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LISTENING: ACASE STUDY OF TEACHER CHANGE
Alf Coles
Kingsfield School, South Gloucestershire, and University of Bristol

The data for this study is taken from a project [1] looking into the development in
year 7 students (aged 11-12) of a ‘need for algebra’ (Brown and Coles, 1999) in four
teacher’s classrooms in the UK. | introduce the notions of evaluative, interpretive
and transformative listening, (adapted from Davis, 1996), to analyse three transcripts
from lessons of one teacher on the project. The project design and case study were
informed by ideas of enactivist research (Varela, 1999, Reid, 1996). A change
occurred in Teacher A’s classroom, as shown in the transcripts, and the listening of
both students and teacher became transformative. There is evidence that specific
teaching strategies were linked to this change in listening. Once the change occurred
the students started asking their own questions within the mathematics.

BACKGROUND

In the summary of findings (Coles, 2000) from a one year teacher-research grant
(awarded by the UK’s Teacher Training Agency (TTA)) I identified teaching
strategies that were effective in establishing a ‘need for algebra’ (Brown and Coles
1999) in a year 7 class (students aged 11-12 years) whom | taught. Evidence for
students finding a “need for algebra’ was that they were able to ask their own
questions about complex mathematical situations and structure their approach to
working on these questions.

The results of the TTA research formed part of the background to a current research
project [1], funded by the Economic and Social Research Council (ESRC). This
project involved three other teachers, who had all been part of a steering group on the
TTA research, and wanted to work at developing a ‘need for algebra’ in their own
year 7 classes (the first year of secondary school in the UK).

Since a ‘need for algebra’ was linked to students asking their own questions, whole
class discussions in which students developed these questions were seen by all the
teachers on the project as being a vital component of their lessons. If discussions
amongst a whole class (around twenty six students for each teacher) are to be
effective in allowing students to develop their own ideas, then the quality of listening
of the students is a key factor.

LISTENING AND HEARING

| take listening to involve an act of will or decision on the part of the listener. There is
an important distinction however between a listening that is active but where no
connection is felt with what is said and times where a connection is made and the
hearer is changed by what they hear. | have found this distinction useful in thinking
about discussions but, in analysing dialogue, | needed a finer grained, observable
categorisation. | found this from adapting Davis (1996)'s forms of listening.
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THREE FORMS OF LISTENING
(1) Evaluative listening

If a teacher is listening in an evaluative manner then they will characteristically have
a “detached, evaluative stance’ (Davis, 1996 p.52) and they will deviate ‘little from
intended plans’ (ibid). For such a teacher 'student contributions are judged as either
right or wrong ... listening is primarily the responsibility of the learner’ (ibid). The
teacher makes assumptions based on a supposed ‘knowledge of the other’s
subjectivity’ (ibid) or rather the assumption is the students have knowledge of the
teacher’s subjectivity - hence it is the student’s responsibility to listen and learn from
the unproblematic access they will thus have to the teacher’s thinking.

If students or teacher are listening in an evaluative manner then they would see what
others say in terms of right or wrong, and see listening as the others’ responsibility.
This is indicated by, for example, someone responding immediately to another’s
suggestion with a judgement that it is incorrect (or correct).

(2) Interpretive listening

Interpretive listening is characterised by an awareness of the “fallibility of the sense
being made’ (Davis, 1996 p.53). If | hear someone while listening in an interpretive
manner then along with whatever connection | make, or any idea that arises, or
whatever meaning | take from the words, | am aware that this may not be the
connection, idea or meaning the speaker intended. There is a recognition that
listening requires: ‘an active interpretation - a sort of reaching out rather than taking
in” (ibid). A response might offer feedback to the speaker not by evaluating what is
said but e.g. by offering an interpretation and asking for clarification.

(3) Transformative listening

When | listen in a transformative mode, then as well as an awareness that what | hear
may not be what the speaker intended (characteristic of the hearing of interpretive
listening) | am open to change and to the interrogation of assumptions.

Evidence of transformative listening in a classroom includes a willingness to alter
ideas in a discussion, to engage in dialogue, to entertain other points of view, and
hold them as valid, independent of whether they are accepted or not. If a student
makes a connection to a previous piece of work or links something that has been said
before, this would indicate the transformation of experience, the re-structuring of
categories. Similarly, if a student creates a new categorisation, this indicates a
creative attention to what is happening: the seeing of ‘a new world’ (Thera, 1996
p.32).

CASE STUDY - TEACHER A

Methodology

There are four researchers on the ESRC project (one of whom is myself), each
responsible for a different strand of analysis (e.g. teaching strategies, algebra).
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The whole project design has been informed by ideas of enactivist research (Varela,
1999, Reid, 1996, Brown and Coles, 1999, 2000) and a key component of the
research process has been that we take multiple views of a wide range of data. We
will often look at one piece of data, e.g. a short piece of a videotape of a lesson, and
discuss what we see from each of our perspectives.

We also tell stories of the changes that are happening over time for the students,
teachers and researchers on the project. The three transcripts (see Appendix 1) that |
use in this paper are part of a story about learning and about teacher change. All four
researchers have written about an expanded version of the last transcript (Brown et al,
2000) weaving a different story to the one | present here.

There is no sense of there being a “best’ theory for our work or, for example, of the
perspective of listening in this paper being ‘better’ than a previous analysis of the
same data. An explicit part of the project is that we see ‘research about learning as a
form of learning’ (Reid, 1996 p.208). From an enactivist viewpoint learning is the
telling of multiple stories and the awareness of ever finer grained distinctions.

Methods used for this case study

There were four teachers on the project who were videotaped in each of the six half-
terms that make up an academic year. The camera was fixed at the back of the
classroom - focused on the board but with around half the students in view. The data
for this study is taken entirely from the videotapes of one teacher, Teacher A (TA). |
was looking at times during the lesson of whole class discussion, i.e. when there was
a single conversation occurring in the room. | initially watched the videotapes and
noted - at 5 second intervals - whether a student or the teacher was speaking. This
record helped me identify times when students responded directly to each other or
when there was significant interaction between teacher and students. | then
transcribed those sections of dialogue from the video recording. | chose Teacher A
for the study because, of the four teachers on the project, there was the clearest
evidence of a change in listening on the videotapes of his lessons. Appendix 1
contains three transcripts selected to highlight these changes.

Analysis

The dialogue in Transcript 1 shows evidence of evaluative listening. After the
comments of both S1 and S2, Teacher A says ‘they do’ thus evaluating and
confirming the students’ contributions. S3’s comment is greeted with a ‘thank you’
which the other comments were not, suggesting to me that this is the comment that
the teacher wanted (although the comment is unclear, from Teacher A’s response |
interpret S3 as saying something about the first and last digits of the three numbers
under consideration). Further evidence for the teacher having a pre-given idea of
what he wanted the students to say is that having started with the general question:
‘Any comments about those three numbers?’, Teacher A then asks: ‘what can you tell
me about the first and the last?’. Having started with an open question, since the
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students were not offering what was wanted, the teacher directs their attention to a
specific aspect of the problem.

| believe the listening in Transcript 2 moves from interpretive to transformative. A
student makes a suggestion: ‘It’s got six lines of symmetry’, which is dealt with in a
different manner to the ones just before. Rather than continuing the interpretive
listening pattern of repeating each student’s contribution and asking for other
comments, Teacher A says: “Where’s your lines of symmetry then?’. The teacher
cannot know where S1’s lines of symmetry are, hence he is genuinely involved in
making meaning of the comment.

Teacher A then asks for the rest of the class’ opinion: “Who thinks it’s a line of
symmetry? Hands up’. After S5’s comment, Teacher A gets an A4 piece of paper and
starts folding it the ways S5 and then other students suggest. The teacher responds
directly to suggestions from students. The task for the class (in this case deciding
what is a line of symmetry and how many there are on a rectangle) emerges from the
interaction of students and teacher. | read Teacher A’s comment at the start of the
transcript: ‘right, we’re talking symmetry’ - which was said with a slightly higher
tone of voice, as further evidence that he had not anticipated dealing with issues of
symmetry. There is a feel of collaboration and participation in the dialogue -
characteristic of transformative listening.

The participatory nature of discussion is even more evident in Transcript 3 (taken
from later in the same lesson as Transcript 2) in which the listening is also
transformative. The teacher here is not running the discussion (e.g. posing questions
for students to respond to). It is the students who are asking questions: e.g. “‘What
would just a straight line be?’. Students are now talking directly to each other and
extending each other’s ideas e.g. ‘S3: And a quarter times 48 is twelve’.

The transcripts provide evidence that there was a significant change in the listening in
Teacher A’s classroom. The listening in videotapes of lessons up to Transcript 2 was
interpretive or evaluative and in all later videotaped discussion the listening was
transformative, so the change appears to have been a lasting one.

CONCLUSION - TEACHING STRATEGIES

It is beyond the scope of this paper to deal with what factors have contributed to the
change in listening in Teacher A’s classroom, however it is striking that there are a
number of teaching strategies in evidence in Transcript 2 (and later discussions) that
were not being used in Transcript 1. These strategies include:

- the teacher asking a question they do not know the answer to. Teacher A says:
‘“Where’s your line of symmetry then?” Having made this comment there is
iImmediately the possibility for other students to engage with S1 in dialogue.

- responding to students’ suggestions. There is evidence of this particularly in the
sequence when Teacher A gets a piece of paper and starts folding it.
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- asking for feedback from the whole class. Teacher A asks for “Hands up’ in
response to the question “‘Who thinks it’s a line of symmetry then?’. Feedback from
this response allows the teacher to use the next strategy.

- asking a student to explain their idea to the class.

These strategies can all be seen as slowing down and opening up discussion. They are
strategies that encourage and allow different students to engage in dialogue with each
other. In Transcripts 2 and 3 over a quarter of the class speak in a period of a few
minutes. Another way of characterising the strategies is that they all depend on the
teacher’s contingency upon the responses of the students. It is important to note this
does not imply the teacher will do anything the students suggest but only that
students’ voices can be heard and can play a part in the creation of the lesson focus.

It is striking that in Transcript 3 it is not the teacher who is ‘asking a question they do
not know the answer to’, or ‘responding to students’ suggestions’, but the students
themselves. It seems that students are taking over some of the roles in discussion
previously performed by the teacher - a culture of transformative listening is
becoming established in the classroom. In Transcript 3, for the first time on any of
Teacher A’s videotapes, students raise their own questions, which they could work
on, related to the mathematical activity.

1 ‘Developing algebraic activity in a ‘community of inquirers’” Economic and Social Research
Council (ESRC) project reference R000223044. Contact: Laurinda.Brown@bris.ac.uk.

Thanks to the headteacher, governors and staff of Kingsfield School for their unfailing support.
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APPENDIX 1

[NB The numbering of students in each
transcript is done independently.]

Transcript 1: September 1999

TA: Any comments about those three
numbers? [The numbers referred to are:
92101, 29810, 54321]

S1: They all have two in them.

TA: They all have two in them [pause]
they do anything else?

S2: They all have one in them.

TA: They do [Two more students offer
suggestions, which TA responds to.]

TA: Now remember what we were
saying ... when we were looking at four
digits we were comparing the first and
the last, we were comparing the two
middle ones. What can you tell me about
the first and the last with those ones ...
what can you tell me about the first and
the last?

S3: [unclear]

TA: Thank you S3: nine is bigger than one,

two is bigger than zero, five is bigger than
one.

Transcript 2: March 2000
S6: It’s got four sides

TA: It’s got four sides, okay, very good,
anything else?

S7: It’s got four equal angles
TA: Four equal angles, yes
S1: It’s got six lines of symmetry

TA: Six lines of symmetry, right, we’re
talking symmetry. Where’s your lines of
symmetry?

S1: Across the right hand top corner to the
bottom left hand corner

TA: This is a line of symmetry? [TA holds up
a ruler along a diagonal of the rectangle]
[pause] he’s unsure. Who thinks it’s a line of
symmetry? Hands up [pause] a couple of you.
[pause] Who thinks it’s not a line of
symmetry? [lots of hands go up] Oooh, okay,
S3, convince those that think it is why is it
not a line of symmetry do you think?

S3: You can only have diagonals in a square
TA: Oh right, okay
S4: Oracircle

TA: Why is that one not a line of symmetry
though? S5
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S5: Well, if you get like a A4 paper,
that’s a rectangle, you can fold it
diagonally so that it goes all [unclear]

Transcript 3: March 2000

TA: Excellent. Oh, lovely. Well done.
[Students applaud] So, 3 times 4 is 12, 2
times 6 is twelve, 1 times 12 is twelve
and a half times 24 is also 12..

S3: And a quarter times 48 is twelve
TA: And a quarter times 48 ...

S3: And an eighth times ...

S4: Three quarters.

TA: And an eighth times ...

S: I’'m not saying.

S: You can actually go on.

TA: We could carry on forever couldn’t
we?

Ss: What about 100? How could you
draw it though?

TA: Well, it would be a sixth of a unit.
Very small.

