachers’ incorrect answers and their thinking about their 
incorrect answers. 

Result and Discussion 

In this paper, we revealed one underlying reason which resulted in 
mathematics teachers’ misunderstanding of CIs. That is, some teachers made 
statistical inference mainly based on distributions of sampled values. 

The first type of thoughts was the confusion between the distribution of 
samples and the distribution of a random variable. The item, in figure 3, asked 
teachers to find the maximum likelihood estimator of the population parameter, the 
proportion of red balls to all balls. Some teachers who were able to correctly 
understand three general properties of a random variable misunderstood the most 
likely estimate for the proportion as the mode of these sample proportions and 
answered (A). These general properties referred to the distribution of a random 
variable, the expected value of a random variable, and a sample of a random variable.  

 

The number of red and blue balls in one bag was one hundred. Jon randomly drew 
twenty balls in this bag, and recorded the number of red balls. After repeating this 
act ten times, the recorded numbers were 2, 6, 4, 6, 10, 6, 18, 4, 8, 6. Which 
number of red balls in this bag is most likely? 

(A)30     (B)35 (correct)     (C)60     (D)70 

Figure 3. An item related to binomial distributions. 
The mathematics teachers did not integrate the properties into estimating a 

parameter of a random variable. We agreed that the mode of the sample proportions 
could be considered as an alternative method to estimate population proportion in 
some cases. However, we were also concerned whether teachers distinguished sample 
proportions from the population proportion, and then identified the observations as the 
estimates from ten samples instead of ten data which were representative of part of the 
population. 

The second type of thoughts was the confusion between the distribution of a 
random variable and the distribution of a sample statistic. The item, in figure 4, asked 
teachers to identify a 95% level CI for a population mean, the mean height of female 
college students. Some teachers ignored the sample size and used the standard 
deviation to estimate the bounds of the 95% level CI. Rossman and Chance (2004) 
mentioned that this error may come from learners’ forgetfulness of dividing the 
sample standard deviation by the sample size. On the contrary, we found they failed to 
transfer their understanding of CIs for a proportion to CIs for a mean, and mistook the 
standard deviation as the standard error, although being able to correctly calculate a 
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confidence interval for a proportion and understand relationships between “standard 
errors and confidence level”, “sampling errors and the length of CIs”, and “sample 
sizes and sampling errors” (or CIs, confidence levels). This implied that they needed 
to integrate procedural and descriptive knowledge into discriminating between 
“standard deviations and standard errors”. 

 

In a university, twenty five female students were randomly selected. We found 
that their average height was 160 cm, and the standard deviation was 10 cm. 
Which statement is correct based on the data? (maybe more than one correct 
statement) 

(A) (156 cm, 164 cm) is a 95% confidence interval for the average height of all 
the female students in this university. (correct) 

(B) (140 cm, 180 cm) is a 95% confidence interval for the average height of all 
the female students in this university. 

(C) About 95% of all the female students’ heights are within (156 cm, 164 cm). 

(D) If one randomly selects twenty five female students in this university, the 
probability that their average height will be within (156 cm, 164 cm) is 0.95. 

Figure 4. An item related to interpretation of confidence intervals and levels 
 

Reflective Remarks 

A coherent understanding of statistical inference entails integrating ideas of sample 
representativeness and sampling variability to reason about population parameters 
(Rubin, Bruce and Tenney 1991). In contrast, mathematics teachers may tend to focus 
on one sample data or sampled values that just produce the particular outcome, and 
assess probabilities by the propensities of the particular sample or samples at hand. 
Accordingly, it is suggested that teacher educators could notice how to shift teachers’ 
attention to the discrimination between the distribution of a random variable where a 
sample comes from and that of a sample statistic which constitutes the base of 
statistical inference by relating their focus on the distribution of sampled values at 
hand to the theoretical distribution of a sample statistic. 
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