S: If you drew it really big so one square
was 6

S: Sir, what would just a straight line be?
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EVALUATING TEACHERS’ KNOWLEDGE IN RELATION TO
THEIR CHILDREN’S LEARNING

Constantia Hadjidemetriou and Julian Williams
University of Manchester

We report a study of 12 secondary school teachers’ knowledge of their pupils’ errors
and misconception in graphical reasoning. A diagnostic test, previously given to their
pupils, was used as a questionnaire to these teachers with instructions that they
should record their perception of the difficulties of the items on a Likert scale, and
suggest misconceptions students might have that would cause difficulty. We built a
rating scale and the item-perception-difficulty measures that resulted were correlated
with the children’s actual difficulty as estimated by the test analysis. In addition we
sought to confirm the teachers' responses through informal interviews. The teachers’
mis-estimation of (relative) difficulties could be explained by one of two reasons:
sometimes teachers apparently misunderstood the actual question themselves thus
underestimated the difficulty of the item. At other times teachers overestimated the
difficulty because they did not realise that children could answer the question without
a sophisticated understanding of some concepts i.e the gradient.

INTRODUCTION AND BACKGROUND

Extended research in Mathematics Education (Clement, 1985; Bell et al., 1987; Even,
1998; Janvier, 1981; Kerslake, 1993; Sharma, 1993; Swan, 1985) has identified
common errors and misconceptions in pupils’ graphical thinking which are
significant for their learning. These misconceptions are valuable indications and
should not be avoided. Cornu (1991) argued that we should lead students to meet
them and treat them as ‘constituent parts of the revised mathematical concepts which
are to be acquired’. However, as Leinhardt et al said about graphical research:

‘of the many articles we reviewed almost 75% had an obligatory section at the end called
something like ‘Implications for teaching’ but few dealt directly with research on the study
of teaching these topics’ (Leinhardt et al, 1990, pp. 45).

We would add that the “teaching implications’ drawn from research on the
psychology of learning mathematics are in any case in general problematic: for many
reasons these implications rarely impact on practice. Williams and Ryan (2000)
argued that research knowledge about students’ misconceptions and learning
generally needs to be located within the curriculum and associated with relevant
teaching strategies if it is to be made useful for teachers. This involves a significant
transformation and development of such knowledge into pedagogical content
knowledge (Even, 1998) which requires its own study. Shulman (1986) refers to the
pedagogical content knowledge as knowledge ‘which goes beyond knowledge of
subject matter per se to the dimension of subject-matter knowledge for teaching’
(p.9), which includes “the ways of representing and formatting the subject that make
it comprehensible to others’ (p.10).
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This study:

e developed an instrument from the research literature to assess children's learning
and misconceptions on a scale related to their curriculum, which we suggest is a
prerequisite for transforming this knowledge into professional practice, and

e explored the development of this into an instrument for assessing this aspect of
teachers' pedagogical content knowledge.

The development of the assessment instrument involved the tuning of, or the
development of, diagnostic items from the research literature on graphicacy to fit the
school curriculum. This developed from an analysis of the key work in the field of
children’s thinking, identifying items which related appropriately to:

1. Slope-height confusion: pupils failure to distinguish between two graphical
features, the slope and the highest value (Clement, 1985);

2. The Linearity prototype: pupils tendency to sketch linear graphs in situations were
they are not supposed to (Leinhardt et al, 1990);

3. The ‘y=x’ prototype: pupils’ tendency to believe that all the graphs have a slope of
one;

4. The “Origin’ prototype: graphs are drawn through the origin;

5. Graph-as-picture: many pupils, unable to treat the graph as an abstract
representation of relationships, appear to interpret it as a literal picture of the
underlying situation (Clement, 1985);

6. Co-ordinates: pupils’ tendency to reverse the x and the y co-ordinates and their
inability to adjust their knowledge in unfamiliar situations (Kerslake, 1993);

7. Scale: pupils prototypically read a scale to a unit of one, or more rarely ten
(Williams and Ryan, 2000).
METHODOLOGY

The study sample (N=425) was of year 9/10 pupils from 7 schools in the North West
of the UK. The pupils’ test results were subjected to a Rasch analysis. The result is a
single difficulty estimate for each item and an ability estimate for each pupil (see
Hadjidemetriou and Williams, under review for PME 2001).

The pupils’ teachers were interviewed (N=12) to check that the test was regarded as
fair and valid. Our test was also given to the teachers but beyond answering all the
questions they were asked to:

e predict how difficult their children would find the items (on a five-point scale
starting form Very Easy, Easy, Moderate, Difficult, Very Difficult)

e suggest likely errors and misconceptions the children would make and
e suggest methods/ ideas they would use to help pupils overcome these difficulties
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This data is used here to explore the validity of the research data on misconceptions
and also the state of the subject matter and pedagogical content knowledge of this
small group of teachers. Teachers' responses were also confirmed through informal
interviews, where we began to explore their teaching practices.

RESULTS

As mentioned before, the test was given as a questionnaire to the teachers with
instructions that they should record their perception of the difficulties of the items on
a five point Likert scale. These data were subjected to a rating scale analysis and the
item-perception-difficulty measures that resulted were correlated with the children’s
actual difficulty as estimated by the test analysis (rho = 0.395).

However, the teachers’ estimates were significantly incorrect on a number of items
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(see above figure, in which teachers’ ratings of difficulty were scaled on a rating
scale analysis, and plotted against ‘actual’ scaled values of the pupils difficulties). In
this paper we will only discuss two items: the “Transport 1’ item where teachers
overestimated its difficulty and the “Story 3’ item whose difficulty was
underestimated.

“Transport 1’ (shown below) was an easy question according to pupils’ answers but
some teachers seem to have given quite high difficulty ratings. These teachers
believed that pupils had to be aware that the slope of the distance-time graph
represents the speed of each transport. However, pupils’ transcripts verify that they
could find the answer by looking at the time taken for each transport to travel to
school:

Interviewer: how can you see that it (A) is quick and that D is slower?
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Sara: Because ...
Andrew: It takes more time.
Sara: Yes it takes more time. It takes more time to get to the same part. It takes 40

minutes to get to school and the others it takes 15, 10...

The graph shows journeys by four different means of transport from home to school, a
distance of two kilometers: Bus, Car, Walking, Bicycle. Match each line with the
appropriate transport

Distance traveled from home

Distance travelled 92— A B C D
in Kilometers

»
>

[ [T T T T _. 7. .
05 10 !Ls &0 25 30 35 40 = Time in minues

Some pupils identified (after the interviewer’s intervention) that the lines differ as far
as steepness is concerned but none of them mentioned that the slope of the graph
represents the speed. So, sometimes teachers may overestimate the difficulty of an
exercise because they overestimate the level of knowledge needed to answer it
correctly.

On the other hand, teachers underestimated the difficulty of some other questions
such as ‘Story 3’. This item requires pupils to draw the ‘Height of a person’ from
Birth up to late thirties. A closer look at teachers’ graphs illustrates the problem.

Height of a person Height of a person

Haight 2 Haight

in Meters i1 Matars

i D.

Two teachers’ graphs for the *‘Story 3’ Item

Prototypes such as the ‘Origin’ and ‘Linearity’ are dominant in these graphs. These
graphs not only underestimate the difficulty of the item but also show that these
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teachers have low expectations from their pupils since none of those two graphs
would receive full credit, if given by a pupil.

In the questionnaire and interviews, the teachers were encouraged to list the
misconceptions that children might exhibit. Here we summarise the misconceptions
mentioned by the 12 teachers we worked with:

TEACHER ol T D O T
MISCONCEPTION 1" |27 |3 |4 |5 |6q|7 |8 |9 [107]11" |12

Slope-height - .y . - _

Linearity prototype -

‘y = X’ prototype ” o

The Origin prototype - -

Picture-as-graph - - - - - - - -

Co-ordinates _ _ _ _ _ _

Scale _ _ _ _ _ _ _ _ _ _ _

*=|Interview and Questionnaire, Q = Questionnaire only, | = Interview only

Teacher knowledge of the seven different misconceptions varies dramatically, with
half the teachers mentioning only one or two of them, and two of the teachers
mentioning all but one of them.

These indications of teachers’ knowledge seem highly sensitive to whether the data
comes from Questionnaire or Interview data: we suspect the different data sources
may relate to whether the teachers’ knowledge is tacit (elicited when provoked by an
example question) versus explicit (suggested spontaneously in the interview without
the questionnaire prompt). We believe this aspect of the research has interesting
potential.

CONCLUSION

The “discrepant’ items were examined for face validity and found perfectly
acceptable as test items. However, the teachers’ mis-estimation of their (relative)
difficulty could be explained by one of two reasons:

¢ in at least three items the teachers underestimated the difficulty for the children
because they apparently misunderstood the actual question themselves, i.e. they
had the misconception the item was designed to elicit, or they had a limited
understanding that did not receive full credit; or

e on two items the teachers' overestimated the difficulty because they did not realise
the children could answer the question without a sophisticated understanding of a
cocept.

This paper presents the part of a research project that deals with evaluating teachers’
subject matter and pedagogical content knowledge. Another part of the research
evaluates pupils’ graphical literacy by identifying their common errors and
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misconceptions and by group discussions as a way to get an insight into their
mathematical thinking process. However, the aim of the project as a whole is to bring
all the findings together and to help inform teachers about their pupils’ actual
difficulties and pupils’ actual arguments in order to encourage them to use these in
their practices as a starting point for more effective teaching.

However, the initial aim of this paper is not to generalise about teachers’ pedagogical
content knowledge but to suggest a methodology for evaluating and maybe
developing this knowledge. There seems to be a gap between pupils’ difficulties and
teachers’ perception of these difficulties. Our concern is to provide research findings
and propose a methodology that will help to bridge this gap.
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A CATEGORISATION OF UPPER SIXTH-FORM STUDENTS'
BELIEFS ABOUT MATHEMATICS

Katrina Daskalogianni and Adrian Simpson
Mathematics Education Research Centre, University of Warwick.

The purpose of this paper is to present a categorisation of high achieving upper
sixth-form students' beliefs about mathematics as a discipline, about themselves as
learners and when working in mathematics. The analysis of data suggests that there
are three coherent categories of macro-beliefs among students and within each one
there is a system of micro-beliefs. We will argue that these systems of macro-beliefs
act as a potential medium of predicting students' working habits and approaches in a
given mathematical problem and we will discuss possible ways in which coherent
systems of beliefs may change over time.

INTRODUCTION

The study and analysis of students' mathematical behaviour is better interpreted
though theories of cognition that integrate the affective domain. The focal point of
this paper is the presentation of an interrelation between affect and cognition by
describing students' beliefs about mathematics and by further examining a possible
link between these beliefs and their mathematical performance.

We ground our research on the understanding that learners' affective responses in
mathematics guide their learning and working habits and that this is at least as big an
influence on their studies as the cognitive mechanisms that control the form of their
learning. The existing literature disaggregates affect into attitudes, beliefs and
emotions, which vary significantly in their level of intensity and in their stability.
While aspects of all three factors will play a role in the research reported here, we
will concentrate on belief.

Lester et al (1989) define beliefs as "the individual's subjective knowledge about self,
mathematics, problem solving, and the topics dealt with in problem statements.” (p.
77). Students form certain beliefs about mathematics during their route through the
school environment and these beliefs vary in their domains of attention. Students
develop beliefs about the nature of mathematics, about the setting of exercises, about
themselves when working in mathematics and the role of the teacher according to
their experiences in school. These beliefs are affected by external factors such as the
teaching style, the syllabus structure, the exercises and exam requirements and by
internal factors as students' own abilities in mathematics and achievement, their
preferences of mathematical topics, their confidence and motivation.

The beliefs that students develop over time are structured in a hierarchical way
according to their centrality within a given belief system. Adapting the theory of
Rokeach (1975) concerning the organisation of beliefs within a "central-peripheral
dimension™ for the individual, we suggest that students' beliefs are constructed in
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central belief systems that we call macro-beliefs which in their turn can be seen as an
inner structure of peripheral belief systems, varying in depth and stability that we call
micro-beliefs. McLeod's suggestion that beliefs are “thought to be relatively stable
and resistant to change" can be re-evaluated in the light of Rokeach's ideas and we
suggest that the broader macro-beliefs change relatively slowly over time, while the
more detailed micro-beliefs may be modified more easily in response to changed
circumstances.

The analysis of our data suggests that there exist three dominant macro-belief
systems among students, which act as a potential medium of predicting their
mathematical behaviour in a given mathematical problem. The data presented in the
following sections will exemplify the three prevalent macro-belief systems, the
"systematic”, the "exploratory" and the "utilitarian™ and their links with students'
respective manifested working habits in mathematics.

METHODOLOGY

The study presented here focuses on the systems of beliefs and mathematical
behaviour of upper sixth-form students. This is the first phase of a longitudinal PhD
project that aims to monitor students' development of attitudes towards mathematics
In relation to cognitive aspects through the transition from school to university.

27 students participated in this phase of the study, chosen because they had each been
offered a place at Warwick's Mathematics Department to study for a pure
mathematics degree. Semi-structured interviews were conducted with them three
months before their A-level examinations and a mathematical problem was given to
the participants at the end of the interview. The selection of the problem was made in
a way so that it was comprehensible by the students but without the need for
specialist mathematical knowledge, in order to be open to a range of different
approaches that we could interpret as the manifestations of different beliefs. This
problem also provides us with an opportunity to compare the students' espoused
beliefs with their mathematical behaviour.

CATEGORISATION OF BELIEFS

Analysing data that contain valuable information on the affective domain required the
use of an analysis tool that could form a solid theoretical framework for explaining
the "delicate” and dynamic characteristics of students' beliefs. Thus we adopted a
"Grounded Theory" approach (Strauss and Corbin, 1998) from which three
predominant categories of macro-beliefs emerged. In addition the analysis of
students' behaviour on the mathematical problem indicated a connection between
students' espoused beliefs and expressed practices when working in mathematics. In
the following figure we present a synopsis of the emerged macro-beliefs along with
their peripheral micro-belief characteristics.
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In the following paragraphs we will illustrate the belief profile of three students,
Katherine, Lara and Andy, who we see as representative of learners belonging to the
three key macro-belief systems, "'systematic”, "exploratory" and utilitarian
respectively. It is important to note that the categorisation we have given is one of
tendency. For example, some of those categorised as 'systematic' may well accept
some of the micro-beliefs from other categories, but it is through the 'systematic' lens
that these students come most sharply into focus.

Macro-belief 1: "'Systematic™. The case of Katherine.

Students whose beliefs fall into the "systematic” system of macro-beliefs view
mathematics as a static and rigid body of knowledge and they like what they perceive
as the systematic and methodical way of working in it. Their micro-beliefs also
include mathematical exercises having a definite answer that can be approached
through following a series of steps. They feel confident with exercises where they
have to apply strategies that they have used before in previous problems. Throughout
the interview with Katherine we note expressions of views representative of a
"systematic™ believer and we cite below some indicative extracts from her interview.

I To rephrase the question a little bit, what do you think that you gain from
learning maths?

K: It meant to be some methodical, work through and logical, uhm, it just

teaches you how to see things through systematically.

Why do you think you prefer maths in relation to other subjects?

K: I'd always liked maths. I think I just, uhm during the lower school and
GCSEs | just got sick of writing essays! © And | preferred the scientific
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approach, just an answer and sort of short explanation answer rather than 3
pages essay! ©

When it comes to the approach of the given mathematical problem, Katherine firstly
attempts a specialisation by trying out specific numeric examples but fails to
generalise a pattern either algebraic or numeric without being prompted to do so.
When she was asked about how she found the exercise she replied:

K: Uhm, it's quite interesting [...] | didn't know where to start really.

The 'systematic’ macro-belief seems at odds with risk taking and exploration. While
attempting a few numerical examples fits, the beliefs about the nature of mathematics
leave her with no strategy for tackling an open problem.

Macro-belief 2: ""Exploratory*’. The case of Lara.

Students whose macro-belief systems are better explained by the "exploratory"
category believe that mathematics is a dynamic subject, characterised by the
discovery of truths and the exploration of new concepts and approaches to exercises.
Their initial views about working in mathematics are focused on the problem-solving
nature of it and on the existence of more than one correct answer. They also like the
challenge of a new exercise and they are always looking to make interesting links
between the concepts involved. Lara, as a typical student of the "exploratory”
category, expresses these views in the following passage from the interview with her.

I Is there any topic that you prefer the most among the others?

L: The question is that when I'm doing it, it tends to be the one that there
always isn't a straight way obviously, but the more you think about it, the
more it makes sense, which is the normal when you link things together
rather one particular topic area...I like interesting questions the ones that
stick with algebra rather than being difficult because you have to play with
the numbers.

When Lara was presented with the mathematical problem she attacked it by
considering two different approaches to it. She could immediately make the
connections between all the elements of the exercise and she finally proceeded with
an algebraic one, which led her to the correct answer. In contrast to students whose
macro-beliefs are "systematic" or "utilitarian", Lara felt challenged by the exercise
and she tried to understand the meaning of it without immediately complaining that
she could not solve it because she had not seen a similar one before.

Macro-belief 3: ""Utilitarian’. The case of Andy.

Students whose central belief systems follow the categorisation of the "utilitarian”
macro-beliefs consider mathematics to be a tool for other subjects and are mainly
concerned with its real life applications. They focus more on study techniques and
they are interested in obtaining a correct answer in their homework and exams.
Andy's appears characteristic of a utilitarian believer:

I: Right! So no problem at all so far?
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A: No. Sometimes it's a little...deep, but | came out of it eventually. But some
of the P1 Step, Special Paper questions | don't like. The P3 and P4 | can do
fine. I've got the P1 that's strange. | don't get it. It just tends to be harder |
think. Just 'cause P3 and P4 they just tend to be what it is in an A-level
really but just with a little bit extra.

I: Imagine a student who's a GCSE student and he or she is asking you "Oh,
could you tell me just a few words about A-levels maths?". What would
you say to him or her?

A: ...It's just the same but more homework!
I: What about the level of difficulty of maths?
A: It is more difficult. You do a lot more work.

Because utilitarian believers hold practical views of mathematics they tend to be
based on known algorithms and numerical approaches on their working in
mathematics. When Andy tries the problem he doesn't write anything on the given
piece of paper; he is working the whole time in the calculator instead. And when he
finds a pattern for the solution he can't move on and says "l can't see how to prove
that they all are [divisible by 11]". He finally admits that

A: | just didn't know what you wanted me to do. [...] Uhm, I prefer it gives me
something | can do this to it, something to get the head on.

We suggest that it is his "utilitarian™ beliefs about mathematics that drive him to work
solely with his calculator and he neither works systematically in search of a pattern,
nor relishes the exploratory nature of the problem.

DISCUSSION

In the above illustrations of the three distinct categories of macro-belief systems we
can observe a relation between students' expressions of conceptions of mathematics
and their engagement in a mathematical problem. This same general match between
the espoused belief and the student's behaviour can be seen in all the students who
participated in the study, suggesting we have a sound basis for the postulating that
knowledge of students' systems of macro-beliefs can be a medium for predicting their
mathematical behaviour.

In the case of a "systematic" believer, such as Katherine, a synopsis of micro-beliefs
includes mathematics being systematic and methodical and mathematical exercises
following a series of logical steps, which were used in previous exercises. This, along
with her successful previous mathematical experiences while approaching a task by
using subsequent valid steps, results in her idiosyncratic way of approaching the
palindrome question by trying to apply numerical and then algebraic steps but
without making all the necessary connections among them in order to have a
successful strategy of solving the problem. For the "exploratory" believer Lara, her
micro-beliefs of mathematics being a problem-solving activity of challenge,
exploration and the search for meaning influence the way she approaches the problem
first by assigning meaning to the given question and second by considering more than
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one approach to it. Finally Andy, an example of a "utilitarian™ believer, whose views
about mathematics are summarised as mathematics being a subject related and used
by other subjects with exercises that are straightforward and easy to do if you have
done some practice, finds himself in a difficult situation when faced with a problem
he has never seen before and does not know how to approach, apart from trying some
examples in his calculator.

Although the observations of this research are focused only in a short instance of
students' mathematical behaviour, interesting findings emerged concerning the
interrelation between students' affective expressions and their tendencies to respond
in a mathematical problem. In some cases, "systematic" and "utilitarian" learners the
macro-beliefs about mathematics they hold hinders the development of
polymorphous and flexible styles of working in a mathematical environment, a
finding that accords with Schoenfeld's (1989) exploration of students' beliefs and
behaviour in mathematics. As Daskalogianni and Simpson (2000) have noted in a
previous paper, students' "predisposition becomes activated in a mathematical task
and influences their cognitive processes and consequently their mathematical
behaviour while working in it." (p.223).

The question raised, of course, is how can we challenge and enrich students' existing
macro-belief systems order to ameliorate their performance in mathematics?
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DEVELOPING AVYGOTSKIAN PRACTICE IN MATHEMATICS
EDUCATION

Chris Day
Cheadle Hulme College

This paper introduces some problems encountered during my research, which was
based on a Vygotskian, Activity Theory approach to the teaching of mathematics. It
attempts to focus attention on the dialectical complexities of practical problem

solving activity.

INTRODUCTION

]

When the man in this picture looks into the mirror his image appears to be reversed
from left to right. This is a pragmatic model of his activity. Pragmatic theory has
been advocated by a wide range of prominent theoreticians (such as Dewey, Bruner,
Piaget or Habermas) and will be familiar to most readers. The best pragmatists
realise the limitations of their theories, however, and as Ricco has put it:

"There is no claim that conceptualisations are separable from matters of fact and thus
might constitute true or false representations of 'real’ facts in the world. The claim is
only that it is useful to think of the matters of fact from within these
conceptualisations. The utility of theories or models, however, is a thoroughly
empirical question." Ricco (1993 p142).

The man above is not reversed from head to toe, for example, although light rays are
unaffected by gravity and as we can see, the left/right reversal does not happen to this

)*(*(

| will present some brief examples from my research to illustrate problems, which
can arise when we try to develop such practical understanding in mathematics
classrooms.

DIALECTICAL LOGIC

Investigating the reflection problem further would be an exercise in dialectical logic.
An apparent contradiction leads us to re-examine the theory that mirrors only
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transform images from left to right. From the perspective of dialectical logic, a
thought directed to the immediate goal of explaining a reflection in a mirror is
necessarily accompanied by a thought about that thought in terms of the nature of
reflections in general. In this way we can move towards a deeper and therefore more
truthful understanding of reflections in mirrors. The new understanding affects or
mediates how we look at other similar problems. This mediation is carried out by
means of speech and other semiotic objects and perhaps the key difference between
Piagetian and Vygotskian theory concerns the importance attributed to the notion that
the form of objects changes within language. While Piaget considered language
unimportant, for Vygotsky, language was the key attribute separating humans from
animals.

LINGUISTIC TRANSFORMATIONS AND FLUENCY

One important aspect of semiotic mediation is the fluency of the linguistic
transformations that we carry out. Russian research (Talyzina 1981) suggests that
fluency depends upon the amount of abbreviation the verbal actions have undergone
and determines the ease and the speed of their execution. Fluency is especially
important because it also determines how much will be remembered in the longer
term.

MEDIATION THROUGH FORMAL AND DIALECTICAL LOGIC

The nature of the relationship between this mediational activity and material activity
Is itself an important and complex factor in human activity. Davydov (1999) has
described two types of transformation that take place in the creation of the new ideal
images that people form to guide practical activity. These are external and internal
transformations and are differentiated in terms of a notion of essence. Those changes
that relate to an object externally are concerned with the notion of essence as
described in formal Kantian logic. In this system, the essence of an object is just
something it has in common with other similar objects. Equations, for example,
would be seen as essential elements of mathematics. Within this perspective, fluency
in transforming equations could become a central goal for teachers and the practical
relevance of the work could be ignored.

My first example of difficulties arising during the introduction of VVygotskian theory
into mathematics teaching concerns problems arising from a traditional tendency to
use overly formal and abstract teaching methods. A teacher from School 2 in an
experimental teaching program | recently carried out was a specialist in Mathematics
and was responsible for the teaching of mathematics in the school. This specialist
mathematics teacher decided to move prematurely away from material examples
given in the research program to more abbreviated abstract operations on symbols.
This caused problems because important information was left out which made his
examples meaningless.
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The teacher began a lesson with a series of examples he had prepared. He wrote a
number of sets of symbols for rate such as V1, V2, V3 on the board and asked how,
for example, Vo (overall rate) could be found from them. He was attempting to
develop fluency of mathematical actions separately from their material origins. This
caused some concern to the children because no contextual information was given.
He did not indicate, for example, whether addition or subtraction actions were
necessary. | passed him a note and he quickly readjusted his questioning in line with
the ethos of previous lessons. When this was done answers came steadily and mostly
correctly from the class. Some of his examples were wrong, however, and were not
corrected. For example:

"One man walks at a speed of 5 miles per hour and a second walks at a speed of 7
miles per hour. Their combined speed is 12 miles per hour."

The speeds are clearly not additive in this example.

Dialectical essence, on the other hand, is a universal relation that traces a mediating
object back to its social origins. It is a law of development of any system rooted in
human activity. Formal logic constructs classifications in order to orient a person in
future practical activity. Rearranging the existing order of things in formal logic is
then extended when rearranging them in terms of dialectical essence. In dialectical
logic it is also necessary to relate these objects to an essence which gives birth to all
the terms that are only described abstractly in formal logic. This activity releases the
practical potential of an object of study and we are then in a position to change it.

My second example refers to some classroom practice carried out naturally according
to the logic of dialectical essence. The teacher from school 3 of the same teaching
program was keen to make connections between material reality and algebraic
symbols.

Teacher: (Writing on the board as he is talking)
"If Jim and | have 25 apples, together. Jim has 12. How many have |
got?”. "Nice and simple, isn't it. What value is this?..So =25.. S1 =12
.. I need to find S2, don't I? You can work it out in your head .. the value
is 13 .. but how do you get it? Its So - S1isn'tit. .. yes. Some of you are
messing this up. Its so easy isn't it .. on the first question .. | know some of
you have got it. Then some of you are messing it up on question three. It
really is that simple. Think about it. Its not hard."

In this example symbolic mental actions involving thoughts such as such as S1 and
S2 introduced in the teaching program were fluently combined with more concrete
notions of apples belonging respectively to Jim and the teacher. By moving fluently
from the general to the particular in this way, the teacher connected the formal
notions with their essence in practical relations between people.
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GENERALISATION

My final example of problems arising during my attempts to develop a vygotskian
practice in mathematics education concerns another important notion in the
development of dialectical understanding. The degree of generalisation is determined
by the extent to which an action is distinguished from other similar objects. In this
example the notion of rate of pumping water is being generalised by applying it to a
similar practical situation involving children running. The following extracts from a
video transcript will illustrate some difficulties that can arise in a mathematics
classroom when more complex practical problems are generalised in this way. My
example involves a class teacher who was a specialist in Information Technology and
a keen amateur actor. He clearly had problems understanding some of the ideas we
were introducing. The problems which arose within the substantive mathematical
content of more complex problems would suggest that while a non specialist
mathematics teacher might be less resistant to the practical nature of the innovation
presented in this program, training in the new dialectical techniques of mathematical
education will be an important requirement.

Khalid, a student from school in the program, has written a problem for the class to
discuss:

"Two boys run towards each other. The first runs at speed V1 and covers
distance S1. The second runs at speed V2 and covers distance S2 before
they meet. How long did they run for?"

(Khalid returns to his place and Ranjit sits down in the

swivel chair) il “}ﬂ

Teacher: "Um .. put down the bits. .. What do you

)
know?" , = /@

(Ranjit begins her solution):

Teacher: "Right, so we've got a V1. You've got an S1, from which you can find T1 ..
yes .. and why not. So that's how long the first boy was running. We know
his speed. We know how far he went .. so we can get how long it took
him."

Teacher: "Now .. second person .. we know his speed and we know how far he ran ..
so we'll know how long it took him. You are now about to trip up over
your shoe laces."

The teacher has seen Khalid's alternative solution and
assumes Ranjit is going wrong. (Ranjit completes her f@

solution): _\_\@

,'Tﬂ“'.

N ®
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There are a number of unclear parts to this question. If the boys did not start and
finish together, so that T1 and T2 were different, the time they were running could be
seen as the time of whoever started first. If they did start and finish together the time

running would be the same for each. S1 S2
(———=T1=T2:To)

V1 V2
In either case Ranjit's answer would be correct since she does not suggest adding the
two times together. (She may have been tempted to carry this out if she had been
asked how to find To).

Teacher: "Now .. the point is .. let's just think about this ..stand up Ranjit .. by that
door .. just to show you where this problem becomes difficult .. in terms of
real time .. Ranjit starts running towards me (general laughter). She covers
the distance .. to there in .. what .. three seconds. So run to there please.
Right .. so .. that's how long it's taken her. At the same time I'm running
towards her (general laughter). We collide, but .. go back to where you
were .. that's all right. She took this long and I took this long. Wait a
minute .. Go! (They run towards each other again amid general laughter)
.bumf .. right .. so what .. it didn't take that amount plus that amount did it?
It took ..however long the whole thing was .. which is not quite the same."

The teacher has constructed a situation in which the actions do actually start and
finish together and thus demonstrates that he has missed the point of Khalid's
example. He is thus unable to be part of the zone of proximal development that
Khalid was attempting to establish. He is aware of the need to clarify things,
however and calls upon Khalid to give his solution to the problem, perhaps partly to
give himself time to think.

Teacher: "The amount of distance we covered is that distance plus that distance. Our
combined .. our impact speed is her speed plus my speed, but the time we
took is not the time Ranjit took and the time that | took. Its a different
concept. So its not really To. Its how long did they run for .. its not exactly
what we found out. That's why | say you are going to trip over your shoe

laces.”
Teacher: "In the green corner Khalid has seen the solution to his own problem. Off
you go ..(laughter) .. you and your big mouth Khalid."
Khalid puts in his solution. He has arranged the @
diagram to find So and Vo directly from their /
components: W ——C
Khalid's solution does not actually fit his question. He ( [T T
appeared to be looking for a problem like the ones on o T ~ /,@
rate of pumping in the worksheet he had been working Vo
on and which could have ended: @
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"How long would they have taken to cover this distance, running at these
speeds, if they started and finished together?"

This question would have led to the answer: g1, 5>
Viva) =T
V1+V2

Since they started and finished together in is question, To and T1 are equal and so
both answers are correct.

Teacher: Right ..excellent! .. so .. the approach then .. If you want to find To ..
you've got to find Vo and So .. then you can find To. (Points to Ranjit's
solution). That looks totally logical ..but it doesn't actually find us To ..
because of this thing about time.

The complexity Khalid wanted to introduce into his problem thus uncovered a serious
lack of clarity in the teacher's own understanding.

CONCLUSION

In this presentation | have viewed dialectical logic, not simply as a system of
subjective laws, but as a developing process of teaching and learning practice. In my
view this involves more than thinking logically. It involves both the logical
development of the science of teaching and learning and the reflection of the
development of teaching and learning practice in thought. The discussion that
follows my presentation will be part of this process.
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PUPILS' PARTICIPATION IN THE CLASSROOM EXAMINED IN
RELATION TO 'INTERACTIVE WHOLE CLASS TEACHING'

Hazel Denvir and Mike Askew
Leverhulme Numeracy Research Programme
King's College, University of London

Longitudinal case study data are informing the different ways that pupils engage and
manage their participation within the lesson. Drawing on observations of two
children in the "mental and oral™ starter of the Numeracy Lesson we develop the
argument that, within the whole class sessions, pupils appear engaged with the
mathematics in the way the teacher expects them to be while in fact they are engaged
in other ways and for reasons other than interest in the mathematics.

INTRODUCTION

The Leverhulme Numeracy Research Programme (LNRP, e.g. Brown et al, 2000) is a
longitudinal study of the teaching and learning of numeracy investigating factors
leading to low attainment in primary numeracy in English schools, and testing out
ways of raising attainment. It sets out to shed light on several aspects of mathematics
in the primary school, including:

. knowledge of how classroom practices, including teaching methods, teaching
organisation and curriculum influence standards of attainment;

. understanding how schooling and social factors interact in the development of
numerate pupils.

Our research has included collection of both quantitative and qualitative data. This
present paper focuses on "critical incidents™ , that is classroom episodes in which
there is an opportunity for learning to take place or when such an opportunity is
missed. Our concern with children's mathematical learning includes their attitudes,
working practices and interest in numeracy. A key factor in the development of
children’'s mathematical thinking is their engagement.

The Mental and Oral Starter

Our study began in September 1997 and the National Numeracy Strategy (NNS) was
implemented in schools in September 1999. Since that time the teaching of
mathematics in English primary schools has been affected profoundly: Few schools at
the time of writing do not follow the form and content set out in the NNS document
'Framework for Teaching Mathematics".

A central tenet of the NNS is the need for increased emphasis on ‘interactive whole
class teaching’. All mathematics lessons are expected to begin with a ten minute “oral
and mental’ starter, where the whole class joins in activities that usually require
everyone to show answers (through, for example, use of digit cards or individual
white boards) or require that individuals respond to questions posed. The end of each
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lesson is also expected to have a whole class “‘plenary’ which may also involve
guestion and answer interactions about the lesson.

Our observation of some 150 lessons over the past year show that the main part of
lessons, between ‘starter’ and “plenary’, also frequently includes a substantial
element of “public’ answering of questions. The use of questioning is promoted as a
major teaching tactic: there is also strong encouragement for lessons to have ‘pace’
and much of the whole class work that we have observed places emphasis on speed as
well as correctness.

Thus a strong ‘performative’ element of being able to produce correct answers to
closed questions and appropriate explanations is entering into English primary
mathematics lessons. The characteristic behaviours that children develop in order to
be seen to participate in such sessions are likely to affect learning outcomes and is the
focus of this paper.

THEORETICAL BACKGROUND

Our theoretical starting point for examining the sort of learning that might arise
through such whole class sessions is analysis of pupils ‘participation in sociocultural
activities' (Rogoff, 1994). Working together in the whole class ‘mental and oral
starter’ provides a microcosm ‘community of practice’ (Rogoff, 1994). Coffield
(1999), discussing post 16 education and arguing for a social theory of learning sees
learning as

located in social participation and dialogue as well as the heads of individuals; and it
shifts the focus from a concentration on individual cognitive processes to the social
relationships and arrangements which shape, for instance, positive and negative 'learner
identities... (p. 493)

To explore more deeply our notions of participation we draw on data for two case
study children now aged seven years: Meg and Oscar.

Through this case study data we seek to elaborate the notion of participation and, in
particular, to ask:

how do pupils present themselves during whole class sessions?
what motivates pupils’ to take part?
Is it fruitful in terms of mathematical learning?

MEG
Episode 1.

As part of a whole class session, the teacher is working on halving numbers. Each child
has an individual white board and marker pen with which to display answers.

Teacher:  Half of 362
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Meg starts to lift her board up to show the teacher. She has written “15’, but before she
shows it she notices that others around her have “18°. She quickly changes it;
the teacher does not notice and says, ‘Well done, Meg.’

Teacher:  Half of 72

Meg puts on an act. She takes the top off her pen, pushes it back again and looks puzzled.
She appears to be counting - her lips are moving but it is not clear what she is
saying. She turns round and sees what George has written then turns back
again and wrinkles her face (as if to say, ‘I'm concentrating hard’). Then she
looks around at several boards and see what answer others have got. Next
she closes her eyes and screws up her face. After a time her face lights up as
if she’s just made a big discovery and she writes down “36’.

Episode 2.

The teacher is using a counting stick (metre length rod, with ten divisions but no number
marked) to count on from zero in 10s, 5s, 2s going up to 100, 50 or 20
respectively. The children each have a number fan to show their answers.
From the way that Meg looks at the rod and nods her head, it seems that she
relies a lot with the higher multiples on counting from zero (as opposed to,
say, knowing that when counting in 5s the other end is 50, so the ninth mark
must designate 45). She is often still searching for the two digits on her fan
with which to show her answer when the teacher has moved on to the next
question.

After two counting on in 10s questions (where Meg was not quick enough to show her
answer) the teacher changes to counting in 2s. She points to the 8th division
and asks for its value.

Meg, again, repeats her nodding and looking at the divisions from zero, notices that the
boy sitting next to her has set his fan to show 16. She stops counting on and
puts out 16.

The teacher then points to the 9th division. Meg nodding and counting from zero, puts
out 18 on her fan, the teacher asks her how she got the answer.

Meg: You count in ones to nine and then go backwards and then its like double
again.

Teacher:  Meg is using what we did last week, like doubling and halving.

While it is possible that Meg was multiplying by 2 her actions suggested otherwise.
Once she had counted along to the number she went straight to showing it on her fan,
that is that she arrived at the answer by counting on in twos. There was little
suggestion that she was carrying out any operation on a number such as counting
along to nine and doubling it. If she had realised that she could get an answer quicker
by doubling it is not clear why she talked about "counting in ones to 9" or "going
back".
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It seems that Meg is not trying to explain her method but only striving to take part in
the ‘game’ of providing an explanation. Time and again, we have observed Meg
produce post hoc explanations which do not match what she did but are sometimes
not even mathematically correct (add on 9 by adding on 10 and taking off 6). She can
do it with great conviction, and even present it in a way that covers up the nonsense.

It is not that she is not capable of invoking a learning orientation. On those occasions
where she has been encouraged to slow down and think about the mathematics rather
than investing her energy to convince others that she knows it all her delight at
succeeding is palpable. She often resists admitting that she might need help on. In
another incident when she was attempting to shade one quarter of various rectilinear
shapes drawn in her book she protested that questions from the researcher were
making her terribly confused, rather than saying that she wasn't sure about the work.
But when asked if she would welcome some help she looked both pleased and
interested, listened carefully and seemed to take on board intelligently the
suggestions offered.

What motivates Meg when she is relating to the teacher, here and in other examples,
Is her status. Throughout the four years that we have been observing Meg, her
teachers say she is able, hardworking and reliable. Meg strives to continue to appear
like this to the teacher. In relation to other children, Meg behaves differently,
enjoying having power and some control over them. In one incident, having been
entrusted with a set of cards for a fraction game for her group, she insisted they all sit
still and quiet while she, playing ‘teacher’, took her time choosing who she would
allow to set them out.

OSCAR
Episode 2
Oscar’s contributions to the whole class guess the number game.
Oscar: Is it lower than 100?
George: Is it a three digit number?
Yes

Teacher to Oscar: So is it lower than a hundred?
Oscar says no and shakes his head.

Oscar: Is it above 400?

Oscar: Is it below 450?

The teacher, after the number has been found, picks up on this and says that the questions
were good until they knew that the number was between 400 and 450, and
asks what might have further asked.

Oscar: Is it above 4107
Teacher:  Or is it between 410 and 430?
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As children leave the carpeted area to go to text book tasks, Oscar tell me he is in blue
group and that he and George are best at maths in that group and ahead even
of Harry.

Oscar seems to like being fairly unobtrusive in the classroom and keeps a low profile,
offering 'safe' answers and, unlike Meg, sticking with 'Don't know' rather than risking
an incorrect response when asked to describe his strategy. Initially he was identified
by his teacher as 'average' in mathematical attainment. He used to work quite slowly,
taking his time, capable and proficient. Now he works in the same group as George,
identified as higher attaining throughout. George and Oscar spend time together as a
pair both inside and outside the classroom. The friendship with George is very
important to Oscar and this maybe the reason for the culture of speed and
competitiveness which is creeping into his work and which prompts him to fall back
on getting the answers from George. His desire to maintain his position in the class as
George's friend seems to compete with his inclinations to work slowly and steadily.

DISCUSSION

In the examples quoted above these three children, like many more we have observed
In visits to classrooms are participating collectively in the mental and oral starter.
Yet, although the teachers set up activities to involve everyone and monitor
participation, the ways in which particular pupils manage their involvement and what
motivates them to engage with the activities will vary from individual to individual.
As Claxton (1999) points out, the ability to learn in a flexible way in our current age
of uncertainty needs to emphasise the importance of engagement rather than 'ability".
But, as the examples demonstrate, the reasons that children engage with activities
may be far removed from enthusiasm to engage with the mathematics.

Pollard and Triggs, et al. (2000) provide an example of this in their case study of four
to seven year olds found that:

children had only a vague idea of teachers' instructional objectives. Rather than engaging
in some synergetic process between teacher and pupil to extend existing understanding,
most children were simply concerned to do what they needed to do to avoid being
embarrassed or told off or having to do the work again. We found that children felt
pressured by classroom constraints to develop task engagement. (p. 302-303)

Pollard also finds that it is “necessary to facilitate emotional engagement as well as
intellectual challenge’ (Pollard with Filer, 1996), an issue explored in detail by
Goleman (1998). Part of the emotional engagement will rest upon maintaining a
successful ‘presentation of self’ (Goffman 1959) and may well be a ‘necessary
precondition of stable engagement with learning’ (Pollard with Filer, ibid. p310.)

These examples support the idea that when children participate in whole class
interactive teaching in mathematics they may not be participating in the mathematical
thinking which is intended. This arises from other motivations than the desire to
learn.
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The emphasis on whole class interactive teaching does seem to be connected with the
notion that all children should participate in shared discussions of mathematical
ideas. A major concern is that the strong "performative™ element referred to above
prompts children to adopt classroom behaviours which mitigate against them
developing good habits as learners. In order to examine in more detail what value
children derive form their mathematics lessons we are seeking to distinguish
between participation and engagement. Our examples show that Meg, Oscar and
George are all participating in the activities of the classroom but not necessarily
engaging with the mathematical thinking which the teacher intended when she
planned the lesson. The model of engagement that we are developing extends earlier
work (Askew et al 1999) and draws on Earle et al's (2000) model of improving
performance.
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TRAINING NON-SPECIALISTS TO TEACH NUMERACY
Susan Hogan
Open University

This paper explores the challenge of developing a whole school numeracy strategy
involving all staff (including non-teaching staff) of a secondary school for boys with
emotional and behavioural difficulties. The first stage is to test all pupils for
numeracy. The second stage is to place all pupils in 3 bands and set targets for each
band. Thirdly, the aim is to begin numeracy sessions, initially of 20 minutes twice a
week. This paper will outline possible approaches to preparing staff for the delivery
of the numeracy programme.

‘TRAINING’ VERSUS ‘TEACHING’

The words ‘training’ and ‘teaching’ are interchangeable as dictionary definitions yet
each holds different connotations. “Teaching’ implies guidance towards a greater
level of knowledge and understanding; ‘training’ implies demonstrating “how to”
acquire a new skill — it is more directive than teaching.

Anyone who has studied the management of change in schools, will know that
effective change results from including participants in the decision-making process
(Everard and Morris, 1990). In this way each person feels part-ownership of the
project. Any attempt to impose change within an institution will meet resistance
unless there is general agreement on the need for the initiative. Therefore, it is better
to attempt to reach a degree of consensus at the planning stage.

Writing about the role of Learning Support Assistants in the mathematics classroom,
Watson states:

“...non-specialist teachers and LSAs, whose own experience of mathematics might be of
techniques and procedures, and associated fears or failures, cannot automatically see
ways in which the support they so ably offer in other subjects can be given in
mathematics. The temptation is to resort to demonstrating how to do things rather than
using adult-pupil interactions which allow more sophisticated knowledge to develop.”

(Watson, 2001, p.2)
Houssart (2001) raised the important question of

“what LSAs need to know in order to best support children in mathematics lessons and
how they can be helped to gain such knowledge and understanding.”

(Houssart, 2001, p.14)

Houssart goes on to answer that training is necessary for LSAs to encourage children
to make use of calculation strategies.

Both researchers identify a need to involve LSAs in a teaching capacity. Therefore,
why can they not be taught to teach numeracy? The term training was chosen in
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response to the needs and desires of the staff driven by their status as non-
mathematicians and expressed anxiety (even refusal to participate).

NUMERACY

The term ‘numeracy’ is used so frequently that there appears to be a consensus of
opinion on what it means. However, a working definition is hard to find. The
National Numeracy Strategy produced a necessarily detailed definition:

“...the proficiency in number that involves a confidence and competence with numbers
requiring an understanding of the number system, a repertoire of computational skills and
an inclination and ability to solve number problems in a variety of contexts.”

(DfEE, 1998)

To adapt this to a working definition, a numerate person understands number,
computes and solves problems, which aggregates to a facility with number. The
dictionary definition:

“an acquaintance with the basic principles of mathematics” (OED, 1982)

IS not strong enough (the numerate would be more than just ‘acquainted’) and lacks
clarity (what are the basic principles of mathematics?). The aim within schools
should be to improve each child’s facility (ease) with number. In the act of scanning
mathematics for its numerate aspects it is difficult to find any that have no relation to
number. Therefore, the initial numeracy programme will be necessarily selective.

Writing on Numeracy Recovery for young children, Dowker (2001, p.7) describes the
8 components of the scheme, which can be adapted for older children. A six week
programme might cover the following aspects:

place value;

memory for number facts;

estimation;

word problems;

transference from concrete to verbal to numerical;

o 0 s~ whE

derived fact strategies for calculation.

Take point 2. memory for number facts. The adult and child can play memory games,
such as pairs. Multiplication cards (4x3) have to be matched to the correct answer
card (12). This tests the adult’s memory as well as the child’s.

However, any scheme must be suited to the particular needs of the pupils.
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STAGES OF STRATEGY
Questionnaire on learning styles

At the pre-testing stage (February/March 2001) a questionnaire [1] was given to all
(20) staff and (56) pupils at Boxmoor House School (an EBD school for boys) with
the aim of determining each person’s predominant learning style, visual, auditory or
kinaesthetic. It was hoped that the resulting information could be used to match staff
and pupils with the same learning styles, although other factors, such as mathematical
ability of pupil (which band) and member of staff and the affective (who gets on with
whom) will also be considered.

In fact, analysis of the data reveals a majority of visual learners amongst staff (79%)
and pupils (45%) which is hardly surprising as human beings are essentially visual.
The next largest group among pupils is kinaesthetic learners (24%) then auditory
(19%). The rest were combination learners and one boy scored equally as visual-
auditory-kinaesthetic. The boys were interested in the results and adopted their style
of learning quite seriously. Before introducing (or ‘selling’) the numeracy programme
to them, further reference will be made to this data.

Testing for Numeracy

The QCA optional tests (available by March 31 2001) were chosen for KS3 on the
advice of the county mathematics advisor. Only Year 10 will be tested in KS4 using a
GCSE (OCR) non-calculator paper. The optional tests take the form of two 50-minute
multiple choice papers and should be completed by the end of the spring term 2001.
(Timing may be delayed due to staff shortages.)

Banding

From the test results 3 bands will be created such that the middle band (2) will be the
largest and bands 1 and 3 smaller (a normal distribution). Targets towards improving
numeracy scores (as given by the optional tests) will then be set for each band. It is
anticipated that targets will be in the form of x percent of a band raising their score by
y percent. All pupils will need to be retested (using the same tests) at the end of the
summer term.

Numeracy Programme

The numeracy programme will be devised to reach the targets set and to meet the
particular needs of the pupils in each band. However, the programme will also need
to suit the staff who will be implementing it. That is why it is important to consider
all factors when pairing child and adult. At the time of writing, all teachers, LSAs and
care workers are involved in literacy sessions four mornings a week for 20 minutes
each morning. This takes the form of listening to the child read, keeping a record of
the book, how many pages are read and words for the child to learn. The only real
difficulties that arise from this programme are when children are reluctant to read. In
general, the participating adults perceive literacy to be less challenging to them than
numeracy - many are unsure of what will be expected of them in a numeracy session.
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Staff Training

How do the managers of the programme ensure that each adult is confident about
delivering it to their chosen pupil? It is a question of how best to present the initiative
so that they feel able to meet a set of agreed aims.

Staff will be more likely to accept the need for the initiative if they agree with its
aims. However, they may still feel that they are not qualified to achieve such aims
and that a mathematics teacher is the best person to deliver numeracy. It has already
been mooted that the mathematics teacher and the I.T. teacher will teach the pupils in
band 3 with the greatest difficulties. However, those in band one are possibly in
greater need of an able mathematician to provide them with an adequate challenge.

First Step

The first step may be to invite the participants to share their fears and expectations
with each other and the managers, who then have the opportunity to allay the
majority of the fears and any false expectations. Reassurances need to be given that
no-one will be asked to do anything about which they feel unhappy. If they are, the
programme simply will not work. To be successful, the adults must feel that their
actions will make a difference to the child’s understanding of number. Planning and
preparation is the key. At this point the numeracy consultant for the local authority
will become involved in explaining the National Numeracy Strategy to those
unfamiliar with it. Once the aims and objectives of the Strategy are set out, the
teachers with mathematical backgrounds can (through consultation) adopt the parts of
the programme that are best suited to the needs of the pupils in the school.

Second Step
Initially, when considering the details of the school programme, the question is how
to present it to the staff. Among the options are two extreme approaches.

1. To be entirely prescriptive and present the contents as a package with detailed
instructions on how to teach each session to the children.

2. To take a laissez-faire approach and provide an aim for each session (eg. practise
their times tables) and leave it to staff to decide how they will achieve this.

In reality, the approach should be somewhere between the two extremes, although it
IS tempting to take a more prescriptive approach in order to guide the less confident
adults.

Training Requirements of Staff

The inset should be tailored to the different training needs of the staff, in the same
way that the numeracy programme should suit the needs of the pupils. Those adults
with more mathematical knowledge will need less input and be able to take on the
role outlined by Watson, developing the child’s knowledge through the quality of
their interactions and interventions.
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Everyone will be given time to consider the objectives and content for each session,
so that they are fully prepared. This is a luxury for most LSAs as they are usually in
the same position as the pupils, moving between subjects, adapting to the differing
demands of those subjects. Pupils like to know what they will be doing in today’s

lesson but they are not usually told until they walk through the classroom door — the
same can be said for LSAs. It is vital that LSAs and RSWs feel fully prepared for
their new role.

SUMMARY

In setting out the task in terms of planning stages, the intention has been to break
down the challenge of implementing the aims of a whole school numeracy strategy
into manageable ‘chunks’. No conclusion has been reached on the “best” approach to
preparing staff. Instead, a strategy that aims to harness the existing skills and
knowledge of each adult in an agreed programme, planned in consultation with staff,
IS seen as most desirable.

POSTSCRIPT

The follow-up to this paper will chart the progress of the school strategy and it is
hoped that this will be reported in November 2001.

ENDNOTE

[1] Courtesy of Tom Harwood, learning consultant
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IDENTIFYING DIFFERENCES IN STUDENTS' EVALUATION OF
MATHEMATICAL REASONS

Dietmar Kiichemann and Celia Hoyles
Institute of Education, University of London

We report on responses of high attaining thirteen-year-old students to a multiple-
choice geometry question (G3) that formed part of a written survey designed to test
mathematical reasoning. We describe trends in the choices made and put forward
some suggested reasons for these trends.

INTRODUCTION

A 50 minute written survey designed to test mathematical reasoning was
administered in June 2000 to 2799 high attaining Year 8 students from 63 randomly
selected schools within nine geographical areas across England. All the questions in
the survey were developed over a period of three months, the starting point in each
case being an issue concerned with proving, followed by a trawl of the literature
around this issue and a search for relevant tasks in the curriculum. The survey
contained 9 questions in all, of which two were in multiple-choice format, including
the question that is the subject of this paper.

CHOICES OF ARGUMENT TO EXPLAIN A CONJECTURE

In question G3 (Figure 1, below), students were presented with a mathematical
conjecture and a range of arguments in support of it (options A, B, C and D). They
were asked to make two selections from these arguments--the argument that would be
nearest to their own approach and the argument they believed would receive the best
mark from their teacher. The question matches the format of the multiple-choice
questions used by Healy and Hoyles (2000) in a survey of high attaining Year 10
students, though the current question offers fewer choices. As with the previous
research, during pre-piloting the question was given to groups of high-attaining
students in an open format during task based interviews with the researchers. We then
collected a range of response-types that helped us to devise the choices presented in
G3. Also, we made sure we presented pragmatic and more conceptual choices
following Balacheff’s distinctions (Balacheff, 1988): Avril’s answer involves
measuring, Bruno’s the use of some geometrical knowledge in a specific case,
Chandra's involves a general, conceptual argument based on the introduction of
parallel lines and knowledge of alternate angles and Don's provides a counter
example based on an incorrect diagram.

The question was deliberately couched in dynamic terms (“Point P can move ...”) to
invite students to adopt a dynamic approach. Fischbein (1982) suggests that this can
be an effective way of accessing generality and of gaining insight, and option C
(Chandra's answer) is similar to an approach that he recommends for tackling the
angle sum of a triangle. Frant and Rabello (2000) also suggest that a dynamic
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G3 Inthediagram, A and B are two
fixed points on a straight line m.

Point P can move, but stays
connected to A and B

(the straight lines PA and
PB can stretch or shrink).

m

Auvril, Bruno, Chandra and Don are discussing whether this statement is true:

x° +y° is equal to 180° + z°.

Avril's answer Bruno's answer
| measured the angles in the diagram and | can move P so
found that angle x is 110°, angle y is 125° that the triangle 60"
and anglez is55’. isequilateral,

and its angles o0 o0
110° + 125" = 235, are 60°.
and 180° + 55° = 235", Soxis120° and y is120°.

120° + 120° isthe same as 180" + 60°.

So Avril says it's true So Bruno says it's true

Chandra's answer Don's answer

| drew three parallel
lines.

The two angles marked
with ae are the same

| thought of a diagram where the angles x,
yandzareal 170",

170°

and the two marked ) 170° 170°
with a0 arethe same. 2

Anglex is90°+e and angley is90°+ 0. Soin my diagram x + y isnot equal to 180 + z.
So x plusy is180 + e + O, which is 180 + z.

So Chandra says it's true So Don says it's not true

a) Whoseanswer isclosest to what youwoulddo? ...,

b) Whose answer would get the best mark from your teacher? ... .. . ...

Figure 1: Question G3 parts a) and b)
approach can be useful at an intuitive level and for forming conjectures (though they
seem to argue that a static approach is needed for a formal proof).

As mentioned above, students were asked to select the choice that was closest to their
own approach, and then to select the choice that they thought would get the best mark
from their teacher. Table 1 shows the distribution of choices for the total sample. It
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indicates that by far the most popular choices for own approach were A (40 %) and B
(35 %), both of which are pragmatic and particular arguments, with only 10 %

choosing the conceptual argument, C. On the other hand, 50 % chose C for best mark,
which suggests that many of the students could

appreciate the power of the conceptual argument, s | , Oé”” apz:proa;h siner| totat
even if they felt that they would not have been able
to devise such an argument themselves. Broadly, A [0.080.03 |0.01 |0.00 | 0.00 (0.12

of the students who opted for choice A, B or D for
own approach, about a quarter (slightly more in

the case of D) stuck with it for best mark and about
a half abandoned it in favour of the conceptual
argument, C. Most of those who chose C for own
approach, stuck with it for best mark. A similar other|0.01 | 0.01 [0.00 | 0.00 | 0.03|0.06
response pattern occurred with a parallel algebra
question, and with the questions used by Healy
and Hoyles (ibid). The difference between the Table 1: G3 - frequencies for own
distribution of choices for own approach and for ~ pproachand bestmark (N =2799)

best mark was highly significant: y* = 1759.5, df = 16, p < 0.0001, perhaps not
surprising given the large number of students involved, but nonetheless supporting
the conjecture that students' conceptions of a proof can vary according to the question
they are asked.

The relative frequencies for choice A, which involved measurement, and B, which
involved the special case of an equilateral triangle, are also of interest. Overall,
choice B was rated more highly than A, since more students chose B (22 %) than A
(12 %) for best mark, even though A was more popular than B for own approach (40
% compared to 35 %). Thus whilst students might well resort to measurement as a
way of generating data, there is perhaps some awareness that measurement provides
an unreliable basis for justifying arguments in geometry, and that in this respect

B [0.09 {0.10 |0.01 |0.01 | 0.00|0.22

C 10.18 (0.17 |0.08 |0.05 | 0.000.50

Best mark

D |0.030.03 {0.01|0.04|0.00|0.11

total [ 0.40 [{0.35|0.10 [ 0.11 | 0.04 [ 1.00

choice B is superior to A. Choice B might also have been choice
preferred because it involves a constructive use of G3 | A B|cC|D

geometric knowledge. However, in one respect at least, A

can be regarded as superior to B: the essentially arbitrary ol R A e

position of the point P in the diagram used in A means that ond| 30| 81| ol s

the diagram can be treated as a “crucial experiment’

(Balacheff, ibid) or as a generic example. This contrasts Srd 611 11) 3] 7

Rank

with the highly symmetrical case in B which might well anl a2l ol ol &5

possess properties that do not always hold.
. . . th 5 5 5 7
The mathematics teachers of the students involved in the o

survey were also presented with question G3, and asked to total | 104 | 104 | 104 | 104

mark each argument out of 10. These data provided us with % "=~ frequencies for
the teachers' ranking of the choices A, B, C and D and these  teacher rankings of choices
are shown in Table 2. As can be seen, there is a very clear ~ B ©andD(N=104)
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preference for C and a strong rejection ~ °°°
of D. The ranking of A and B is not as 0.40 M Femae
clear cut, but the general preference for [] mate

B over A matches that of the students. 0.30

Gender differences in choices

0.20
Figure 2 shows the frequency of choices

for own approach for girls and for boys  0.10 - [ [
in the total sample. Clearly there are i I m
gender differences with girls showinga %%~

N X A B Cc D other
bias towards choice A, boys a (Iesser) Figure 2: G3 - frequency of choices for own approach
bias towards C and D. Gender for girls (N = 1430) and boys (N = 1369) in total sample

differences in choices were statistically significant for own approach and for best
mark, though the latter were less pronounced, especially with regard to choice C. It is
possible, therefore, that of the students who appreciate the merits of choice C, more
boys than girls are prepared to claim it for their own approach. However, there may
well be other reasons for the differences, and they would seem to be worth further
investigation, especially as similar differences occurred in the parallel algebra
multiple choice question and with some other items in the survey.

HOW THE STUDENTS EVALUATED THE ARGUMENTS PRESENTED

There may be many reasons why students selected an argument for own approach and
for best mark. To shed light on this, students were asked to rate the validity of each
argument and to indicate how well they felt each argument explained the truth (or in
the case of argument D, the falsehood) of the original statement.

Validity rating

Regarding validity, students were asked whether they agreed, didn't know or
disagreed with these two statements, for each of the choices A, B and C:

The answer shows you that the statement is always true

The answer only shows you that the statement is true for some examples.

For choice D, students were presented with this single statement:

The answer shows you that the statement is not true.

Students could achieve a total validity rating

Mean total validity rating

Question for students in total sample who chose

of 7 for the four choices, if they assessed G3 A | B | C | D | other
each statement correctly. In the event, the " for own approach
mean validity rating for the total sample was X | 275 | 2.54 | 3.41 | 2.88 ‘ 0.87
Iess than 3 I forlbest malrk I

Table 3 shows the mean total validity rating Y | 238|235 | 306 | 261 | 136

for the four choices, for those students Who  Table 3: G3 - mean total validity rating of all four
: choices, for students in the total sample who chose
chose A, B, C and D respectively for own A, B, Cor D, for own approach (X) and for best

approach (row X) and for best mark (row mark (Y) (N = 2799)
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Y). Those who chose C were generally best able to assess the validity of the choices
as a whole, whether one considers those who chose C for own approach (who had a
mean total validity rating of 3.41) or those who chose C for best mark (mean = 3.06).
This is perhaps not surprising, but it lends support to the supposition that those
choosing C tended to do so for sound mathematical reasons rather than just for some
surface feature of the explanation. This supposition is further supported if one
compares the mean validity rating of each choice, for all the students in the sample,
with the ratings given by just those students who selected the particular choice for
own approach and for best mark. Students who selected C, whether for own approach
or for best mark, achieved a higher validity rating for that choice (mean = 1.02 and
0.80 respectively) than the students as a whole (mean = 0.62); on the other hand,
those who selected any of the weaker choices (A, B or D), whether for own approach
or best mark, achieved a lower validity rating for their choice than did the sample as a
whole (the one exception was the mean for A, own approach, which was the same as
for A, total sample). We hope to investigate whether the students who chose C in
particular have any common characteristics, for example whether they performed in a
distinct way on any of the other proof survey questions. All the students who
completed the proof survey had also taken a baseline mathematics test, and we have
examined the distribution of baseline scores. This does not suggest that the students
who chose C performed any better than the others, so we have to look beyond general
mathematical attainment to characterise this group.

EXPLANATORY POWER

For each choice, students were also presented with the statement, “The answer shows
you why the statement is true” (or, in the case of D, “not true”). Students were given
an explanatory power score of 1, 0, or —1 for each choice, depending on whether they
agreed, didn't know, or disagreed respectively, with the appropriate statement. It is
worth pointing out that, in contrast to the validity rating, this score is subjective, ie it
indicates how highly the students rated the explanatory power of an argument, rather
than how well their rating might match that of an experienced mathematician. The
mean explanation score for the total sample of students was highest for choice C. At
the same time, students who selected a particular choice, be it for own approach or for
best mark, on average rated the explanatory power of that choice more highly than
did the sample of students as a whole. These two findings would seem to convey
rather different messages. On the one hand, it is encouraging that the conceptual
argument is the one that is rated most highly; on the other hand, it is disappointing
that students are perhaps not as objective about the merits of the choices as the
differences between the own approach and best mark frequencies (Table 1) had lead
us to believe.

DISCUSSION

These simple statistics suggest that there are substantial differences in student choices
of argument that most closely matches their own approach and for best mark. A
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pattern in choices can be identified, with students showing a clear preference for
pragmatic approaches for own approach and for a more conceptual approach for best
mark. Similarly, trends can be identified where for example students who chose an
empirical argument for their own approach switched to a conceptual argument for
best mark, while students who chose the latter for own approach stayed with the same
choice for best mark. These findings were however subject to gender differences
where boys were more likely than girls to claim the conceptual argument for their
own approach. Similar findings can be found in algebra, but with rather more
uniformity in response than in geometry.

There is evidence that students chose the more conceptual argument for best mark for
sound mathematical reasons, although they might also have been influenced by
surface presentation. It is worth pointing out that, despite the obvious drawbacks of
using a multiple choice format, it allowed us to gather evidence about the more
conceptual argument which we would not otherwise have obtained (it was clear from
the interviews conducted during the development of question G3, that few of our
Year 8 students would have generated such an argument themselves). Students who
chose the more conceptual argument were also generally better able to assess the
validity of all the arguments although these students were not necessarily better in
general mathematics attainment.

Finally, students generally rated the explanatory power of their choice of argument
(whether for own approach or for best mark) more highly than did the other students,
which suggests that understanding as much as generality was important to students.
Interestingly, students also rated the explanatory power of the conceptual argument
more highly than the other arguments, which is a cause of some surprise and
optimism.
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CO-LEARNING PARTNERSHIP: AWAY TO TEACHER
DEVELOPMENT

Razia Fakir Mohammad
The University of Oxford, Department of Educational Studies

The aim of this study was to explore teachers' learning in their classrooms by trying
to create a co-learning relationship between teachers and a teacher educator. The
study was conducted with three mathematics teachers in classrooms in Pakistan.
Data was collected through maintaining field notes from the classroom observations,
audio-recording conversations in pre and post observations and writing comments in
reflective journals. The preliminary analysis uncovered issues of practicality and
limitations of a co-learning relationship in teacher development in a real classroom
context. A major question arose about the extent of equality in working together.

INTRODUCTION

The research reported here was carried out as a part of my doctoral study in the
context of developing teaching in Pakistani schools. | worked as both teacher
educator and researcher with three in-service mathematics secondary school teachers,
who had resumed teaching after attending a two-month educational course at a
university in Pakistan. The focus of my collaborative work with the teachers was to
support them in developing their teaching as well as to investigate my own learning
through the creation of a co-learning partnership. This paper suggests that in
supporting a process of learning for both partners (teacher and teacher educator) there
were issues relating to differences in knowledge and status between the partners
leading to a power imbalance.

THEORETICAL PERSPECTIVE

Wagner first used the term 'co-learning’ as a more interactive social approach for the
educational research process, when he stated

In a co-learning agreement, researchers and practitioners are both participants in
processes of education and systems of schooling. Both are engaged in action and
reflection. By working together, each might learn something more about the world of
the other. Of equal importance, however, each may learn something more about his
or her world and it connection to institutions of schooling. (Wagner, 1997, P. 16)

The essential feature of the co-learning agreement is that all the partners are co-
learners-responsible for change or development in their respective roles. Jaworski
(2000) extended the co-learning idea to the relationship between teacher and teacher
educator, as well as teacher and researcher. Examining the interaction between the
partners, under the co- learning agreement, she stated that the consequences of
shifting roles (as co-learners) could be a growth of knowledge, although the educator
and teachers would have different experiences, expectations and philosophical
perspectives. However, the question remained about the extent of equality in making
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decisions about such partnership and in acceptance of responsibilities of learning. In
my position in which the teachers knew me as a teacher educator or an instructor of
the university, or a doctoral research student, it was likely that the teachers would not
recognise me as a learner in their context but an authority of knowledge or a problem
solver. How could | establish a power balance agreement and environment of
learning, where both participants could accept and recognise some kind of equality in
the learning process?

FINDINGS

The findings presented in this paper are from one of the teachers' (Sahib) planning,
teaching and evaluating a topic, with the teacher educator (myself) at his school. |
shall use one lesson to show aspects of the learning in the developing partnership.

Planning together:

For this particular lesson, Sahib's focus of teaching was enabling students to solve
equations in algebra by the textbook method, though he aimed also to involve the
students to participate actively in their learning. It was not clear to me how Sahib
would achieve this goal by the textbook method he described. | inquired about other
methods of teaching equations from his experiences of learning of the topic. He
recalled an activity involving a function machine that he had learned at the university,
but he felt that it would be too advanced for the students at the moment because they
might get confused with the terms of ‘input’, 'output’ and ‘function’ of a machine. |
asked him what other ways he might have of approaching the topic and achieving
students' participation. He then suggested another idea of 'finding a hidden number’
that could motivate the students to learn equations as well as guide them to learn a
method to find unknowns in equations. He reasoned that as the children deduced the
correct number, they would discover also a method to solve the equation and he could
then teach the exercise given in the book for solving equations.

Teaching the lesson:

| was a participant observer, while Sahib was teaching the lesson. | maintained
detailed field notes, and highlighted the issues significant to me in the teacher's
teaching. Two issues appeared important.

1) Tension between the teacher's new expectations and the students' behaviour:

In the lesson, Sahib told a story about a hidden number and wrote it symbolically on
the board (? +5=6). He asked the students to find the hidden number in the box to get
six, and they gave the correct answer. The teacher gave many similar examples and
got answers (numbers) from the students. He then asked students to explain their
mathematical thinking in deducing their answers but the students gave no response.
Sahib offered them encouragement but did not succeed in getting them to explain.

In my view, the tension occurred because the teacher had introduced a new
expectation. Students were familiar with giving answers, but not with explaining their

From Informal Proceedings 21-1 (BSRLM) available at bsrim.org.uk © the author - 44




Rowland, T. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 21(1) March 2001

thinking. They were not confident enough to express their thinking in words. The
teacher also appeared to be in a rush; he was pushing the students to speak by using
encouraging comments but not allowing them to take time to think and organise
thinking into words.

2) Tension between the teacher’s new role and prior identity:

However, the teacher then changed his strategy and called the students to the board to
express their thinking. Below | present a part of the conversation between the teacher
and a student, in regard to the student's expression of thinking on the board and the
teacher's response to it.

Teacher:  Somebody has thought of a number, multiplied it by three, subtracted
one and got five. Tell me the number he has thought of. (The teacher
also wrote on the board, ? *3-1=5

Student: Two

Teacher:  How did you find it? (The teacher called that child to the board and
asked him to write his method.

The student wrote on the board: 2*3=6 -1 =5 [1] The teacher encouraged the child to
explain his thinking in words (as well symbols), but the student was silent. He also
asked other students to explain in words what their friend wrote on the board. There
was Nno response.

The teacher then told the student: First, you added one to five and you got six on the
other side. Then you divided six by three to get two.

Working on the blackboard the student multiplied three by two first, getting six, and
then subtracted one to get five; while Sahib explained the student's symbolic
representation in another way. The teacher's interpretation might have affected the
student's level of confidence; because after that example, none of the students offered
their thinking process either verbally or in writing. For example, the teacher then
gave another example of x * 4 -3 =5 and asked for the answer. One of the children
said it was two but none of them then expressed a method to get the answer
(symbolically on the board or verbally). In my view, the student had his own way of
thinking but the teacher was not really trying to understand the student's way of
thinking. Explicitly Sahib wanted the students to explore methods of solving
equations themselves, but implicitly he had imposed his own method of solving
equations. The reason could be a tension between reconciling new approaches to his
teaching with his traditional approaches based on the text book.

Evaluating teaching:

In the feedback session when | asked Sahib about his reflection on the lesson, he
reacted he was not very happy about the lesson. In Sahib's opinion, it was a very time
consuming method to involve students and expect them to share their thinking. He
said that if he taught the same lesson traditionally he would have finished the exercise
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of the textbook. In my view, Sahib appeared frustrated because he thought that he
could not achieve the students' level of participation as he had expected. | encouraged
him to analyse positive aspects of his teaching with respect to his previous method of
teaching and he then talked about further possibilities and outcomes of his effort to
teach in new ways. He criticised the traditional method of teaching, as he said

For example, the child (during the lesson) was standing [2] and thinking. He took time to
think about the process himself. It does not happen in a traditional way of teaching. We
do not give them chance to think for themselves. A teacher himself solves and tells them
the method.

He stressed the importance of flexibility in lesson planning during the teaching,

You saw | changed my planning during the lesson. It was difficult for the students to
express their thinking verbally so | called them to the board. I also wanted them to
discover a method of solving equations but then | explained it.

Sahib acknowledged possibilities and tensions in achieving a new way of students'
learning; he talked about lack of environmental support in the school,

The major problem is time and also motivation. Nobody encourages teachers' thinking
about providing students with thinking time. The thinking time has value in long-term
learning outcomes. | think, as they will get familiar with this way of teaching they will
get more confidence.

Sahib also realised that it was an unrealistic expectation to achieve his goal
immediately, as the students needed time and experiences of learning through new
ways on a regular basis. He attributed the students' difficulty in expressing their
thinking to a traditional mode of teaching which had not encouraged students'
thinking, explanation and self-confidence. However, the following issue regarding a
tension between the teacher educator's expectation and the teacher's behaviour arose.

Sahib demonstrated a critical stance in analysing different factors that affected his
success as a result of my questions and positive reception of his frustration. However,
while teaching the lesson he had rephrased the student' answer according to his own
method, which seemed to be different from what the child had presented. This was an
Important issue for me as a teacher educator relating to the teacher's understanding of
his new role. | asked him about his different way of expressing what the student had
written. Sahib reasoned that he wanted to teach a proper method. | wanted him to
analyse this issue beyond the justification he made. He appeared uncomfortable with
my further questions. | stopped then by saying that he could think later and share his
writing with me. However, he concluded his learning of our working together in the
following way:

I cannot teach everyday according to the method | used today. | have to complete the
syllabus. If I give more time for thinking then the problem of written work will arise.
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DISCUSSION:

The above findings have pointed towards aspects of both the teacher's and the teacher
educator's learning. The teacher learned about his teaching whereas the teacher
educator learned about the roles in a co-learning partnership. | see the following
aspects of this learning:

Sahib's translating new ideas: In planning the lesson, Sahib was conscious of the
school expectations, the students' needs and difficulties as well as his focus of
teaching of solving equations. He considered all of them and adopted alternative
ways to improve the quality of teaching and students' interaction and new
possibilities of teaching occurred for him. In my view there were two factors
involved in his learning: (a) my presence encouraged the teacher's recalling and
reviewing of his new experiences at the university, (b) his presence at the school
caused him to be realistic about his new teaching in order to reshape his learning
according to the school limitations.

Sahib's moving to and fro (New and previous teaching): What | found fascinating in
Sahib's description in the feedback session was a contrast between his various
perspectives of the lesson. In the beginning of his talk, he assessed the students'
learning on the basis of their lack of response, and appeared frustrated. Then he
acquired a critical stance of talking about valuing students' processes of thinking,
which encouraged his confidence in his new practice. Sahib also seemed to be
struggling between new ideas about students' learning, e.g. valuing students thinking
time, while worrying about a system, e.g. lack of support and encouragement, that
does not support such ideas for the teachers in the school. It could be said here that
the teacher was trying to adjust his new pratice or modify the previous one through
reflecting on their limitations.

Teacher educator's learning: | experienced the value of my positive responses to
Sahib's teaching in motivating the teacher's attitude, as well as a negative impact of
pushing the teacher to explore the issues significant to me. | realised from his
conversation that Sahib himself needed time to resolve tensions of his teaching and a
positive reinforcement in order to gain confidence of his teaching at the initial stage
of practising change. The question remains, was it fair to widen the teacher's
perspective according to my own way of thinking, or was it my responsibility to do
s0?

CONCLUSION:

| conclude that a concept of equal acceptance of responsibilities and power was
difficult to achieve in a short period of research. | made a deliberate effort to build
confidence in sharing concerns and capabilities and in promoting development of
respective roles. The commitment to be a learner encouraged the teacher educator to
make an effort to reduce unseen imposition on her part. The responsibility of the
teacher to be a learner at the school increased his confidence to choose his agenda, set
limits and act accordingly. It could be said that the co-learning partnership supported
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the teacher in exploring practical venues of developing teaching and identifying
issues of practice leading to reducing a threat to self-esteem. Consequently | say that
the power relationship exists in terms of status, knowledge and understanding of
Issues between the partners' respective roles, the responsibilities evolve as the
relationship grows and needs emerge.

Notes:

[1] The way it appears in writing is mathematically wrong (since 2 *3 is not equal to 6-1) however,
the child was clear in thinking while writing. He first multiplied and wrote the answer and then
subtracted one from the product and got the result.

[2] One of the norms of a classroom is that a student should stands when the teacher asks him or her
for an answer.
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DOMAIN, CO-DOMAIN AND RELATIONSHIP:
THREE EQUALLY IMPORTANT ASPECTS OF A
CONCEPT IMAGE OF FUNCTION

Elena Nardi
School of Education, University of East Anglia

Students' concept images of function often lack in understanding the concept as
inextricably connected with its domain, co-domain and relationship. The impact of
this on understanding properties such as 1-1 can be dramatic. Drawing on students’
responses to a task involving the exploration of whether five given functions were 1-
1, onto, both or neither, | discuss the following distinctive elements in their
responses: A. use of graphs to identify properties of the function (from relying
completely on the graph for mere identification of the property through to
substantiating what the graph suggests with verbal explanations and uses of B and C)
B. problematic uses of the formal definitions of 1-1 and onto C. effective use of
properties specific to the functions in question (e.g. uniqueness of cubic root). The
emphasis here is on B.

Studies of perceptions of function that focus on difficulties the students encounter
when they are asked to decide whether a given relationship or a graph represents a
function (e.g. Barnes 1988) date back in the 1980s when this concept became a well-
studied area of upper secondary and tertiary mathematics education. In these studies
(e.g. Dubisnky and Harel 1992), most students do not associate function with its
Bourbaki definition - a correspondence between two sets which assigns each element
of the first set to an element of the second set: when responding to mathematical
problems students usually call upon concept images of function such as a formula, an
algebraic relationship, an equation. As observed by Markovits et al (1986) this image
Is so dominant that it seems to exist at the expense of the equally important notions of
domain and co-domain. Here | extend this discussion to include the study of
properties of functions such as onto and one-to-one.

The evidence on the learning of functions on which | draw here originates in a
collaborative study conducted at the School of Education and the School of
Mathematics (where my Research Associate, Dr Paola lannone, teaches first year
undergraduates). The study is funded by the Nuffield Foundation and is carried out in
two phases. The first phase, regarding Calculus and Linear Algebra, lasted three
months (October - December 2000). The second phase, regarding Probability Theory,
Is now in progress and will also last three months (January - March 2001). For the
methodology and aims of this study see Note at the end of the paper.

The mathematical question that | wish to discuss here (Question 2.3) was included in
the problem sheet of Cycle 2 - fourth week of the students' first semester in the
course:
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@[“or each of the following functions R — [R decide whether it is one-to-one, onto (or
both, or neither). Give brief explanations for your answers.

(i) £(x) = sin x + cos x

(1) F(x) = 7x + 3

(iii) £,(x) = ¥

(iv) f,(x) - x3

(v) £(x) = x/(1+x2).

Give an example of a function f : R — R which is onto but not one-to-one.

In his notes to the students and tutors for the course, distributed after the students'
submission of their written responses, the lecturer suggests the following answers:

J(i) As sinx <1 and cosx <1 for x € B, we have f;(x) <2 V x € R. Thus f, is not onto.
Also, fi(0) = f,(2r), so f; is not one-to-one.

(i) Forevery y € R thereisaunique x € R with fy(x) =y, namely x=1(y-3). Thus f,
is one-to-one and onto.

(iii) Notlonlo (as e*>0 forall xeR): one-to-one (if y€R the only real solution to e*=y is
x=Iny).

(iv) One-to-one and onto (a bijection): any real number has a unique real cube root.

(v)  Neither one-to-one nor onto: fs(1/2) = f5(2) = 2/5, so not one-to-one. Also, fy(x) < 1 (as
this is equivalent to x <1+x%,and 1-x+x’ = (x-1/2)> +3/4>0.

Remark: You might like to think about what bits of calculus can be used to justify more
fully the fact that the functions in (iii) and (iv) are one-to-one.
Last part: f(x) = x(x — 1)(x + 1) is onto but not one-to-one.

Here | am concerned with the students' responses to whether f; (i = 1, ...5) are one-to-
one and onto. As far as the last part of Question 2.3 (request for an example of a
function that is onto but not one-to-one) is concerned, the students almost
unanimously produced f(x) = x(x-1)(x+1), an example accidentally offered by the
lecturer in the Question Clinic. As a result | consider this part of the data to be not
valid. However a relevant observation on this part of the students' responses is that
only a few offered justification for this choice of example. This justification was
verbal (applying the definition for 'onto’ and offering a counterexample for 'one-to-
one") or graphical (resorting to the graph of f for drawing a conclusion). | elaborate
these and other issues in the following.

The major issue that emerged from the scrutiny of the students' responses to Question
2.3 regards an apparent lack in emphasis in the students' understanding of the concept
of function as inextricably connected with all three of the following elements:
relationship, domain and co-domain. A concern that emerges from this issue is the
Impact that this lack of emphasis may have on the students' study of properties such
as onto and one-to-one. The format of Question 2.3, as appearing in the Problem
Sheet, suggests that this lack in emphasis may be partly of curricular origin: the
requirement that f; are all defined from R to R appears on the first line. Then the five
relationships follow. Is this format reinforcing what is known to be (e.g. Ferrini-
Mundy and Graham 1991) the students' strong association (identification?) of the
concept of function with an algebraic expression of this sort?
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The distinctive elements in the students' responses that | wish to discuss here are:

A. Use of graphs to identify properties
of the function: the students' responses
varied from relying completely on the
graph for mere identification of the
property (relying on graphical
representations for drawing inferences,
but then not offering formal validation
of their inferences, is a well-known
characteristic of the students' reasoning
at this stage - see, for example, Artigue
and Viennot 1987) through to
substantiating what the graph suggests

Here William relies completely on the
appearance of his graph for fs: he
grounds his claim that fs is not one-to-
one on indicating two points of the
graph, a and b, that appear to
correspond to the same value on the y-
axis. He then grounds his claim that fs is
not onto on his graph-based observation
that f5 has 'maximum and minimum
values in the y-axis'. The step towards a
more formal grounding of these claims
Is not taken leaving William's reasoning
vulnerable, for example, to possible

with verbal explanations that included
uses of B and C below. As an example,
here is William's response to Q2.3(v):

- ond
\/) Thus nsn(fo«‘ro ot not ne o o, ((k)-’»j

Inaccuracies of the graphical
representation such as the ones in
another student's, Luke's, graph for

Q2.3(i):

edden Sleck 2

) —_ t
‘-\"})‘) (QX) Se X+ s X The. s SN ke ey e
ok e

In the literature I have quoted above the tension between the students' reliance on
graphical representations and the need to formalise their insights is a well-researched

area of learning difficulties at this level.

B. Use of the formal definitions of onto and one-to-one: the majority of the students'
verbal statements were found to be confused, vague, often illogical and syntactically

incorrect. | exemplify these later in the paper.

C. Use of properties specific to f; (e.g.
uniqueness of cubic root, uniqueness of
solution of linear equation,
boundedness of certain trigonometric
functions): this usually resulted in not
only correct but also justified answers.

The students have discussed most of
these properties at GCSE - A'level but
resorting to them may impinge on
another issue: what is the students'’
perception of what they are allowed to
assume at this stage? If they are told
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that they are only allowed to ground assumes the uniqueness of solution of a
their reasoning on already proved linear equation:

statements, to what degree their
knowledge of these properties is

established enough to allow this use i) ()= T3
(Nardi 1997)? As an example here is o oy e y@igﬁf[% g%“ﬁf fars
Wayne's response to Q2.3(ii), where he Ty€k,

On the students' use of the formal definitions of onto and one-to-one. A large number
of the students' verdicts on whether f; are onto and one-to-one was correct. However
these verdicts were rarely justified in sufficiently formal terms. To comment further
on the students' responses, let us consider the expressions for f: R—R:

El: Vxe®R, dyeR, such that f(x) =y
E2: Vye®R, IxeR, such that f(x) =y
E3: Vyelmf, there is exactly one xe R, such that f(x) =y

E1 expresses that f is a function from R to R. E2 that f is onto and E3 that it is one-to-
one. The difference between E2 and E3 is a subtle one: in E2 there needs to be at least
one x in the co-domain, in E3 exactly one in the image of f. Of course an
understanding and use of E1-E3 depends heavily on the notion of ‘R as the Domain,
the Co-domain and, tentatively, the Image of f. If f is a function, then every element of
the domain must be assigned to an element of the co-domain. If f is onto, then for
every element of the co-domain, there must be an element of the domain that is
assigned to it. If f is onto, then the co-domain and image of f coincide. Therefore, to
understand what it means for a function to be onto, one needs to understand the
distinction between co-domain and image (a distinction that appears less problematic
in the writing of students who resort to the graphs to discuss the properties of f;).

Few students directly attempted formal expression such as E1 - E3. Most attempted a
translation of their intuitions on f; into verbal statements and it is mostly these
statements that | am concerned with here. Amongst the few who engaged with
quantified statements™*, their formal mathematical writing appeared problematic. As
Paola lannone and I have written elsewhere about the students' attempts at translating
their thought into formal mathematical writing (lannone and Nardi, submitted), I omit
further elaboration on this here and turn to a discussion of the students’ verbal
responses and, in particular, those that are problematic translations of the students'
correct intuitions about f;.

When engaging with justifying their claims that one of the f; is not onto or one-to-one,
the students use counterexamples (indicate x; and X, such that f(x;) = f(x,) for one-to-
one; indicate one y for which there is no x such that f(x) =y for onto). Their approach
is often determined by the use of a graphic calculator for identifying these values
which are often estimates. These responses* appear to be a product of a different
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process to, for example, Luke's 0 and 27 (see his response earlier) who seems to enact
an understanding of trigonometric functions as periodic. Moreover, as when relying
on graphs (see A earlier), the student's responses are vulnerable to possible
Inaccuracies of the estimate.

Where the students appear less comfortable is with establishing an affirmative
response, namely that one of the f; is onto or one-to-one. Their resort to the formal
definitions often is restricted to a mere citation of the definitions in the abstract*.
Apart from citing definitions in the abstract, students seem to confuse E1 with E3
when they claim, for example, that f, is one-to-one because ‘every value of a has only
one corresponding value of b when f(a) = b' (Jo). And, for f5: 'there is no f(a) which
has the same value as f(a')' without specifying the relationship between a and a'. It is
noteworthy that Jo's arguments carry on similarly across Q2.3. Another, perhaps less
clear-cut, fusion of E1 with E3 can be seen in another student's, Hazel's, response to
Q2.3(iv): 'the function produces all possible R outcomes and they are all unique'. The
first part of Hazel's argument is her reasoning on why the function is onto. The second
part, where ‘they' refers presumably to ‘outcomes' suggests that different inputs
produce different outcomes, therefore the function is one-to-one. However Hazel does
not offer this clarification. If 'unique’ refers to the uniqueness of the cubic root, then
Hazel's response is problematic because the cubic roots in question are 'inputs' (a word
she uses elsewhere in her writing), not 'outcomes'. Statements of similarly debatable
precision - such as €* is not onto 'as the graph does not extend infinitely into the
negative' - are very frequent in the students' writing and reflect commendable but
unsuccessful attempts at verbal explanation.

A dramatic and typical fusion of E1 and Louise seems to recall in part (iii) that
E2 can be seen in Louise's response to being a function entails a certain kind

Q2.3(ii) and of E1 and E3 in her of full coverage; but she is not clear of
response to Q2.3(iii): which set (domain or co-domain). She

even pursues a transformation of the
co-domain so that f;'would be' a

,‘,) Aoy = Tr3 function.
TS 1S ona boone At for Vort ol 5¢ Also (ii) is a fusion of all E1 to E3.
Al condd pe a my/jfp%‘ﬂ / vl .

The ubiquity of this confusion in the students' responses indicates a matter of
pedagogical urgency: E1 - E3 need to be unpacked for the students and made distinct;
the concept of function needs to be discussed emphatically in terms of its domain, co-
domain and image in order to counterbalance previously constructed concept images
of a function as simply a relationship between numbers and in order to clarify that not
all relationships are functions and that image and co-domain do not always coincide.
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NOTE

The title of the project is The First-Year Mathematics Undergraduate’s Problematic Transition from
Informal to Formal Mathematical Writing: Foci of Caution and Action for the Teacher of
Mathematics at Undergraduate Level. It is an Action Research Project (Elliot 1991). Phase 1 was
conducted in 6 Cycles of Data Collection and Processing following the fortnightly submission of
written work by students during a 12-week term. Within each 2-week cycle students attend lectures
and problem sheets are handed out; students participate in Question Clinics, a forum of questions
from the students to the lecturers; students submit written work on the problem sheet; students attend
tutorials in group of six and discuss the now marked work with their tutor. Dr lannone and | then
engage in an analysis of the student’s written work. We report details of the analytical procedure in
(Nardi and lannone 2000).

* Evidence for the claims made here that carry an * was presented at the conference but had to be
omitted here due to limitations of space.
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CHARTING KEY ELEMENTS OF CHILDREN’S MATHEMATICAL
ARGUMENT IN DISCUSSION: ATEACHING TOOL

Julie Ryan and Julian Williams
University of Manchester

We investigate how children reveal and develop their understanding of mathematics
through collaborative argument in group discussion. Working with eleven-year-old
children who had different responses to diagnostic test items, we describe how those
children developed argument across conceptual locales. The analyses of the
discussions led to a chart of the key elements of argument that arose, as well as
general strategies for managing such discussions productively. Such devices and
strategies are presented as planning tools for classroom teachers in the next stage of
our study.

DISCUSSION AS A TEACHING STRATEGY

It has long been ‘known’ that children’s errors and misconceptions can be the starting
point for effective diagnostically-designed mathematics teaching. The seminal
mathematical work on this in the UK was done in the 1980s by the ESRC Diagnostic
Teaching Project (Bell et al, 1985), in which cognitive conflict was seen as the route
to developing understanding.

Argument in discussion is seen as one important source of such conflict. The TIMSS
video study reported that Japanese mathematics teaching typically makes use of a
diagnostic approach: teachers are prepared with notes on a variety of likely responses
to a key lead question, with guidance as to the thinking these responses indicate, and
constructive teaching suggested related to each (Schmidt et al, 1996). This teaching
method has been related to the success of Japanese children’s mathematical learning
and particularly their problem solving capabilities.

There can be no genuine discussion or argument without a ‘problematic’, ie. an
unresolved or not trivially-resolvable problem. This induces some purpose and some
tension that sustains a discussion. The problematic for a particular group of children
can be established through prior testing which provides a range of student responses
and methods of solution. The children are then set the task of persuading each other
by clear explanation and reasonable argument of the answer. The giving of
clarifications, reasons, justifications and informal ‘proof’ is the rationale for the
discussion.

The teacher can establish rules for the children’s argument — listening, clarifying,
sustaining — in order to facilitate genuine participation and group progress in
discussion and can, on occasion, act as devil’s advocate for positions which may
provoke improved reasoning. Mistakes and errors can then be recognised in the light
of alternative position statements offered for consideration. Discussion can then
provoke a demand to shift from procedural to conceptual knowledge — from the
‘knowing-how’ to the ‘knowing-that’. It induces a need to develop a mathematical
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vocabulary. It locates the voice of ‘understanding’ with each individual who decides
when they are persuaded. It promotes learning as a collaborative activity.

Dialogic methods involve the characteristics of conversation and the rigours of
reason and persuasion: (a) sustained talk and listening; (b) statements of
understanding; (c) thinking-in-progress; (d) the use and consideration of evidence; (e)
cognitive conflict, and (f) the making of new connections. We use the term
‘argumentation space’ to describe the collection of relevant arguments likely to be
used productively in children’s arguments about a particular problematic. In this
paper we show how we are beginning to chart argumentation spaces in ways that may
help teachers to plan classroom discussions to develop productive arguments. In
addition we outline the main strategies that we found supported productive argument
in group discussions.

METHODOLOGY

In this study a primary school cohort of 74 Year 6 children was screened with a test
of some 30 items that was designed to reveal common errors that had already been
identified as relevant to their mathematics curriculum and level (Ryan and Williams,
2000). We had previously identified the most interesting errors based on the criteria
that they should be: (a) common enough to reward a teacher’s attention, (b) relevant
to a significant locale of the curriculum being taught at the given age level in focus
and (c) significant in terms of the literature on the psychology of learning.

The test items were drawn from the whole primary school curriculum. By way of an
example, we will cite the case of an item called ‘Ordering’ that asked children to sort
the numbers 185, 73.5, 73.32, 57, 73.64 from smallest to largest.

There are two common errors expected for ‘Ordering’:
e 57,735,73.32,73.64, 185 (‘decimal point ignored’), and
o 57,73.32,73.64, 73.5, 185 (‘longest is smallest’).

These errors were identified in the APU study of the early 1980s (Assessment of
Performance Unit, 1982) and are as prevalent today as then. The ‘decimal point
ignored’ error is believed to have an important bearing on the development of
children’s number concept, and is typical of children’s over-generalisation of whole
number conceptions to the wider field of rational numbers.

From each of the three Year 6 classes, we selected 4 children for each discussion
group on the basis that they had provided a range of responses on the test items.
There were nine groups (36 children). The children from each group were from the
same class and knew each other well, though were not necessarily from the same
friendship group. Their teachers advised us on the likely successful dynamics for
each group. They were mixed groups of boys and girls.

The children, in groups of four, recalled their test item response (an interval of a few
days only) for selected items and were invited to present an argument for their
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response to the group. We, as researchers, adopted the teacher’s role in discussion.
All discussions were transcribed and analysed.

ANALYSIS OF TRANSCRIPTS

The analysis of argument follows Toulmin’s scheme in general (developed by Cobb
and Bauersfeld, 1995 and Cobb et al, 2000; Krumhauer, 1997, and others).
Propositions relevant to the issue are ‘backed’ by arguments that are then subject to
testing. In general children find it unnecessary to argue propositions which are
believed to be shared, (i.e. taken-as-shared) so any particular discourse reflects the
presumed shared points of departure, including the rules of argument in such
situations. In this the Researcher as a quasi-teacher assumes the authority and seeks to
ensure reasonableness, the need for the inquiry to persuade by good thinking and
argument, and so on (Costello et al, 1995).

An important role in productive argument may be played by tools in practice, which
may provoke the formulation of connections between components of mathematical
knowledge, new constructions and hence productive backing. The number line has
been shown to play a significant role in many such contexts, and does so in the
following example. Here we present part of one transcript for an argument about the
ordering of decimals. Some commentary and analytical categories used are shown in
bold to the right, these relate to the argumentation, the conceptions/language and the
tools/referents.

Kim: OK. I put 57 there —.... Then I put 73.5, ... Then | Everyday language
put 73 point thirty-two, then | put 73.64 point sixty-
four, t